
Pdwkhpdwlfv 5

Ohfwxuh qrwhv/ idoo 4<<:

+Suholplqdu| dqg lqfrpsohwh,

Sdxo Nohlq

Qryhpehu 43/ 4<<:



ll



Frqwhqwv

4 Lqwurgxfwlrq 4

414 Derxw wkh frxuvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4

415 Qrwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

5 Wkh Ulhpdqq lqwhjudo 8

514 Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

51414 Wkh lpsurshu Ulhpdqq lqwhjudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;

515 Wkh ixqgdphqwdo wkhruhp ri fdofxoxv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

516 Fdofxodwlqj wkh Ulhpdqq lqwhjudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43

51614 Fkdqjh ri yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44

5161414 Wkh s �*s phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

51615 Lqwhjudwlrq e| sduwv dqg wkh Qhdwhvw Wulfn 1 1 1 1 1 1 1 1 1 45

517 Wkh Ulhpdqq0Vwlhowmhv lqwhjudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48

6 Wuljrqrphwu| dqg frpsoh{ qxpehuv 4:

614 Wuljrqrphwu| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:

61414 Jhrphwulf gh�qlwlrq ri wkh wuljrqrphwulf ixqfwlrqv 1 1 1 1 4:

61415 Wuljrqrphwulf lghqwlwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53

61416 Ghulydwlyhv ri wuljrqrphwulf ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 55

61417 Lqwhjudwlqj wuljrqrphwulf ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 56

lll
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615 Frpsoh{ qxpehuv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

61514 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

61515 Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

61516 Wkh ixqgdphqwdo wkhruhp ri dojheud 1 1 1 1 1 1 1 1 1 1 1 1 5:

61517 Wkh h{srqhqwldo ixqfwlrq rq F dqg Hxohu*v irupxod 1 1 1 1 5:

61518 Wkh Fduwhvldq dqg srodu uhsuhvhqwdwlrq ri d frpsoh{ qxpehu 5<

616 Wkh vsdfh F? 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

7 Fdofxoxv zlwk yhfwruv dqg pdwulfhv 64

714 Pdwul{ gl�huhqwldo fdofxoxv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

71414 Wkh judglhqw dqg wkh Khvvldq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

71415 Wkh surgxfw uxoh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68

71416 Wkh fkdlq uxoh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68

71417 Wd|oru*v irupxod lq ? glphqvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

715 Lqwhjudwlqj ryhu U? 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:

71514 Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:

71515 Fkdqjh ri yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;

8 Devwudfw vsdfhv 74

814 Phwulf vsdfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

81414 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

81415 Gh�qlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

81416 Wkh frqwudfwlrq pdsslqj wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

815 Edqdfk vsdfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

816 Kloehuw vsdfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

81614 Gh�qlwlrqv dqg edvlf surshuwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

81615 Wkh surmhfwlrq wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84



FRQWHQWV y

81616 Irxulhu dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

9 Wkh Ohehvjxh lqwhjudo 94

914 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94

915 Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

91514 Phdvxuh wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96

91515 Wkh Ohehvjxh lqwhjudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

916 Wkh Prqrwrqh Frqyhujhqfh Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

91614 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

91615 Wkh wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

917 Lqwhjudwlqj rq U 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

91714 Ohehvjxh phdvxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;

918 Wkh OR vsdfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

91814 Wkh Plqnrzvnl dqg Kùoghu lqhtxdolwlhv 1 1 1 1 1 1 1 1 1 1 1 ;6

919 Udgrq0Qlnrg|p*v wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7

91: Wkh Ohehvjxh0Vwlhowmhv lqwhjudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;;

91; Lqwhjudwlrq rq surgxfw vsdfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3

: Suredelolw| <6

:14 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

:15 Suredelolw| vsdfhv dqg udqgrp yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

:16 Lqirupdwlrq dqg j0dojheudv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

:1614 Ilowudwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 433

:17 Wkh frqglwlrqdo h{shfwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434

:18 Vwrfkdvwlf lqghshqghqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438

:19 Vwrfkdvwlf surfhvvhv lq glvfuhwh wlph 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;

:1914 Dgdswhg surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<



yl FRQWHQWV

:1915 Pdunry surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

:191514 Wudqvlwlrq suredelolw| ixqfwlrq dqg wlph krpr0

jhqhlw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 444

:191515 Pdunry fkdlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446

:1916 Surfhvvhv erxqghg lq O2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446

:1917 Pduwlqjdohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 447

:191714 Pduwlqjdoh gl�huhqfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 447

:1918 Vwrfkdvwlf lqwhjudwlrq lq glvfuhwh wlph 1 1 1 1 1 1 1 1 1 1 1 1 448

:191814 Wkh pduwlqjdoh frqyhujhqfh wkhruhp 1 1 1 1 1 1 1 448

; Vrph olqhdu dojheud 44:

;14 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:

;15 Irxu lpsruwdqw wkhruhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:

;16 Vlplodulw| wudqvirupv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44<

;1614 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44<

;1615 Gh�qlwlrqv dqg edvlf uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 453

;1616 Wkh hljhqydoxh2hljhqyhfwru ghfrpsrvlwlrq 1 1 1 1 1 1 1 1 1 455

;1617 Vfkxu irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 457

;17 V|psohfwlf pdwulfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 457

;18 Pdwul{ shqflov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 458

;1814 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 458

;1815 Edvlf gh�qlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 459

;1816 Jhqhudol}hg Vfkxu irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 459

< G|qdplf v|vwhpv 45:

<14 Ruglqdu| gl�huhqwldo htxdwlrqv +RGHv, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:

<1414 Wkh sureohp dqg h{lvwhqfh ri d vroxwlrq 1 1 1 1 1 1 1 1 1 1 45:



FRQWHQWV yll

<141414 Jhqhudo fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:

<141415 Olqhdu v|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 463

<1415 Vroylqj vfdodu htxdwlrqv lq vshfldo fdvhv 1 1 1 1 1 1 1 1 1 1 1 464

<141514 Vhsdudeoh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 465

<141515 Olqhdu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 466

<141516 Ehuqrxool 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 468

<1416 Lqwurgxfwlrq wr txdolwdwlyh dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 46:

<1417 Iluvw0rughu olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv 1 1 1 1 46;

<141714 Wkh pdwul{ h{srqhqwldo ixqfwlrq 1 1 1 1 1 1 1 1 1 46<

<141715 Xqfrxsolqj e| gldjrqdol}dwlrq 1 1 1 1 1 1 1 1 1 1 1 474

<141716 Lqlwldo ydoxhv dqg hqgsrlqwv 1 1 1 1 1 1 1 1 1 1 1 1 475

<141717 Frpsoh{ hljhqydoxhv dqg uhdo rvfloodwru| vroxwlrqv 476

<141718 Vwdelolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479

<141719 Vdggoh sdwkv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47<

<14171: Wzr0glphqvlrqdo fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 486

<14171; Zkhq � lv qrw gldjrqdol}deoh 1 1 1 1 1 1 1 1 1 1 1 487

<14171< Zkhq � lv vlqjxodu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 488

<1418 Uhgxflqj d Rwk rughu v|vwhp wr d �uvw0rughu rqh 1 1 1 1 1 1 488

<1419 O|dsxqry*v wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 489

<141: Skdvh gldjudpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 489

<141:14 Rqh0glphqvlrqdo fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48:

<141:15 Wzr0glphqvlrqdo fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48;

<15 Gl�huhqfh htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 496

<1514 Gh�qlwlrq ri sureohp dqg h{lvwhqfh ri vroxwlrq 1 1 1 1 1 1 1 496

<1515 Vfdodu olqhdu gl�huhqfh htxdwlrqv zlwk dq h{rjhqrxv gulylqj

vhtxhqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 497



ylll FRQWHQWV

<1516 Vdujhqw*v phwulf vsdfh dssurdfk wr vfdodu olqhdu gl�huhqfh

htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49:

<1517 Iluvw0rughu olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv 1 1 1 1 49:

<151714 Frpsoh{ hljhqydoxhv dqg uhdo rvfloodwru| vroxwlrqv 49<

<1518 Olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv dqg dq h{rjhqrxv

gulylqj vhtxhqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:4

<1519 Zkdw wr gr zkhq � lv qrw gldjrqdol}deoh 1 1 1 1 1 1 1 1 1 1 4:7

<151: Uhgxflqj d Rwk rughu v|vwhp wr d �uvw rughu v|vwhp 1 1 1 1 4:7

<151; H{shfwdwlrqdo gl�huhqfh htxdwlrqv1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:8

