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The primary purpose of unemployment insurance (U.L.) is no doubt
to insure individuals against loss of wage income. However, U.L is
commonly believed to adversely affect job search behavior and to
lengthen the duration of unemployment. With these issues in mind,
this paper asks how U.I. benefits ought to be paid out over time.
Specifically, the paper uses a theoretical model to determine charac-
teristics of the time sequence of benefits that maximizes the expected
utility of the unemployed, given that they act in a self-interested way
and given the total size of the U.I. budget.

The primary purpose of unemployment insurance (U.I.) is no doubt
to insure individuals against the loss of wage income. However, U.1. is
commonly believed to lengthen the duration of unemployment be-
cause of its effect on the effort devoted to job search and on the
minimum acceptable wage offer, the “reservation wage.” Of course, if
the government monitored job search behavior, no such problem
would exist: U.I. benefits could be withheld if effort or the reservation
wage was unsatisfactory. But because it is not easy to do, monitoring
of job search behavior is in fact limited.
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With these issues in mind, this paper asks how U.I. benefits ought to
be paid over time." Specifically, the paper asks how to pay benefits
over time so as to maximize the expected utility of the unemployed,
subject to two constraints. The first is that the unemployed act in a
self-interested way, given the U.I. program. And the second is that
the total size of the U.I. budget is taken as fixed (see Baily [1977] for a
discussion of the determination of the correct size of the budget). The
paper does not inquire into how individuals become unemployed and
consequently is not concerned with the effect of U.L. on layoff and
quit behavior (see Feldstein 1974, 1976).

The problem is initially studied under the assumption that unem-
ployed individuals have no wealth and cannot borrow. This seems to
be a reasonable approximation of reality for some but certainly not
for all of the unemployed. Under this assumption (1) if it is supposed
that individuals have no influence over the probability of getting a job
(a case which we think it instructive to consider), then the optimal time
sequence of benefits is a constant sequence. This is as expected, since a
constant sequence equates the marginal utility of benefits in the dif-
ferent periods. However, (2) if it is assumed that individuals do have
an influence over the probability of getting a job—and that the gov-
ernment does not monitor individual behavior—then the optimal
time sequence declines and, although always remaining positive,
tends to zero. A declining sequence is desirable (individuals are in-
duced to get jobs sooner, at least on average) even though it reduces
the role of benefits as insurance (individuals who have the bad luck to
remain unemployed a long time collect lower benefits). This result is
illustrated by computing the optimal time path of benefits using
estimates from other studies of the effect of unemployment insurance
on the duration of unemployment. (If it is instead assumed that the
government monitors individual behavior, then because there is no
problem of adverse incentives, the optimal time sequence of benefits
is a constant sequence.)

The problem is then examined under the assumption that unem-
ployed individuals begin their spell of unemployment with positive
wealth—or, equivalently, that they may borrow—and may save or
dissave. Under this assumption, (3) if it is supposed that individuals
have no influence over the probability of getting a job, then the
optimal time sequence of benefits starts at zero and then jumps to a
positive and constant level. This is because benefits ought to be given
when the marginal utility of wealth is sufficiently high, which is when

! A recent paper by Mortensen (1977) is of related interest. He asks how job search
behavior of the unemployed responds to changes in the benefit rate and the length of
the benefit period assuming that benefits are paid out in the usual way—at a constant
rate over the benefit period.
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individuals have been unemployed long enough to have sufficiently
depleted their wealth. However (4) if it is assumed that individuals do
have an influence on the probability of getting a job, it is suggested
that the optimal time sequence may rise and then fall, reflecting
results 3 and 2. Although this case proved analytically intractable, the
optimal solution to a two-period version of the model was calculated.
The complicated nature of that solution indicates that no simple
general qualitative results are possible—the solution depends on the
magnitudes of conflicting (but intuitively plausible) forces.

I. The Model

The formal problem is to pay benefits over time so as to maximize the
expected utility of newly unemployed individuals subject to the constraints that
individuals act in a self-interested way, given the presence of U.l., and that
expected discounted per capita benefits are fixed. As noted earlier, it will not
be asked why individuals become unemployed. However individuals
become unemployed, and whatever the size of the U.I. budget, cer-
tainly the budget should be used in a manner which maximizes ex-
pected utility.”