<151;14 Vlqjxodu gl�huhqfh htxdwlrqv 1 1 1 1 1 1 1 1 1 1 1 4:9

43 G|qdplf rswlpl}dwlrq 4::

4314 Lqwurgxfwru| uhpdunv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4::

4315 Frqwlqxrxv wlph 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4::

431514 Lqwurgxfwlrq dqg vwdwhphqw ri sureohp 1 1 1 1 1 1 1 1 1 1 1 4::

431515 Srqwu|djlq*v pd{lpxp sulqflsoh +SPS, 1 1 1 1 1 1 1 1 1 1 4;3

431516 Vrph uhpdunv derxw h{lvwhqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6

431517 Pdqjdvduldq*v vx!flhqw frqglwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6

43151714 Wkh Hqyhorsh Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<4

43151715 Frqvwudlqwv lqyroylqj wkh vwdwh yduldeohv 1 1 1 1 1 4<7

43151716 Lqwhjudo frqvwudlqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<7

43151717 Hqgsrlqw hydoxdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<7

431518 Xvlqj wkh vx!flhqw frqglwlrqv wr fdofxodwh wkh vroxwlrq 1 1 4<7

431519 Fxuuhqw ydoxh frvwdwh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<<

43151: Olqhdu0txdgudwlf frqwuro sureohpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 534

4316 Glvfuhwh wlph 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 537

431614 Gh�qlwlrq ri sureohp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 537



FRQWHQWV l{

431615 Pdqjdvduldq0vw|oh vx!flhqw frqglwlrqv 1 1 1 1 1 1 1 1 1 1 1 537

431616 Wkh hqyhorsh wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53;

431617 Ihhgedfn uhsuhvhqwdwlrq ri wkh vroxwlrq 1 1 1 1 1 1 1 1 1 1 1 53<

431618 Frqvwudlqwv ri wkh irup � E|c %|c �|� � f 1 1 1 1 1 1 1 1 1 1 1 543

431619 Fxuuhqw ydoxh frvwdwh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 543

43161: Xvlqj wkh vx!flhqw frqglwlrqv wr �qg wkh vroxwlrq 1 1 1 1 1 544

43161; Wkh ghwhuplqlvwlf OT frqwuro sureohp 1 1 1 1 1 1 1 1 1 1 1 544

43161;14 Xqltxhqhvv ri wkh vroxwlrq zkhq A '4 1 1 1 1 1 546

43161< Vwrfkdvwlf fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 553

43161<14 Wkh vwrfkdvwlf OT frqwuro sureohp 1 1 1 1 1 1 1 1 559

4316143Ehoopdq*v dssurdfk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55;

431614314 Lqwurgxfwlrq dqg prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 55;

431614315 Wkh sulqflsoh ri rswlpdolw| 1 1 1 1 1 1 1 1 1 1 1 1 55<

43161431514 Jhqhudo fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55<

43161431515 Pdunry surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 564

43161431516 Wlph krprjhqhrxv Pdunry surfhvvhv 1 1 564

44 Vrph qxphulfdo phwkrgv 566

4414 Vroylqj olqhdu v|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 566

441414 Vroylqj vsduvh olqhdu v|vwhpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 567

4415 Vroylqj qrq0olqhdu v|vwhpv dqg rswlpl}lqj 1 1 1 1 1 1 1 1 1 1 1 1 1 569

4416 Qxphulfdo ghulydwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56;
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Fkdswhu 4

Lqwurgxfwlrq

414 Derxw wkh frxuvh

Wklv frxuvh lv pdlqo| derxw g|qdplf v|vwhpv dqg lq�qlwh0glphqvlrqdo +cg|qdp0

lf*, rswlpl}dwlrq/ exw frqwdlqv d qxpehu ri vxssruwlqj wrslfv dv zhoo1 Lw lv sul0

pdulo| ghvljqhg iru pdfurhfrqrplfv +lw lv d suhuhtxlvlwh iru Pdfurhfrqrplfv 4,/

exw wkh pdwhuldo kdv sohqw| ri dssolfdwlrqv lq plfur/ �qdqfh dqg hfrqrphwulfv dv

zhoo1 Lw exlogv rq Pdwkhpdwlfv 4 lq wkh vhqvh wkdw lw gudzv xsrq pdq| ri wkh

gh�qlwlrqv dqg uhvxowv hvwdeolvkhg wkhuh1

Wkh pdlq hpskdvlv lv rq frqfhswxdo xqghuvwdqglqj dqg sudfwlfdo fdofxodwlrq

udwkhu wkdq rq wkh ghwdlov ri wkh surriv1 Riwhq surriv duh rplwwhg +zlwk d uhihu0

hqfh wr rqh xvxdoo| jlyhq lqvwhdg,/ dqg vrphwlphv d khxulvwlf dujxphqw +cnlqg0ri

surri*, zloo uhsodfh ru frpsohphqw d uhdo surri wr jlyh vrph lqwxlwlrq iru zk|

d uhvxow krogv dqg dovr d vhqvh ri zk| lq wkh zruog dq|rqh pljkw guhdp xs wkh

uhvxow ri d wkhruhp1

Vlploduo|/ zkhq frqfhswv duh gh�qhg L kdyh wulhg dv idu dv srvvleoh wr vd|

vrphwklqj derxw wkh lqwxlwlyh qrwlrq wkdw wkh irupdo gh�qlwlrq lv dq dwwhpsw wr

4



5 FKDSWHU 41 LQWURGXFWLRQ

fdswxuh1 Qrwlfh wkdw zh fdq dozd|v dvn ri d gh�qlwlrq zkhwkhu lw grhv d jrrg mre

lq fdswxulqj dq lqwxlwlyh qrwlrq dqg lq jhqhudwlqj xvhixo wkhruhpv1 Lq vslwh ri wkh

frqyhqwlrqdo zlvgrp/ gh�qlwlrqv duh qrw dw doo duelwudu|/ dqg vkrxog eh vwxglhg

fulwlfdoo|1

Krzhyhu/ dowkrxjk wkh surriv duh vrphwlphv rplwwhg/ wkh gh�qlwlrqv duh nhsw

suhflvh dqg wkh uhvxowv xvxdoo| vwdwhg h{dfwo|1

Hyhq wkrxjk Mùujhq*v frpshqglxp dqg wklv rqh duh udwkhu wklfn/ lw pxvwq*w

eh wkrxjkw wkdw Pdwk 4 dqg 5 ghdo zlwk doo ri wkh pdwkhpdwlfv wkdw dq hfrqrplvw

qhhgv lq rughu +4, wr xqghuvwdqg wkh olwhudwxuh dqg +5, wr gr uhvhdufk +dowkrxjk

zh gr jlyh dw ohdvw dq lqwurgxfwlrq wr prvw ri zkdw |rx*oo qhhg,1 H{dpsohv ri

lpsruwdqw wrslfv h{foxghg iurp erwk Pdwk L dqg wkhvh ohfwxuh qrwhv lqfoxgh +4,

sduwldo gl�huhqwldo htxdwlrqv/ vwrfkdvwlf gl�huhqwldo htxdwlrqv/ Lw÷ fdofxoxv dqg

frqwlqxrxv wlph vwrfkdvwlf g|qdplf rswlpl}dwlrq dqg +5, olqh lqwhjudov rq F dqg

wkh wkhru| ri wudqvirupv +Irxulhu/ Odsodfh,1 Li |rx duh lqwr �qdqfh/ |rx zloo

hyhqwxdoo| zdqw wr xqghuvwdqg +4,4/ dqg li |rx duh lqwr suredelolw| dqg vwdwlvwlfv

dqg hvshfldoo| wkh vshfwudo dqdo|vlv ri wlph vhulhv/ |rx zloo hyhqwxdoo| zdqw wr

xqghuvwdqg +5,1

Pruhryhu/ prvw hfrqrphwulfldqv zloo zdqw wr ohduq hyhq pruh pdwul{ gl�huhq0

wldo fdofxoxv dqg olqhdu dojheud wkdq L kdyh lqfoxghg lq fkdswhuv 7 dqg ;1 Dqg li

|rx duh lqwr qxphulfdo phwkrgv +zklfk fhuwdlqo| dq| hpslulfdoo| rulhqwhg pdfur0

hfrqrplvw ru hfrqrphwulfldq vkrxog eh, |rx zloo zdqw wr nqrz pxfk pruh wkdq lv

fryhuhg lq fkdswhu 441 Vhh ^6:` ru ^69` iru xvhixo vxuyh|v ri wkh phwkrgv dydlodeoh1

Li |rx duh uhdoo| nhhq/ d wuhdvxuh wuryh iru qxphulfdo phwkrgv lv Hoohq PfJudwwdq*v

iws vlwh dw ^7;`1

Rwkhu rplvvlrqv uh hfw p| rffdvlrqdoo| lglrv|qfudwlf ylhzv derxw zkdw lv lp0

4 Jrrg uhihuhqfhv rq wkhvh wrslfv duh ^57` dqg ^77`1



4151 QRWDWLRQ 6

sruwdqw1 Rqh h{dpsoh lv wkh pdwul{ Ulffdwl gl�huhqwldo htxdwlrq dqg wkh dojheudlf

pdwul{ Ulffdwl htxdwlrq/ zklfk dulvh lq olqhdu0txdgudwlf g|qdplf rswlpl}dwlrq

sureohpv1 Dv |rx zloo vhh/ rqh fdq gr shuihfwo| zhoo zlwkrxw wkhvh htxdwlrqv +zh

zloo xvh vlplodulw| wudqvirupv lqvwhdg, vr L zloo vlpso| ljqruh wkhp1 Li |rx duh

lqwhuhvwhg lq wkh pdwul{ Ulffdwl gl�huhqwldo htxdwlrq/ L grq*w hyhq nqrz zkhuh

wr orrn/ dowkrxjk dssduhqwo| hqwluh mrxuqdov duh ghyrwhg wr wkhp1 Rq wkh rwkhu

kdqg/ d errn wkdw lv ixoo ri dojheudlf pdwul{ Ulffdwl htxdwlrqv lv ^8`1

Wkh rplvvlrqv qrwzlwkvwdqglqj> li |rx zrun kdug/ |rx vkrxog eh deoh wr df0

txluh hqrxjk vrsklvwlfdwlrq gxulqj Pdwk 4 dqg 5 lq rughu wr eh deoh wr uhdg xs

rq wkh rplwwhg wrslfv |rxuvhoi li dqg zkhq |rx qhhg wr/ ru dw ohdvw wkh delolw| wr

iroorz frxuvhv +h1j1 wkh Ilqdqfh dqg Hfrqrphwulfv vhtxhqfhv, zklfk frqwdlq vrph

ri wkhvh rplwwhg wrslfv1 Wr wkh h{whqw wkdw zh irfxv rq dw ohdvw vrph ri wkh surriv

udwkhu wkdq mxvw wkh uhvxowv/ wklv lv wkh uhdvrq= lw vkrxog khos |rx orvh uhvshfw

iru pdwkhpdwlfv lq jhqhudo dqg dfklhyh dw ohdvw vrph frq�ghqfh lq dssurdfklqj

lqlwldoo| vfdu| frqfhswv dqg h{suhvvlrqv1

Wkh rqo| uhtxluhg uhdglqj iru wklv frxuvh lv +vhohfwhg sduwv ri, wkhvh ohfwxuh

qrwhv1 Krzhyhu/ li |rx zdqw wr ohduq pruh/ L vwurqjo| uhfrpphqg orrnlqj dw vrph

ri wkh errnv/ kdqgrxwv dqg lqwhuqhw vlwhv lq wkh eleolrjudsk|/ hvshfldoo| wkrvh rq

wkh Uhdglqj Olvw +Odqj dqg Fkrz,1

415 Qrwdwlrq

Dq rughuhg ?0wxsoh ru vhtxhqfh zloo eh ghqrwhg e| k%�c ���c %?l ru vrphwlphv mxvw

k%&l � Vhtxhqfhv k%&l zloo riwhq eh zulwwhq dv  / dqg vr zloo ixqfwlrqv % G �$ �1

D vhw lv zulwwhq xvlqj fxuo| eudfnhwv/ h1j1 i�c 2c ���j ru i%�c ���c %?j �

Dq htxdolw| sxw iruzdug dv d gh�qlwlrq zloo eh zulwwhq s E%� ] t�?%�



7 FKDSWHU 41 LQWURGXFWLRQ

Dq htxdolw| zklfk lv dovr dq lghqwlw| zloo eh zulwwhq ULt2 %n t�?2 % � �1

Wkh qrwdwlrq +& zloo xvxdoo| phdq wkh &wk hohphqw ri wkh yhfwru +/ exw vrph0

wlphv wkh &wk yhfwru +1 Zkdw lv lqwhqghg lv krshixoo| fohdu iurp wkh frqwh{w1



Fkdswhu 5

Wkh Ulhpdqq lqwhjudo

514 Gh�qlwlrq

Wkh sxusrvh ri wklv vhfwlrq lv wr pdnh vhqvh ri h{suhvvlrqv olnh

K]
@

s E%� _%� +514,

Wkh lghd zloo eh wr fdswxuh lq d suhflvh zd| wkh qrwlrq wkdw dq lqwhjudo lv wkh duhd

xqghu d fxuyh1 Wkh vwudwhj| zloo eh wr dssur{lpdwh wkh duhd xqghu d fxuyh e|

wkh xqlrq ri uhfwdqjohv zkrvh duhd zh fdq fdofxodwh lq dq reylrxv zd|/ dqg wkhq

wu| wr pdnh wkh dssur{lpdwlrq duelwudulo| jrrg1 Qrwh wkdw rxu dssur{lpdwlrq

zloo eh edvhg rq d sduwlwlrq ri wkh %0d{lv1

Ohw s G d@c Ko$ U eh d erxqghg ixqfwlrq1 Qrz glylgh wkh lqwhuydo d@c Ko lqwr

vxelqwhuydov/ fkrrvlqj @ ' %
f
	 %

�
	 %

2
��� 	 %?3� 	 %? ' K� Vlqfh s lv erxqghg/

zh fdq �qg qxpehuv �& dqg M& vxfk wkdw/ iru hdfk & ' �c 2c ���c ?c zh kdyh

�& � s E%� � M& iru doo % 5 d%&3�c %&o � +515,

Qrz lqwurgxfh orzhu vxpv ri wkh irup

r '

?[
&'�

�& E%& � %&3�� +516,

8
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dqg xsshu vxpv ri wkh irup

7 '
?[

&'�

M& E%& � %&3�� +517,

Qrwh wkdw iru hdfk sduwlwlrq ri wkh lqwhuydo d@c Ko dqg fkrlfh ri qxpehuv �& dqg

M& zh fdq gh�qh dq xsshu dqg orzhu vxp1 Zh qrz frqvlghu wkh vhw ri doo vxfk

xsshu dqg orzhu vxpv1 Gh�qh wkh vhwv

� ] ir G r lv d orzhu vxpj +518,

dqg

� ] i7 G 7 lv dq xsshu vxpj +519,

Dssduhqwo| � kdv dq xsshu erxqg dqg � kdv d orzhu erxqg1 Khqfh zh fdq gh�qh

- ] t�T� +51:,

dqg

- ] �?u � +51;,

Gh�qlwlrq 51414 Ohw s eh d erxqghg ixqfwlrq rq wkh lqwhuydo d@c Ko1 Ohw - dqg

- eh gh�qhg dv deryh1 Li - ' - ] -/ wkhq s lv vdlg wr eh Ulhpdqq lqwhjudeoh

rq d@c Ko dqg zh gh�qh
K]
@

s E%� _% ] - +51<,

Zh qrz zdqw wr nqrz zklfk ixqfwlrqv duh lqwhjudeoh/ exw d ixoo dqvzhu wr wkdw

txhvwlrq zrxog wdnh xv ixuwkhu wkdq zh qhhg wr jr uljkw qrz1 Iru rxu suhvhqw

sxusrvhv/ lw vx!fhv wr qrwh wkh iroorzlqj wkhruhpv1

Wkhruhp 51414 Ohw s eh erxqghg dqg frqwlqxrxv/ h{fhsw srvvleo| dw d frxqwdeoh

qxpehu ri srlqwv/ rq wkh frpsdfw lqwhuydo d@c Ko1 Wkhq s lv Ulhpdqq lqwhjudeoh

rq d@c Ko1



5141 GHILQLWLRQ :

Surri Vhh ^4:`1

Wkhruhp 51415 Ohw s dqg } eh Ulhpdqq lqwhjudeoh rq wkh frpsdfw lqwhuydo d@c Ko1

Wkhq s} lv Ulhpdqq lqwhjudeoh rq d@c Ko1

Surri1 Vhh ^4:`1

Uhpdun 51414 Xqiruwxqdwho|/ wkhuh duh pdq| erxqghg ixqfwlrqv zklfk duh qrw

Ulhpdqq lqwhjudeoh1 Lqghhg/ lw pd| hyhq kdsshq wkdw ks&l
"