The individuals in the model are assumed to be identical and risk
averse. They are assumed to be unable to borrow in the case when
they begin their spells of unemployment without wealth? but to be
able to borrow, save, and dissave in the other case.

During each period, it is assumed that an unemployed individual
first collects U.I. benefits and then either finds a job or does not. If he
finds a job in period ¢, it is assumed that he is first paid in period ¢+ 1
and, for convenience, that he works at the job forever.*

2 Although there is no inquiry about how individuals become unemployed, it is
assumed that the level of the U.I. budget is not “too high” (otherwise quits and layoffs
would be excessive). Specifically, it is assumed in propositions I and 111 that the level of
the budget is not high enough so that the full wage w could be paid each period. Yet it
should be admitted that the design of the time sequence of benefits which maximizes
expected utility may not be entirely independent of the factors pertinent to how
individuals become unemployed and the level of the U.I. budget. Suppose, e.g., that a
firm’s contribution to the U.L. fund does not fully reflect the benefits paid to the
employees it lays off. Then, a time sequence of benefits that provides a “high” initial
level of benefits might induce the firm to increase the number of temporary layoffs.
Such a possibility is not taken into account in the subsequent analysis.

* Needless to say, this assumption is often realistic; for reasons of moral hazard,
unemployed individuals frequently find it difficult to borrow.

¢ Allowing for the possibility that individuals who get jobs might later become unem-
ployed would not change either the results or the proofs (since the only effect would be
to change by a constant the “value of the optimal continuation” given that a job is
found), but it would increase the notational burden on the reader. Also, allowing for
the possibility that work involves disutility would not change either the results (except
that the constant b in proposition III would have to be less than w) or their proofs.
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The probability of finding a job in each period is either taken to be
exogenous or to depend on individual behavior. When the former
assumption is made, it is not because we think it necessarily describes
an empirically important situation but rather because we think it is
informative to determine how benefits ought to be paid if their only
role is as insurance, thus ignoring any adverse incentive effects. When
the latter assumption is made, individuals are assumed to look over
job offers and to accept any one with a wage as high as the reservation
wage. The choice of the reservation wage is made each period and
depends on the time sequence of future U.IL. benefits and the proba-
bility distribution of wage offers. This distribution is assumed to be
influenced by the ¢ffort devoted to job search. Such effort (which may
be interpreted as a subtraction from leisure) is assumed to involve
disutility. The probability distribution of wage offers as a function of
effort is assumed to be known and, for simplicity, fixed from period to
period.

The following terms are used in the next section.

U(-) = strictly concave increasing function giving the utility of
consumption each period,

b, = unemployment insurance benefit paid at the beginning of
the ¢th successive period of unemployment,

p¢ = probability of finding a job in period ¢,
¢, = effort (measured in utility cost) devoted to job search in
period ¢,
w, = wage offer in period ¢,
w* = reservation wage in period ¢,
f(w, ¢,) = probability density of a wage offer given effort,

r = one-period discount rate (assumed to be equal to the inter-
est rate).

Let B, > 0 be the expected discounted amount that the government
has in the U.I. fund per unemployed individual. Thus B, satisfies

By=b+ (1 =p)b/(1 +7)+ (1 = py) (1 — pa)bs/(1 +7)* +
-1 (1)

=ib¢n (1= p)/(1 + 7).

t=1 j=1

Note that
-

[a-n
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is the probability of being unemployed at the beginning of period ¢.
More generally, let

k=t j=

k—1

(I = p(L + ), (2)
t

so that B, is expected benefits, discounted to ¢, which are paid to an
individual from ¢ onward, given that he is unemployed at ¢.

II. The Optimal Time Sequence of Benefits Assuming That
the Unemployed Have No Wealth and Cannot Borrow®

In this case, an individual who is unemployed at the beginning of
period ¢ receives and consumes b,, enjoying utility from consumption
of U(b,).