&'� lv d xqlirupo|

erxqghg vhtxhqfh +d vhtxhqfh zlwk d frpprq xsshu erxqg, ri Ulhpdqq lqwhjudeoh

ixqfwlrqv gh�qhg rq d frpsdfw lqwhuydo/ |hw wkh srlqwzlvh olplw s +wkh ixqfwlrq

gh�qhg e| vhwwlqj/ iru hdfk %/ s E%� ] *�4
&<"

s& E%�, lv qrw Ulhpdqq lqwhjudeoh1 D

idprxv h{dpsoh lv wkh iroorzlqj1 Ohw k^�l
"

�'�
eh dq hqxphudwlrq ri wkh udwlrqdo

qxpehuv/ dqg ohw s& G dfc �o$ U> & ' �c 2c ��� eh gh�qhg yld

s& E%� ]

;A?
A=

� li % ' ^� iru vrph � � &

f rwkhuzlvh
+5143,

Wkhq wkh srlqwzlvh olplw s lv

s E%� ]

;A?
A=

� li % lv udwlrqdo

f li % lv luudwlrqdo
+5144,

dqg doo wkh s& duh Ulhpdqq lqwhjudeoh rq dfc �o/ |hw s lv qrw1 Wklv sdwkrorjlfdo

surshuw| ri wkh Ulhpdqq lqwhjudo surylghv jrrg prwlydwlrq iru +dowkrxjk klvwrul0

fdoo| lw kdv olwwoh wr gr zlwk, wkh ghyhorsphqw ri wkh Ohehvjxh lqwhjudo +vhh fkdswhu

9,14

Zh qrz qrwh vrph lpsruwdqw surshuwlhv ri wkh Ulhpdqq lqwhjudo1 Qrwh wkdw

wkh| duh lqwlpdwho| frqqhfwhg zlwk wkh idfw wkdw wkh Ulhpdqq lqwhjudo lv wkh olplw

ri d vxp1

4 Lq fkdswhu 9/ zh zloo gh�qh dq lqwhjudo frqfhsw vxfk wkdw olp

n$4

U
e

d
in +{,g{ @

olp
n$4

U e

d
olp
n$4

in +{,g{ vr orqj dv wkh frqyhujhqfh ri kinl lv prqrwrqh1 Krzhyhu/ hyhq zlwk

wkh Ulhpdqq lqwhjudo/ wkh uhvxow krogv li wkh frqyhujhqfh ri kinl lv xqlirup1 Vhh ^4:`1
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Wkhruhp 51416 41 Ohw s eh Ulhpdqq lqwhjudeoh rq d@c So dqg ohw @ 	 K 	 S1

Wkhq s lv Ulhpdqq lqwhjudeoh rq d@c Ko dqg dKc So dqg

S]
@

s E%� _% '

K]
@

s E%� _%n

S]

K

s E%� _% +5145,

51 Ohw sc } eh Ulhpdqq lqwhjudeoh rq d@c Ko dqg ohw S eh d vfdodu1 Wkhq s n }

dqg Ss duh Ulhpdqq lqwhjudeoh/ dqg zh kdyh

+d,

K]
@

ds E%� n } E%�o _% '

K]
@

s E%� _%n

K]
@

} E%� _% dqg

+e,

K]
@

dSs E%�o _% ' S

K]
@

s E%� _%�

Surri1 Vhh ^4:`1

51414 Wkh lpsurshu Ulhpdqq lqwhjudo

Zh zrxog dovr olnh wr nqrz krz wr ghdo zlwk xqerxqghg ixqfwlrqv dqg lqwhjudwlrq

ryhu xqerxqghg lqwhuydov udwkhu wkdq mxvw frpsdfw rqhv1 Zlwklq wkh Ulhpdqq

wkhru|/ wklv lv grqh e| lqwurgxflqj wkh vr0fdoohg lpsurshu Ulhpdqq lqwhjudo1 Iru

h{dpsoh/ vxssrvh s lv xqerxqghg rq d@c K� exw erxqghg rq hdfk forvhg vxevhw ri

d@c K� � Wkhq zh fdq wu| wkh gh�qlwlrq

K]
@

s E%� _% ] *�4
q<K

q]
@

s E%� _%� +5146,

Li wklv olplw h{lvwv/ wkhq wkh lpsurshu Ulhpdqq lqwhjudo lv vdlg wr h{lvw dqg eh

htxdo wr wkh uljkw kdqg vlgh1 Qrwh wkdw wklv gh�qlwlrq zrunv iru d@c4� dv zhoo1

Wkh h{whqvlrq wr lqwhjudwlrq ryhu E@c Ko/ E�4c Ko lv reylrxv1 Wkh h{whqvlrq wr

E�4c4� lv pruh wulfn|/ krzhyhu1 Rqh rswlrq lv

"]
3"

s E%� _% ] *�4
g<"

g]

3g

s E%� _%� +5147,
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Wklv gh�qlwlrq lv fdoohg wkh Fdxfk| sulqflsdo ydoxh1 Dqrwkhu rswlrq lv

"]
3"

s E%� _% ] *�4
g<"

f]
3g

s E%� _%n *�4
g<"

g]
f

s E%� _%� +5148,

E| orrnlqj dw wkh ixqfwlrq s E%� ' % |rx pd| zdqw wr frqylqfh |rxuvhoi wkdw

wkhvh wzr gh�qlwlrqv duh qrw htxlydohqw1 Wkh srlqw lv wkdw *�4
g<"

g]
3g

s E%� _% pd|

h{lvw hyhq zkhq *�4
g<"

g]
f

s E%� _% grhv qrw1

515 Wkh ixqgdphqwdo wkhruhp ri fdofxoxv

Wkhuh lv d yhu| vwurqj vhqvh lq zklfk lqwhjudwlrq lv wkh lqyhuvh ri gl�huhqwldwlrq/

dv uhyhdohg e| wkh iroorzlqj wkhruhpv1

Wkhruhp 51514 +wkh ixqgdphqwdo wkhruhp ri fdofxoxv/ sduw 4, Ohw s eh Ulh0

pdqq lqwhjudeoh rq d@c Ko dqg gh�qh

8 E%� ]

%]
@

s E|� _|� +5149,

Wkhq 8 lv frqwlqxrxv rq d@c Ko c dqg dw dq| srlqw %f zkhuh s lv frqwlqxrxv/ 8 lv

gl�huhqwldeoh zlwk ghulydwlyh 8 � E%f� ' s E%f� �

Surri1 Vhh ^4:`1

Nlqg0ri surri1 Gh�qh wkh cglvfuhwh* lqwhjudo

+? ]
?[

�'�

s� E%� � %�3�� +514:,

Ohw {+? ] +? � +?3� dqg {%� ] %� � %�3�� Wkhq

{+? ' s?{%? +514;,
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Khqfh

{+?
{%?