Suppose first that the probabilities are fixed. Thus, the role of
effort will not be considered, and it will be assumed that the wage of
any job which might be found is known with certainty to be w. Thus,
the value, discounted to ¢, of being paid for a job beginning int is U (w)
[T+ 1UA+»+ 1/ +72+...]1=U) (1 + r)r. Also, discounted
expected utility of a newly unemployed individual is

U,=p: UGk + U(w)r]
+po (1 —p){UBby) + U1 +7) + Uw)lr(1+r)l}
+ps (1 =p) (1 = po) {UBy) + UB)/(1 +7)+ Ubg)/(1 +r)
+ U@)r(1 +7)1} + ... (3)

B Z([ﬁt Tj(l B pi)HZU(bJ)/(l + )yt + UGe)r(1 + r)‘“‘]l)'

The tth term in EU, gives the contribution to discounted expected
utility if a job is found in period ¢. The first factor in the tth term is the
probability of finding a job in period ¢. The second is the discounted
utility if that happens, which is comprised of the utility from ¢ periods
of U.I. benefits plus that from wages earned later. The probability of
never finding a job is zero.® More generally, define

EU, = 2([pk Ht l—p,“HU(b (1 +ry

4)
Uw)/r(l + r)k—t]J)

so that EU, is expected utility, discounted to ¢, given that an individual
is unemployed at ¢t. Note that

5 It can be shown that the results in this case hold as well when unemployed individu-
als have some constant, exogenous source of income—for example, a working spouse.

¢ This is true if it is assumed that the probability of getting a job is bounded away
from zero.
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EU, =U(b) + QA +7) (pU@w) (1 +r)r + (1 = py) {U (bs+1)

+ 1L +7) [peas U@)( + 1) + (1= pos) EUrsal}). ®)

The problem is to maximize EU, over sequences {b,}7 subject to the
constraint that B, is a constant. It will, however, be convenient to treat
the equivalent problem, minimize B, over sequences {b,}%, subject to
the constraint that EU, is a constant. It is clear that a necessary
condition for optimality of {b,}% for this equivalent problem is that
for any ¢, EU, should be attained at least cost, that is, B, should be
minimized, given that EU, equals a constant, say EU,.” Thus, it must be
true in particular that B, is minimized over just b, and b, subject to
the constraint EU, = EU,. This necessary condition is used in the
proof of the next proposition, which is presented along with the other
proofs in the Appendix.

PROPOSITION 1. Suppose that unemployed individuals (i) have no wealth,
cannot borrow and (ii) cannot influence the probability of getting a job each
period.

Then, (iii) U.1. benefits should be the same from one period to the next (.e.,
b, =b, = ...

This is true for familiar reasons: Suppose that b, < b, for some ¢
(the case b; > b+, is analogous) and consider a small reduction in b,
and a small increase in b, which are actuarially fair (i.e., calculated to
keep b, + (1 — pi)beti/(1 + r) constant). Since U'(d;) > U'(b4,), the
change will increase expected utility.

Consider now the situation when unemployed individuals do
influence the probability of getting a job by their choice of effort and
the reservation wage. In this situation an individual who is unem-
ployed at the beginning of period ¢ and receives b, enjoys U (b;) — ¢, as
effort in ¢ involves disutility ¢, The marginal utilities of effort and
consumption are taken as independent. This assumption is necessary
to our results. The probability of getting a job as a function of effort
and the reservation wage is

po=pGt,e) = [l edu, ©®)

Let u, be the value of expected utility, discounted to ¢ + 1, given that
an individual gets a job in period ¢,

u, = u(wyf, e,) =fw°; (I +7) U(rw,) f(u};’t"‘) dw. (7)

7 Suppose that this were not true. That is, suppose that @ = {b}7 is optimal and yet
for some ¢, say T, EU could be achieved by 8 = {b}7, where the discounted cost of this
sequence is less than By. Then it is easy to check that the sequence ¥ = {by, b, . . ., br—y,
b%, b¥,4, . . .} has a discounted cost less than B, and that discounted expected utility is the
same as with a.
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Suppose that at time ¢ an unemployed individual has selected {e;}
and {w{}r, implying {p;}¥ and {u;}¥. Conditional upon being
unemployed at this time, his expected utility, discounted to ¢, is

E;=) ([pk H (1- p»][i (U b)) — el
=t

k=t i=t
®
(1 + 7y~ + wl(1 + r)"““}).

The interpretation of the terms in E, is similar to that of the terms in
EU,.

Assume that the government does not observe effort or the reser-
vation wage, so that individuals treat the b, as fixed. Then E;; must
satisfy the following equation (the “principle of optimality”):

E, = max {U(b;) — e, + [1/(1 + n)lp W/, e u(w, e,)

w¥, e

9
+ (1 —p(wt*vet)]EH»l}'
The first-order conditions for selection of w/ and e, are
%% = — 1+ V(1 +7) (el — Eper) + prie] = 0
(10)
O _ 11 + [ —Euy) + =0
E ( 7) [pu (u 1) F puys] = 0.
Thus,
dE, _ OE, de, + OF; duw¥ + OE,
dE 1, Oe; dE 4, OwF dE 4, OF 144
OF (1
= t = (1-p)(1 +7).
= (1= /(1 +7)

This is, of course, explained by the envelope theorem. Also, differ-
entiation of (10) and use of the second-order conditions give®

8 Differentiating (10) with respect to E.;, and solving for dw*/dE ., and de/dE ,, we
obtain

dw*

dE, | H! Pu
de T 147 e ]’

dE 4

where H is the Hessian from (9) and is negative definite (the second-order condition for
a regular maximum). Thus

by H (P
dEH»l (pw Pe) 157 [ﬁe] <0

since H-! is negative definite, being the inverse of a negative-definite matrix.
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dp,
< 0. 12
By (12)

In other words, anything which increases the utility of being unem-
ployed in ¢ + 1 increases the probability of that event. Now by the
logic used in regard to proposition I, a necessary condition for opti-
mality of {b,}7 is that for any ¢, B, should be minimized over just b,
and by, subject to the constraint that E, equals a constant E,. This
necessary condition and (9)—( 12) are used to prove the first part of the
next proposition.

PROPOSITION 11. Suppose that unemployed individuals (1) have no wealth,
cannot borrow, and (ii) can influence the probability of getting a job each
period—by their choice of a reservation wage and a level of effort devoted to job
search.

Then, (iii) if the government does not monitor this choice on an individual
basis, U.1. benefits should decline from period to period and, although re-
maining positive, approach zero in the limit (i.e., b, > by > ... > by > 0 for
all t, and {ZZ by = 0); (iv) if the government does monitor this choice, U.I.

benefits should be constant from period to period.

The idea behind the proof of iii is straightforward. Suppose that
b, = by, and consider a small actuarially fair reduction in by, and
increase in b,. Since initially U'(b;) = U'(bs4,), the first-order ap-
proximation of the direct effect of this change on expected utility will
be zero. And, by the envelope theorem, the indirect effect on ex-
pected utility of this change through an altered level of effort or the
reservation wage can be ignored. But E,, will be lowered, and thus by
(12) ¢, and w;" will change so as to raise the probability of getting a job
in period ¢. Since the probability of getting a job in periods other than
the tth will be unaffected, the increased probability of success in
period ¢ will lower the expected cost of providing benefits. A similar
argument rules out the case b, < byy,.

The result iv is analogous to the well-known fact that, for single-
period models of insurance and moral hazard, if the insurer can
monitor the behavior of insureds then the optimal insurance policy is
of the same character as that when the probability distribution of loss
18 exogenous.

Part iii of the proposition may be illustrated by finding the least-cost
time sequence of benefits which achieves the same expected utility
that a newly unemployed individual enjoys under the current U.I.
system. (The sequence we seek is, of course, also the one which
maximizes expected utility, given the least-cost level of benefits.) In
the calculations which are discussed in the Appendix, it is assumed
that U is logarithmic. The results are shown in table 1.

The average cost to the government under the optimal sequence
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TABLE 1

OrpT1iMAL TIME SEQUENCE OF UNEMPLOYMENT INSURANCE BENEFITS

Week % of Wage Week % of Wage
1 66.0 13 52.9
2 64.8 14 52.0
3 63.7 15 51.0
4 62.5 16 50.1
5 61.3 17 49.2
6 60.2 18 48.3
7 59.1 19 47.4
8 58.0 20 46.6
9 56.9 25 42.6

10 55.9 30 38.9

11 54.9 35 35.6

12 53.9 40 325

equals 2.8 weeks’ salary and represents a 16 percent savings over the
3.36 weeks’ (5.6 weeks average duration X 0.6 weeks benefit level)
salary currently paid to unemployed workers. The savings comes
about because beyond week 6 unemployment benefits are less than 60
percent of take-home pay. Workers are, nonetheless, just as well off.
because they are induced to get jobs somewhat earlier—average du-
ration falls about 1 percent—and, if they find a job anytime before
week 11, receive more benefits in total than under the present
scheme.