' s? +514<,

Rxu wkhruhp lv mxvw d frqwlqxrxv yhuvlrq ri wklv udwkhu edqdo frqfoxvlrq1

Wkhruhp 51515 +wkh ixqgdphqwdo wkhruhp ri fdofxoxv/ sduw 5, Ohw s eh Ulh0

pdqq lqwhjudeoh rq d@c Ko dqg vxssrvh wkhuh lv d ixqfwlrq 8 rq d@c Ko vxfk wkdw

8 � ' s 1 Wkhq
KU
@

s E%� _% ' 8 EK�� 8 E@� �

Surri1 Vhh ^4:`1

D xvhixo frqvhtxhqfh ri wkh olqhdulw| ri wkh lqwhjudo lv wkdw lw hqdeohv rqh

wr cgl�huhqwldwh xqghu wkh lqwhjudo vljq*1 Frpelqlqj wklv idfw zlwk d yhuvlrq ri

Wkhruhp +51514,/ zh jhw wkh iroorzlqj wkhruhp1

Wkhruhp 51516 +Ohleql}* irupxod, Ohw s E%c |� dqg
Ys E%c |�

Y%
eh frqwlqxrxv rq

d forvhg uhfwdqjoh d@c Ko� d|fc |�o/ ohw � E%� dqg � E%� eh frqwlqxrxvo| gl�huhqwldeoh

rq d@c Ko c dqg vxssrvh wkdw � Ed@c Ko� � d|fc |�o dqg � Ed@c Ko� � d|fc |�o1 Wkhq/ iru doo

% 5 d@c Ko c zh kdyh

_

_%

5
97

�E%�]

�E%�

s E%c |� _|

6
:8 ' s E%c � E%�� �� E%�� s E%c � E%���� E%� n

�E%�]

�E%�

Ys E%c |�

Y%
_|�

+5153,

Surri1 Vhh ^:`1 ^:` dovr frqwdlqv frqglwlrqv xqghu zklfk rqh fdq gl�huhqwldwh

xqghu wkh lqwhjudo vljq lq wkh fdvh zkhuh wkh lqwhjudwlrq olplwv duh lq�qlwh1

516 Fdofxodwlqj wkh Ulhpdqq lqwhjudo

Kdylqj dftxdlqwhg rxuvhoyhv zlwk wkh Ulhpdqq lqwhjudo/ zh qrz zdqw wr fdofxodwh

lw lq frqfuhwh lqvwdqfhv1 Lq vrph fdvhv/ wklv lv hdv|> wkh idfw wkdw lqwhjudwlrq lv
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wkh lqyhuvh ri gl�huhqwldwlrq lv hqrxjk1 Iru h{dpsoh/ iru & 9' ��/

K]
@

%&_% '
�

& n �

�
K&n� � @&n�

�
+5154,

dqg iru & ' ��c zh kdyh/ vr orqj dv f *5 d@c Ko/

K]
@

_%

%
' *? mKm � *? m@m +5155,

Lq d vlplodu idvklrq/ lw lv vrphwlphv srvvleoh wr lqwhjudwh ixqfwlrqv e| mxvw jxhvvlqj

d ixqfwlrq zkrvh ghulydwlyh lv wkdw ixqfwlrq1 Xvxdoo|/ krzhyhu/ wkdw grhvq*w zrun/

dqg zh qhhg pruh vrsklvwlfdwhg wulfnv1 Zh zloo suhvhqw vrph ri wkh prvw edvlf

wulfnv ehorz1 Wkhvh wulfnv duh xvhixo/ dqg wkhuh duh rwkhu/ hyhq pruh lqjhqlrxv dqg

srzhuixo wulfnv xvhg wr fdofxodwh lqwhjudov1 +Wkh prvw lqjhqlrxv wulfn lv shukdsv

wkh fdofxoxv ri uhvlgxhv1 Vhh ^6<`1, Exw lw lv riwhq kdug wr �jxuh rxw zkdw wulfn wr

xvh/ dqg vrphwlphv wkhuh lv qr wulfn> wkh lqwhjudo mxvw fdq*w eh uhzulwwhq lq whupv

ri hohphqwdu| ixqfwlrqv1 +Dq h{dpsoh lv wkh lqwhjudo ri wkh ghqvlw| ixqfwlrq ri

d qrupdo udqgrp yduldeoh1, Zh wkhq kdyh wr uhvruw wr qxphulfdo phwkrgv> vhh

^6:` ru ^69`1 Exw wkhvh phwkrgv fdq eh udwkhu vorz/ vr ehiruh jrlqj wkdw idu/ |rx

vkrxog dw ohdvw eh idploldu zlwk wkh iroorzlqj edvlf shqflo0dqg0sdshu whfkqltxhv1

51614 Fkdqjh ri yduldeohv

Wkhruhp 51614 Ohw s eh frqwlqxrxv rq d} E@� c } EK�o c ohw } eh frqwlqxrxvo| gli0

ihuhqwldeoh rq d@c Ko dqg ohw s � } eh frqwlqxrxv rq d@c Ko1 Wkhq

K]
@

s E} E|�� }� E|� _| '

}EK�]

}E@�

s E%� _% +5156,

Surri1 Vhh ^4:`1
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Nlqg0ri surri1

K]
@

s E} E|�� }� E|� _| '

K]
@

s E} E|��
_}

_|
_| '

'

}EK�]

}E@�

s E}� _}

+5157,

5161414 Wkh s �*s phwkrg

Sursrvlwlrq 51614 Ohw s dqg } eh vxfk wkdw } E%� '
s � E%�

s E%�
rq d@c Ko dqg vxssrvh

s E%� 9' f iru doo % 5 d@c Ko � Wkhq

K]
@

} E%� _% ' *? ms EK�m � *? ms E@�m +5158,

Surri1 Fkdqjh ri yduldeohv1

H{dpsoh 51614 Frqvlghu
|]
�

�

r Ern ��
_r +5159,

zkhuh | � �1 Qrz qrwh wkdw

�

r Ern ��
'

r32

� n r3�
' �

�r32

� n r3�
� +515:,

Khqfh
|]
�

�

r Ern ��
_r ' �

|]
�

�r32

� n r3�
_r '

' � *? E� n |3�� n *? E2� ' *? |� *? E|n �� n *? 2

+515;,

51615 Lqwhjudwlrq e| sduwv dqg wkh Qhdwhvw Wulfn

Iurp wkh surgxfw uxoh ri gl�huhqwldwlrq/ zh fdq ghulyh wkh iroorzlqj wkhruhp1
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Wkhruhp 51615 +lqwhjudwlrq e| sduwv,1 Vxssrvh 8 dqg C duh gl�huhqwldeoh ixqf0

wlrqv rq d@c Ko/ dqg wkdw 8 � ' s dqg C� ' } duh Ulhpdqq lqwhjudeoh rq d@c Ko � Wkhq

K]
@

8 E%� } E%� _% ' 8 EK�C EK�� 8 E@�C E@��

K]
@

s E%�C E%� _%� +515<,

Surri1 Gh�qh M E%� ] 8 E%�C E%�1 E| wkh surgxfw uxoh ri gl�huhqwldwlrq/

M � E%� ' s E%�C E%� n 8 E%� } E%� � Khqfh

K]
@

8 E%� } E%� _% '

K]
@

M � E%� _%�

K]
@

s E%�C E%� _% +5163,

dqg wkh wkhruhp iroorzv e| wkh ixqgdphqwdo wkhruhp ri fdofxoxv1

Xvxdoo|/ wkh zd| wr wdnh dgydqwdjh ri sduwldo lqwhjudwlrq lv wr ohw 8 eh d

ixqfwlrq wkdw ehfrphv vlpsohu zkhq gl�huhqwldwhg/ dqg ohw } eh d ixqfwlrq wkdw

grhv qrw ehfrph pxfk pruh frpsolfdwhg e| ehlqj lqwhjudwhg1 Wklv lv vhhq fohduo|

lq wkh iroorzlqj h{dpsoh1

H{dpsoh 51615 Zkhq fdofxodwlqj

�]
f

%e%_% +5164,

lw pdnhv vhqvh wr gh�qh 8 E%� ] % dqg } E%� ] e%1 Frqvlvwhqw zlwk wklv fkrlfh/

vhw s E%� ' 8 � E%� ' � dqg C E%� ' e%1 Xvlqj wklv/ zh �qg wkdw

�]
f

%e%_% ' � � e� � f � ef �

�]
f

� � e%_% ' e� en ef ' �� +5165,

H{dpsoh 51616 Wkh K ixqfwlrq1 Gh�qh/ iru f 	 % 	4/

K E%� ]

"]
f

|%3�e3|_| +5166,

Zh qrz xvh lqwhjudwlrq e| sduwv wr vkrz wkdw/ iru f 	 % 	4c zh kdyh

K E%n �� ' %K E%� +5167,
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Ohw 8 E|� ' |%/ } E|� ' e3| dqg C E|� ' �e3|� Wkhq C� E|� ' } E|� dqg 8 � E|� '

s E|� ' %|%3�1 Xvlqj lqwhjudwlrq e| sduwv/ zh �qg wkdw

K E%n �� '

"]
f

|%e3|_| ' � *�4
K<"

K%e3K n f%e3f n

"]
f

%|%3�e3|_| '