III. The Optimal Time Sequence of Benefits Assuming That
the Unemployed Begin with Positive Wealth or Can Borrow

In this case, individuals are assumed to begin their spell of unem-
ployment with positive wealth; or, equivalently, they are assumed to
be able to borrow up to some positive amount against future income.
Additionally, individuals are assumed to be able to save or dissave. Let
c¥ = 0 and ¢f = 0 be consumption during period ¢ if the individual is,
respectively, unemployed or employed at the beginning of the period.
Let z, be wealth exclusive of any benefits or wages at the beginning of
the period. Then if, for example, the individual was not employed at
the beginning of period ¢, clearly z4y = (z, + b — ) (1 + 7).
Consumption is assumed to be feasible, that is, cf =z, + b, and ¢f = z,
+ wy.

Suppose first that the probabilities p, are exogenously determined
and, thus (as in the previous case), that effort is ignored and that the
wage if a job is found is known to be w with certainty. Let ] (z) be the
discounted utility of an individual, given that he has just found a job
last period and has wealth z. Suppose that at time ¢ an unemployed
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individual has optimally selected {c¥}. Conditional upon being un-
employed at this time, his expected utility, discounted to ¢, is
o k—1 k

Vo= Dlee [T =202 veemra +ry

k=t J=t =t (13)
el + e

The quantity V, depends on wealth at the beginning of period ¢, so
that it will usually be written V(z,). Note that V, (+) and V4, () must
satisfy

Vi(z) = max U(ct) + —

Trr (1 = pIViri(zesr) + pe] (zesy)). (14)

The problem to be solved is to maximize discounted expected utility,
Vi(z;), subject to the constraint that B, is a constant.

PrROPOSITION 111. Suppose that unemployed individuals (1) have wealth or
may borrow and may save or dissave, (i1) cannot influence the probability of
getting a job.

Then, (iti) U.1. benefits should at first be zero and then should rise to a
constant value (i.e., 0 =b, = ... =by<bp,y =b=bp =brg=...).

The intuition behind the result is that when an individual is first
unemployed he has relatively high wealth and consumes relatively
much, meaning that the marginal utility of U.I. benefits is low com-
pared with what it is later, when he has reduced his savings. This
suggests that U.I. benefits should not be given until wealth has fallen
to a critical level—until the marginal utility of wealth has risen to a
critical level—and then that positive benefits should be given. And
once positive benefits are given, they should be constant by much the
same argument given for proposition I. It should also be mentioned
that if initial wealth z, is sufficiently low, positive U.I. benefits should
be given at the outset (T = 0) and that b < w; otherwise b = w.

We have not been able to characterize the optimal time sequence of
U.I. benefits when unemployed individuals begin with positive
wealth, when they influence the probability of getting a job by their
choice of effort and the reservation wage, and when the government
does not monitor these variables. But the relevant considerations
seem clear from the last two propositions. Proposition 111 illustrates
that there is an advantage to having benefits increase because this
enhances the role of U.IL. as insurance for those who deplete their
wealth as a consequence of being unemployed for long periods,
whereas proposition 1I illustrates that there is an advantage to having
benefits decline because this creates an additional incentive to get a
job. The optimal time sequence of benefits must reflect an implicit
weighing of these two advantages. Presumably, the latter advantage is
the more important when wealth is sufficiently low. At least this is the
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case in the following example which shows for a two-period model
how the optimal time sequence of U.L. benefits changes as initial
wealth changes (but there are complicating factors). The results are
displayed in table 2.

The example was numerically solved for each level of initial wealth.
The wage was fixed at 100 and per capita expected discounted
benefits B, were 75; also, pe)) = 1 — [10/(10.3 + ¢)], and U(c) =
100(c/100)*2. Note that for very low levels of wealth benefits decline,
for higher levels of wealth they rise, but for even higher levels of
wealth they again decline. This last fact is no doubt due to the
following effect. When wealth is very high, risk aversion is very low
(assuming of course that absolute risk aversion decreases with wealth).
When risk aversion is very low, the optimal time sequence should tend
toward what it would be for the risk-neutral case. But for the risk-
neutral case it is easy to show that it is optimal to give all the benefits in
the first period. (This maximizes the incentive to find a job, and the
risk that this imposes on those who are unemployed long periods is of
no concern since they are risk neutral.)

When the unemployed begin with positive wealth and influence the
probability of getting a job but the government does monitor indi-
vidual behavior, the optimal time sequence of benefits is as described
in proposition III (paralleling the case in Section II). The proof is
analogous to that given for proposition Iliv.