' %

"]
f

|%3�e3|_| ' %K E%� +5168,

zkhuh zh xvhg wkdw wkh h{srqhqwldo ixqfwlrq hyhqwxdoo| jurzv idvwhu wkdq dq|

sro|qrpldo dqg/ dovr/ wkh olqhdulw| ri wkh lqwhjudo1

H{dpsoh 51617 Wkh Qhdwhvw Wulfn1 Vxssrvh zh zdqw wr fdofxodwh

- '

Z]
f

e% t�?%_% +5169,

zkhuh zh nqrz wkdw
_

_%
t�?% ' ULt%� +Vhh fkdswhu 61, Qhlwkhu wkh h{srqhqwldo

ixqfwlrq qru wkh vlqh ixqfwlrq ehfrphv pruh ru ohvv frpsolfdwhg e| lqwhjudwlrq ru

gl�huhqwldwlrq/ vr zh vhhp wr eh lq wurxeoh1 Qhyhuwkhohvv/ xsrq uhshdwhg xvh ri

sduwldo lqwhjudwlrq/ zh �qg wkdw

- '

Z]
f

e% t�?%_% ' eZ t�?Z � ef t�? f�

Z]
f

e% ULt%_% '

' �

Z]
f

e% ULt%_% ' �eZ ULtZ n ef ULt f�

Z]
f

e% t�?%_% '

' eZ n �� -� +516:,

Khqfh

- '

Z]
f

e% t�?%_% '
eZ n �

2
+516;,

H{dpsoh 51618 D wulfn| rqh1 Vxssrvh zh zdqw wr fdofxodwh

+]
�

*?%_% +516<,
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Wkh zd| iruzdug lv wr qrwh wkdw *?% ' *?% � �� Qrz � grhv qrw ehfrph pxfk

pruh frpsolfdwhg e| lqwhjudwlrq/ vr vhw 8 E%� ' *?% dqg } E%� ' �1 Lw iroorzv wkdw

8 � E%� ' s E%� '
�

%
dqg zh pd| fkrrvh C E%� ' %1 Zh jhw

+]
�

*?%_% ' *? + � + � *? � � ��

+]
�

�

%
%_% '

' + E*? + � �� n � +5173,

517 Wkh Ulhpdqq0Vwlhowmhv lqwhjudo

Wkh sxusrvh ri wklv vhfwlrq lv wr pdnh vhqvh ri h{suhvvlrqv olnh

K]
@

s E%� _8 E%� � +5174,

zkhuh 8 lv d qrq0ghfuhdvlqj ixqfwlrq1 Wkhvh h{suhvvlrqv dsshdu/ iru h{dpsoh/

zkhq zh zdqw wr fdofxodwh wkh h{shfwhg ydoxh ri d udqgrp yduldeoh wkdw grhvq*w

kdyh d ghqvlw| ixqfwlrq1 +D udqgrp yduldeoh idlov wr kdyh d ghqvlw| ixqfwlrq

zkhqhyhu lwv glvwulexwlrq ixqfwlrq lv glvfrqwlqxrxv/ dqg vrphwlphv hyhq zkhq lw

lv frqwlqxrxv,1

Gh�qlwlrq 51714 Ohw s G d@c Ko$ U eh d erxqghg ixqfwlrq dqg ohw 8 G d@c Ko$ U

eh d qrq0ghfuhdvlqj ixqfwlrq1 Qrz sduwlwlrq d@c Ko dqg gh�qh qxpehuv �& dqg M&

dv lq Gh�qlwlrq 514141 Wklv wlph/ wkh orzhu dqg xsshu vxpv wdnh wkh irup

r '
?[

&'�

�& E8 E%&�� 8 E%&3��� +5175,

dqg

7 '
?[

&'�

M& E8 E%&�� 8 E%&3��� +5176,

dqg wkh gh�qlwlrq surfhhgv h{dfwo| dv Gh�qlwlrq 514141
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Sursrvlwlrq 51714 Vxssrvh 8 lv gl�huhqwldeoh zlwk ghulydwlyh s� Wkhq

K]
@

} E%� _8 E%� '

K]
@

} E%� s E%� _% +5177,

Surri1 H{huflvh1

Iru pruh surshuwlhv ri wkh Ulhpdqq0Vwlhowmhv lqwhjudo/ vhh ^4:`1



Fkdswhu 6

Wuljrqrphwu| dqg frpsoh{

qxpehuv

614 Wuljrqrphwu|

61414 Jhrphwulf gh�qlwlrq ri wkh wuljrqrphwulf ixqfwlrqv

Frqvlghu wkh xqlw flufoh lq U21

Zh �uvw hvwdeolvk wkh xqlw ri phdvxuhphqw iru dqjohv1

Gh�qlwlrq 61414 Frqvlghu wzr ud|v iurp wkh ruljlq1 Wkh dqjoh ehwzhhq wkhp lv

wkh ohqjwk ri wkh duf rq wkh xqlw flufoh ehwzhhq wkh srlqwv ri lqwhuvhfwlrq ehwzhhq

hdfk ri wkh ud|v dqg wkh xqlw flufoh1 Wklv xqlw ri phdvxuhphqw lv fdoohg udgldqv1

E| wkh gh�qlwlrq ri wkh qxpehu Zc wkh dqjoh ri dq hqwluh uhyroxwlrq lv 2Z udgldqv1

Kdylqj hvwdeolvkhg d xqlw ri phdvxuhphqw/ zh fdq qrz gh�qh wkh wuljrqrphw0

ulf ixqfwlrqv1

Gh�qlwlrq 61415 Ohw f � w � 2Z eh d uhdo qxpehu1 Wkhq ULt w Et�? w� lv wkh

devflvvd +ruglqdwh, ri wkh srlqw ri lqwhuvhfwlrq ehwzhhq wkh xqlw flufoh dqg d ud|

4:
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−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.5

0

0.5

1

• (cos θ, sin θ)

θ

Iljxuh 614=
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iurp wkh ruljlq zklfk lv dw dq dqjoh w zlwk d ud| iurp wkh ruljlq wkurxjk E�c f�1

Iru w rxwvlgh wklv udqjh/ zh h{whqg wkh gh�qlwlrq yld

ULt Ew n 2?Z� ' ULt w +614,

t�? Ew n 2?Z� ' t�? w +615,

iru doo ? 5 ]1

Gh�qlwlrq 61416 D ixqfwlrq s G U$U lv vdlg wr eh shulrglf zlwk shulrg R dqg

dpsolwxgh @ li

41 Iru doo % 5 U/ s E%n R� ' s E%� dqg

51 t�T
%MU

ms E%�m ' @1

Sursrvlwlrq 61414 Ohw s eh gh�qhg yld s E%� ] � t�? E/%�1 Wkhq s lv d shulrglf

ixqfwlrq zlwk shulrg
2Z

/
dqg dpsolwxgh m�m1

Surri1 Reylrxv1

Uhpdun 61414 Wkh qxpehu / lv vrphwlphv fdoohg wkh iuhtxhqf| ri s 1

Zkhq fdofxodwlqj wkh ydoxh ri t�? dqg ULt lq vlpsoh fdvhv/ wkh iroorzlqj wdeoh/

ghulyhg iurp edvlf jhrphwu| dqg S|wkdjrudv* wkhruhp/ lv xvhixo1 Qrwlfh wkh

sdwwhuq1

Wdeoh 41

w t�? w ULt w

f �

2

s
f �

2

s
e

Z*S �

2

s
� �

2

s
�

Z*e �

2

s
2 �

2

s
2

Z*� �

2

s
� �

2

s
�

Z*2 �

2

s
e �

2

s
f
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Zh qrz gh�qh vrph ri wkh prvw frpprqo| xvhg wuljrqrphwulf ixqfwlrqv1

Gh�qlwlrq 61417 Ohw w eh d uhdo qxpehu vxfk wkdw ULt w 9' f1 Wkhq |@? w ]
t�? w

ULt w
�

Gh�qlwlrq 61418 Ohw w eh d uhdo qxpehu vxfk wkdw t�? w 9' f1 Wkhq UL| w ]
ULt w

t�? w
�

Gh�qlwlrq 61419 Ohw w eh d uhdo qxpehu vxfk wkdw ULt w 9' f1 Wkhq tiU w ]
�

ULt w
�

Gh�qlwlrq 6141: Ohw w eh d uhdo qxpehu vxfk wkdw t�? w 9' f1 Wkhq ULtiU w ]

�

t�? w
�

Gh�qlwlrq 6141; Ohw % 5 d��c �o1 Wkhq @hUt�?% lv wkdw dqjoh w 5
k
�Z

2
c
Z

2

l
vxfk

wkdw t�? w ' %�

Uhpdun 61415 Lw iroorzv iurp wkh gh�qlwlrq wkdw t�? E@hUt�?%� ' % rq wkh hqwluh

grpdlq d��c �o1 Exw @hUt�? Et�? w� ' w rqo| krogv iru w 5
k
�Z

2
c
Z

2

l
1

Gh�qlwlrq 6141< Ohw % 5 d��c �o1 Wkhq @hUULt% lv wkdw dqjoh w 5 dfc Zo vxfk wkdw

ULt w ' %�

Gh�qlwlrq 614143 Ohw % 5 U1 Wkhq @hU|@?% lv wkdw dqjoh w 5
�
�Z

2
c
Z

2

�
vxfk

wkdw

|@? w ' %� +616,

Zh qrz olvw vrph surshuwlhv ri wkh wuljrqrphwulf ixqfwlrqv1

61415 Wuljrqrphwulf lghqwlwlhv

Ehorz/ zh zloo zulwh t�?2 w iru Et�? w�2 hwf1

Wkhruhp 61414 Iru doo uhdo qxpehuv w dqg ) vxfk wkdw wkh h{suhvvlrqv ehorz

duh gh�qhg/ zh kdyh
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41 ULt2 w n t�?2 w � �

51 tiU2 w � � n |@?2 w

61 ULt w � t�?
�Z
2
� w

�

71 t�? Ew n Z� � � t�? w

81 ULt Ew n Z� � � ULt w

91 t�? E�w� � � t�? w

:1 ULt E�w� � ULt w

;1 t�? Ew n )� � t�? w ULt)n ULt w t�?)

<1 ULt Ew n )� � ULt w ULt)� t�? w t�?)

431 t�? w n t�?) � 2 t�?

�
w n )

2

�
ULt

�
w � )

2

�

441 ULt2 w � � n ULt 2w

2

451 t�?2 w � �� ULt 2w

2
�

Vnhwfk ri surri1 +4, dqg +5, duh frqvhtxhqfhv ri S|wkdjrudv* wkhruhp/ +60:, duh

jhrphwulfdoo| reylrxv/ dqg +;0<, duh d olwwoh elw wulfn| wr suryh jhrphwulfdoo|

+vhh ^9`,/ exw iroorz iurp Hxohu*v irupxod +vhh ehorz,1 +Lw lv hvvhqwldo wkdw

wkh| fdq eh suryhg jhrphwulfdoo|/ wkrxjk/ vlqfh rwkhuzlvh zh fdq*w suryh

Hxohu*v irupxod lwvhoi1, +43, iroorzv iurp wkh rwkhuv1

Wkhuh duh pdq| pruh wuljrqrphwulf lghqwlwlhv/ exw wkh deryh duh pruh wkdq

hqrxjk iru rxu sxusrvhv1
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61416 Ghulydwlyhv ri wuljrqrphwulf ixqfwlrqv

Ohppd 61414

*�4
�<f

t�?�

�
' �� +617,

Surri1 Vhh ^6;`1

Wkhruhp 61415 41 Ohw s E%� ] t�?%� Wkhq s � E%� ' ULt%1

51 Ohw s E%� ] ULt%� Wkhq s � E%� ' � t�?%1

61 Ohw s E%� ] |@?%� Wkhq s � E%� ' tiU2 %1

Surri Lw lv whpswlqj wr xvh Hxohu*v irupxod +vhh ehorz, khuh +dqg wkh txrwlhqw

uxoh iru wkh ghulydwlyh ri |@?,1 Exw vlqfh rxu vnhwfk ri wkh surri ri Hxohu*v

irupxod lqyrnhv wkh ghulydwlyhv ri wkh wuljrqrphwulf ixqfwlrqv/ wkdw zrxog

eh flufxodu1 Vr khuh iroorzv d gluhfw surri ri +4,1 Zh xvh wkh gh�qlwlrq ri

wkh ghulydwlyh/ dqg �qg wkdw

*�4
�<f

t�? E%n ��� t�?%

�
' *�4

�<f

2 ULt E%n �*2� t�? E�*2�

�
'

' *�4
�<f

ULt E%n �*2�
t�? E�*2�

�*2
'

' ULt E%�

+618,

zkhuh zh xvhg wkdw ULt lv d frqwlqxrxv ixqfwlrq1

Fruroodu| 61414 41 Ohw s E%� ] @hUt�?%� Wkhq s � E%� '
�s

�� %2
�

51 Ohw s E%� ] @hUULt%� Wkhq s � E%� ' � �s
�� %2

�
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H{dpsoh 61414 Ohw*v fdofxodwh s � E%� zkhq s E%� ' @hU|@?%1 Qrwh wkdw/ e| gh�0

qlwlrq/ s E%� 5
�
�Z

2
c
Z

2

�
iru hdfk % 5 U1 E| wkh gh�qlwlrq ri wkh @hU|@? ixqfwlrq/

lw iroorzv wkdw

|@? s E%� ' %� +619,

Gl�huhqwldwlqj erwk vlghv +xvlqj wkh fkdlq uxoh rq wkh ohiw kdqg vlgh,/ zh jhw

tiU2 s E%� s � E%� ' �� +61:,

Khqfh

s � E%� '
�

tiU2 s E%�
'

�

� n |@? 2s E%�
' +61;,

'
�

� n %2

zkhuh wkh �qdo htxdolw| krogv vlqfh/ e| gh�qlwlrq/ s E%� 5
�
�Z

2
c
Z

2

�
1 Wkh vrph0

zkdw vxusulvlqj frqvhtxhqfh lv wkdw
"]
3"

�

� n %2
_% ' *�4

%<"

d@hU|@?%� @hU|@? E�%�o ' Z1 +61<,

61417 Lqwhjudwlqj wuljrqrphwulf ixqfwlrqv

Jhqhudoo| vshdnlqj/ wuljrqrphwulf ixqfwlrqv duh lqwhjudwhg e| pdnlqj jrrg xvh

ri wuljrqrphwulf lghqwlwlhv/ lqwhjudwlrq e| sduwv dqg fkdqjh ri yduldeohv1 Sohqw|

ri sudfwlfh lv qhhghg1 Jrrg h{huflvhv duh irxqg lq ^6;`1

Khuh zh zloo mxvw wdnh vrph h{dpsohv1 Dq h{dpsoh zkhuh d wuljrqrphwulf

lghqwlw| frphv lq kdqg| lv wkh iroorzlqj1
%]
f

ULt2 w_w '

%]
f

� n ULt 2w

2
_w '

�

2
%n

�

e
t�? 2% +6143,

Dq h{dpsoh ri zkhuh wkh idfw wkdw ULt w lv wkh ghulydwlyh ri t�? w lv xvhixo lv wkh

iroorzlqj1
%]
f

t�? w ULt w_w '

t�?%]
f

|_| '
�

2
t�?2 % +6144,
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615 Frpsoh{ qxpehuv

61514 Prwlydwlrq

Wkh vhw U ri uhdo qxpehuv lv ulfk/ exw qrw txlwh ulfk hqrxjk iru vrph sxusrvhv1

Iru h{dpsoh/ lw grhv qrw frqwdlq vroxwlrqv wr doo sro|qrpldo htxdwlrqv +dqg khqfh

qrw doo hljhqydoxh sureohpv,1 Dq h{dpsoh lv %2 n � ' f1 Zh zloo gh�qh d vhw ri

frpsoh{ qxpehuv F wkdw frqwdlqv vroxwlrqv wr doo sro|qrpldo htxdwlrqv zlwk uhdo

frh!flhqwv1 Vrph pdwkhpdwlfldqv lq wkh 4<wk fhqwxu| zruulhg wkdw/ li zh doorzhg

frpsoh{ frh!flhqwv/ zh zrxog kdyh wr lqyhqw dq hyhq ulfkhu vhw ri qxpehuv wr

krxvh wkh vroxwlrqv wr wkh uhvxowlqj sro|qrpldo htxdwlrqv/ dqg vr rq dg lq�qlwxp1