IV. Concluding Remarks

This paper abstracted from a variety of considerations which are
relevant to the determination of an optimal time sequence of U.I.
benefits. Two such considerations seem particularly important, the
first of which concerns the probability distribution of wage offers. As
is well recognized in models of job search, the assumption that this

TABLE 2

Opt1iMAL TIME SEQUENCE OF UNEMPLOYMENT INSURANCE
BENEFITS IN A Two-PERIOD MODEL

Initial Wealth Benefits in Week 1 Benefits in Week 2
0 58 46

10 56 51

20 52 60

30 50 64

40 49 66

70 53 56

90 54 54

120 57 48

200 65 27
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distribution is fixed is not always realistic. For example, when the
labor market is “tight,” an attempt to reduce the duration of unem-
ployment by a change in the time sequence of benefits would lead to
increased competition for jobs and would therefore probably be offset
to some extent by an adverse shift in the schedule giving the probabil-
ity of getting a job (as a function of effort and the reservation wage).
On the other hand, when unemployment is in large part “search
unemployment,” when vacancies are high relative to unemployment,
the assumption that the distribution of wage offers is fixed is probably
closer to the truth.

The second consideration concerns the assumption of this paper
that newly unemployed individuals are identical. If this assumption
were relaxed, two approaches to provision of U.I. would have to be
examined (supposing that the government cannot easily detect indi-
vidual differences and adjust benefits accordingly). A single time
sequence of benefits could be used for all unemployed individuals.
Presumably, the design of such a time sequence would reflect the
changing composition of the unemployed by duration of unem-
ployment—individuals who have been unemployed longer are more
likely to have a lower probability of finding a job, other things
equal. Alternatively, several time sequences of benefits could be of-
fered and the newly unemployed allowed to select their most pre-
ferred sequence. But for this approach to be used to advantage
different groups must be induced to select different sequences of
benefits.?

Appendix
Proof of Proposition 1

The La&mgean for the problem of minimizing B, over b, and b4, subject to
EU, = EU, is (making use of [2] and [5]):

L=b+( _Pz) [beri/(1 +7) + (1 —[),+1)B,+2/(l + r)?]

1
1+

-xuw) + U @)1 +r)r + (1 = p) Ulbay) + . . .1 (A1)

7R

? E.g., suppose that there are two different groups of unemployed, each beginning
with no wealth and being unable to borrow. Assume that the duration of unemploy-
ment in the first group is short and is very sensitive to changes in the time sequence of
benefits, while the opposite is true in the second. Assume that a choice is offered
between two time sequences of benefits: the first begins at a high level and declines
rapidly, the second at a lower level but declines slowly. Then the first group might
choose the first sequence and the second group the second sequence. This might be
more desirable than offering one sequence, for the groups are induced to select the
sequence which best meets their needs.
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The first-order conditions are
dLldb,=0=1—-AXU'(b) (A2)
dLldbyy = 0= (1 — p) (1 +7) = XA U' (b )(1 — p)/(1 + 7). (A3)

Since (A38) reduces to 0 = 1 — A U'(by,), these conditions imply U'(b;) =
U’(bl+l)? so that bl = bl+l'

Proof of Proposition 11

To prove iii, first note the following items: (1) dEy,/db, = 0, (2) dw#/db, = 0,
(8) de,/db, = 0, and (4) dE/db,, = U'(be+,). Item 1 is obvious since E,., can
hardly depend on benefits consumed prior to period ¢ +1. Items 2 and 3 are
also obvious since the conditions (10) are independent of b,. Item 4 follows
from (9), as applied to Euy and E,.

The Lagrangean for the problem of minimizing B, over b, and b4, subject to
El = Et iS

L=b+(l _pt)[bt+l/(] + 1)+ hd
(A4)

_ _ peuy _ Eey P
)\[U(bt) e + T + (1 = p) 15 E,
where h; = (1 — pr+1) Bro/(1 + 7)? and where ¢, and wi (and therefore p, and u,)

are implicitly determined as functions of b, by (10). The first-order condi-
tions are, using items 1-4,

dL/db,=0=1—-XNU'(b), (Ab)
dL/de,l =0= - (dpt/dbﬁ-])[bﬁ,l/(l + T) + ht]
+ (1 = p)( +71) (A6)
_ _ peuy _ Eiq db
Ad[ e, + e + (1 =p) T 7 dbyy .
But, using item 4 and (11),
- d[—e, + —lpf—tr + (1= p) 1ETr ]/dE,+1 o dE psyldbys (A7)

= (1 - t) !
S U ).

Using (A5) to eliminate A, we get
0=- (dl’t/dbtﬂ)[btﬂ/(l +7)+h]+ (1 _Pt)/(l +7)

(A8)
U e U BT = pI(1 + )]
or
U'(bess) — 1 — dp, (1 +7) boi/(1 TRl (A9)
U by ( dbesr ) (L —poy /(1 1) +
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Note that

dp, _ _dp, dE., _ _dp,
dby, dEy dbyyy dE

by (12) and item (4).

First, it will be shown that both b,,, = 0 and b,,.,/(1 + r) + h, = 0 cannot hold:
Ifby /(1 + 1)+ b, = 0, asdp/dbes, < 0, (A9) implies U’ (b;4,)/U’ (b;) = 1 s0 that b,
=by,. Hence b, = 0 and b,/(1 + r) + h,_, = 0. Repeating the argument, b,_, = 0
and b,_,/(1 + r) + hy—y = 0. By induction, b,_, =0, ..., =0. ThusB, =0, a
contradiction.

It follows that h, = 0: if &, < 0, select the first b; withj = ¢ + 1 which is also
negative (this element, say b;, must exist since 4, < 0). But then b; /(1 + 1) + hy;
— 1 < 0 must hold since #;, < 0. This contradicts the result of the previous
paragraph.

Thus b,4,/(1 + 1) + h; > 0: if not, it must be that b,,,/(1 + r) + h; = 0 and
thus, by the result of the paragraph before the last, b, > 0. But this implies
that h, < 0, which contradicts the result of the previous paragraph.

As by /(1 + 1) + by > 0, (A9) gives U'(by+,)/U’(bs) > 1, or by > byyy. Thus,
benefits are strictly decreasing. Therefore, if for anyj, b; = 0,54, < O forallk = 1
so that h; < 0, a contradiction. Hence, benefits are always positive.

Let [ = Itl_r)rol0 b, (I exists since b, is a decreasing and bounded sequence).

Asb, = 0,/ = 0. From (A9)
lim U’ (b )/U' (b)) = 1 = (lim dp Jdbeii)lim (1 + r)/(1 — p,)]
t—w© t—x t—o

U'(bes) <0 (A10)

(A11)
- [him (b )/(1 + 7) + hY)].
t—o

The first limit, say /,, is positive, and it will be assumed that the probability of
getting a job is bounded away from 1, so that the second limit, l,, is also
positive. If I > 0, then litm beei/(1 +7) + hy = /(1 + 7) so that

lim Ubu)/U'(b) 2 1 + Lbll/(1 +7r)>1. (A12)

But this implies that llm U'(b;) = =, a contradiction, since llm U b)) =

U'(l) < ». Hence l = 0 as claimed. The level of benefits tends to zero.!

To prove iv, consider the problem of maximizing E, over {b, },, {e,)7,
and {w#}7 subject to B, equals a constant B,. Denote the optimal values
by a

Suppose now that the government tells individuals that b = Ounlesse, = ¢,,

. e, = é and w¥ = ¥¥, ..., wF = &F, in which case b, = b,. That is, if in any
period ¢ an individual ever fails to choose ¢, and @i, he cannot collect b, nor
any benefits in the future. It then follows that an individual will always choose
¢, and @} (otherwise he would be better off not getting any benefits after some
point, which can easily be shown to contradict the optimality of {b}7). ThusE,
will in fact be achieved if the time sequence of benefits is {,}7. Buta necessary
condition for selection of {b:}* was that it solved the problem of maximizing
E, subject to B, = B, where the probabilities are fixed at the optimal levels

19 Note that benefits tend to zero even though the possibility of infinite marginal
utility of wealth at zero was not ruled out. However, benefits do remain positive, which
agrees with the ‘result in a single-period model of insurance that an optimal policy
under moral hazard always involves positive coverage (Shavell, forthcoming).
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{f),}‘;" (determined by i’t = pli¥, é,]). And by the proof to proposition I, the
solution to this problem involves a constant time sequence of benefits.

Proof of Proposition 111

The argument, which is similar to that used in propositions I and 11, will only
be sketched here. Assume that the optimal consumption ¢} does not exhaust
wealth z,; that is, assume that ¢ is determined by setting equal to zero the
derivative of (14) with respect to ¢}:

U'et)= (1 — Pt)Vt,+l(Zt+l) + Pt‘/,(ZHl)- (A13)

Because V' (z4+,) Z /' (z+,) (i-€., the marginal utility of wealth if an individual is
unemployed is at least as high as that when he is employed), (A13) implies

U'(c?) = Vier(ze)- (A14)

But by the envelope theorem, Vii1(zw) = U'(ctsy) and J'(z4) = U'(cf4y), s0
that (A13) and (A14) may be rewritten as

U'(c) = (1 = p) U'(ctr) + po U'(ctr) (A15)

U'(ct) 2 U'(ctyy) or of Z clhr (A16)

In other words, consumption cannot rise with the duration of unemployment.
Now we claim that (1) if b, > 0, then¢¥ = ¢4, = .. . ; if not, by (A16) there must
be a positive integer j such that cf > c};. But by the envelope theorem, a small

decrease in b, and increase in b,,; (calculated so as to continue to satisfy B, =
B)) will raise expected utility since U'(c) < U'(ct;). Furthermore, (2) if b, > 0,

thenw = by = by = . ... By claim (1) ¢} = ¢t4y, so (A15) implies cfy; = ¢fyy. It
is, however, easy to show that ¢f;, = ¢f., = . . .. Hence, the optimal future

consumption stream is independent of whether an individual ever finds a job.
It is, again, easy to show that this can be true only if benefits equal the wage,
that is, b = w.

If initial wealth is sufficiently small, it might be the case that it would be
optimal to exhaust wealth. If so, the equality sign in (A13) is in general
replaced by > and an argument similar to that of the preceding paragraphs
establishes the claim of the proposition, the only difference being thatb < w.

Calculation of the Optimal Time Sequence of U.I. Benefits

It is assumed that there is a reduced-form equation summarizing (10) which
gives the probability of getting a job, p,, as a function of the difference
between the value u, of getting a job and the value E,,, of continuing opti-
mally if one is not found. Let

pe=1—aexp[—\ (u, — Ex )l (A17)

Here, a and A are parameters which are to be determined from data. For
simplicity, several additional assumptions are made: (1) All jobs pay a wage
normalized at one in each period, so thatu, = 1/r log 1 = 0; (2) the discount
rate is set at zero, as the period is taken to be 1 week and computations are
made only for 50 weeks; (3) the current time sequence of benefits is charac-
terized as remaining constant—at a level bp—rather than as terminating after
some time. Under this assumption, the decision that an individual has to make
is independent of how long he has been unemployed. Therefore, his level of
effort ¢* and probability of finding a job p* will be the same each period. It
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may be assumed without loss of generality that the scale on which effort is
measured is such that ¢* = 0. Then, by (8),

= Zp*(l — p¥1 ¢ log by

t=1

= (—p* log b,) iz (1 — p*yt (A18)
dp* =
d 1
= (=p* lo b)—(———l =L 1ogb
prlog b g (e = 1) =g st
and similarly, E, = ;71* log b, for any T. Hence, by (A17),
pr=1-a exp (;ﬁ: log bo). (A19)

If the average duration of unemployment is 5.6 weeks and U.L. benefits
amount to about 60 percent of the wage (this is in rough accord with Feldstein
[1974] and Marston [1975]), then p* = 1/5.6 when b, = 0.6 and, from (A19),

1/5.6 = 1 —a exp (5.6 X log 0.6). (A20)

Most reported estimates of the elasticity of expected duration of unemploy-
ment with respect to U.I. benefits lie in the range from 0.105 to 0.29 (Marston
1975); to be conservative, it is assumed here to be 0.1. As

dp _ _ @ A
dbe 5 7)0—exp A[(1/p) log bel, (A21)
we have
’;}0 _”{’— 0.1 = — ar(5.6)* exp [A(5.6 log 0.6)]. (A22)
aby

Equations (A20) and (A22) imply that a is 0.826 and A is —0.00385. Using
these values, the optimal sequence of benefits may be computed recursively.
(The initial benefits are chosen so that expected utility under the optimally
declining sequence is exactly that under the current scheme.)
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