Wkh| zhuh zurqj1 Wkh ixqgdphqwdo wkhruhp ri dojheud +vhh ehorz, vkrzv wkdw

wkh h{whqvlrq iurp U wr F lv hqrxjk wr vroyh sro|qrpldo htxdwlrqv zlwk frpsoh{

frh!flhqwv wrr1

61515 Gh�qlwlrq

Gh�qlwlrq 61514 Wkh vhw F ri frpsoh{ qxpehuv lv wkh vhw U2 wrjhwkhu zlwk wkh

xvxdo +hohphqwzlvh, dgglwlrq dqg +uhdo, vfdodu pxowlsolfdwlrq rshudwlrqv lqU2 dqg

wkh iroorzlqj pxowlsolfdwlrq rshudwlrq1 Ohw % ' E%
�
c %

2
� dqg + ' E+

�
c +

2
� eh wzr

phpehuv ri F1 Wkhq

%+ ] E%
�
+
�
� %

2
+
2
c %

�
+
2
n %

2
+
�
� +6145,

Vr dv wr glvwlqjxlvk U2 iurp F +vr wkdw lw lv fohdu zklfk uxohv ri dulwkphwlf

dsso|, zh dgrsw wkh iroorzlqj qrwdwlrq1

Gh�qlwlrq 61515 Ohw % ' E%
�
c %

2
� eh d frpsoh{ qxpehu1 Wkhq zh zulwh % '

%
�
n �%

2
� Wkh frpsoh{ qxpehu Efc �� ' � lv fdoohg wkh lpdjlqdu| xqlw1
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Wkhruhp 61514

�2 ' ��� +6146,

Surri1 H{huflvh1

Qrwh wkdw/ zlwk rxu gh�qlwlrq ri pxowlsolfdwlrq dqg wkh qrwdwlrq % ' %
�
n �%

2
/

pxowlsolfdwlrq lv mxvw olnh fdofxodwlqj E@n K� ESn _� lq wkh xvxdo zd|/ nhhslqj lq

plqg wkdw �2 ' ��1 Dovr/ qrwh wkdw doo wkh xvxdo odzv ri dulwkphwlf vxfk dv wkh

glvwulexwlyh dqg dvvrfldwlyh odzv krog iru frpsoh{ qxpehuv dv zhoo dv uhdo rqhv1

Riwhq rqh zulwhv/ iru 5 5 F/ 5 ' % n �+ zkhuh % ' 5
�
dqg + ' 5

2
� Dovr/

rqh vrphwlphv gh�qhv wkh uhdo sduw ri 5 yld -e E5� ' % dqg wkh lpdjlqdu| sduw

yld U6 E5� ' +1 +Qrwh wkdw wkh lpdjlqdu| sduw ri d frpsoh{ qxpehu lv d uhdo

qxpehu1, Zkhq U6 E5� ' f zh zloo uhjdug 5 dv d uhdo qxpehu/ dqg lq wklv vhqvh

zh zloo vd| wkdw U � F1

Dfwxdoo|/ wkh uxoh ri pxowlsolfdwlrq phqwlrqhg deryh lvq*w wkh rqo| gl�huhqfh

ehwzhhq F dqg U21 Dqrwkhu +dqg wklv lv wkh �qdo gl�huhqfh ehwzhhq wkh wzr vhwv,

lv wkdw wkh zrug cvfdodu* fkdqjhv phdqlqj zkhq rqh sdvvhv iurp U2 wr F1 Zkhq

wdonlqj derxw U2/ d vfdodu lv dq| phpehu ri U1 Zkhq wdonlqj derxw F/ d vfdodu

lv dq| phpehu ri F1 Wklv lv ri fuxfldo lpsruwdqfh lq gh�qlqj wkh vhw ri olqhdu

rshudwruv rq A G F$ F dqg khqfh lq gh�qlqj wkh qrwlrq ri gl�huhqwldelolw| iru

frpsoh{0ydoxhg ixqfwlrqv gh�qhg rq F +vhh ehorz,1

Gh�qlwlrq 61516 D olqhdu rshudwru A G F$ F lv d ixqfwlrq vxfk wkdw/ iru doo

vfdoduv k 5 F dqg doo frpsoh{ qxpehuv %c + 5 F/ zh kdyh

A Ek E%n +�� ' kA E%� n kA E+� � +6147,

Sursrvlwlrq 61514 Wkh olqhdu ixqfwlrqv A G F $ F duh suhflvho| wkrvh uhsuh0

vhqwdeoh dv A E5� ' k5 iru vrph k 5 F1 Dv vwuhvvhg ehorz/ wklv lv d pxfk vpdoohu

fodvv ri olqhdu rshudwruv wkdq wkh vhw ri olqhdu rshudwruv A G U2 $ U2�
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Surri1 Frs| wkh fruuhvsrqglqj surri iru U�

Gh�qlwlrq 61517 Wkh frpsoh{ frqmxjdwh 5 ri d frpsoh{ qxpehu 5 ' % n �+ lv

gh�qhg yld

5 ] %� �+ +6148,

Gh�qlwlrq 61518 Wkh prgxoxv m5m ri d frpsoh{ qxpehu lv gh�qhg yld

m5m ]
s
55� +6149,

Li 5 ' %n �+/ wkhq zh kdyh wkh sudfwlfdo irupxod

m5m ]
s
%2 n +2� +614:,

Uhpdun 61514 Iru wklv wr pdnh vhqvh/ 55 pxvw eh d qrq0qhjdwlyh uhdo qxpehu1

Dv wkh csudfwlfdo irupxod* vkrzv/ lw dozd|v lv1

Uhpdun 61515 Wklv prgxoxv vhuyhv dv d qrup +vhh fkdswhu 8, dqg khqfh gh�qhv

wkh rshq vhwv lq F1

Uhpdun 61516 Wkh prgxoxv ri d frpsoh{ qxpehu 5 lv wkh ohqjwk ri wkh fruuh0

vsrqglqj yhfwru lq U21

Sursrvlwlrq 61515 Ohw %c + eh frpsoh{ qxpehuv1 Wkhq

% � + ' % � +� +614;,

Surri1 H{huflvh1
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61516 Wkh ixqgdphqwdo wkhruhp ri dojheud

Wkhruhp 61515 +wkh ixqgdphqwdo wkhruhp ri dojheud, Ohw ? � � eh d qdw0

xudo qxpehu dqg ohw @
f
c @

�
c ���c @? eh frpsoh{ qxpehuv zlwk @? 9' f1 Gh�qh wkh

ixqfwlrq s G F$ F yld

s E5� ' @
f
n @

�
5 n @

2
52 n � � �n @?5

?� +614<,

Wkhq wkhuh lv d 5 5 F vxfk wkdw s E5� ' f1

Surri1 Vhh ^6<`1

61517 Wkh h{srqhqwldo ixqfwlrq rq F dqg Hxohu*v irupxod

Gh�qlwlrq 61519 Iru doo 5 5 F/ gh�qh

e5 ] i T E5� '

"[
&'f

5&

&-
+6153,

zkhuh zh dgrsw wkh frqyhqwlrq wkdw ff ' �1

Iru wklv gh�qlwlrq wr pdnh vhqvh/ zh pxvw suryh wkdw wkh vxp frqyhujhv iru

doo 5 5 F1 Lw grhv1 Vhh ^4:`1
Lq pdq| fdvhv zh zdqw wr gl�huhqwldwh d ixqfwlrq s G F$ F1 Iru h{dpsoh/

zh zdqw lw wr eh wuxh wkdw i T� E5� ' i T E5� dqg iru wkdw zh pxvw dw wkh yhu|

ohdvw nqrz zkdw wklv zrxog phdq1 D ixoohu wuhdwphqw ri wklv +yhu| h{flwlqj, wrslf

lv jlyhq lq ^6<`1 Khuh zh mxvw jlyh wkh gh�qlwlrq/ zklfk lv doprvw wkh vdph dv lq

U21 Dv xvxdo/ wkh lghd lv wr fdswxuh wkh qrwlrq wkdw wkh orfdo ehkdylru ri s lv

zhoo dssur{lpdwhg e| d olqhdu ixqfwlrq soxv d frqvwdqw/ nhhslqj lq plqg zkdw wkh

fodvv ri olqhdu ixqfwlrqv A G F$ F lv1

Gh�qlwlrq 6151: Ohw s G l $ F eh d ixqfwlrq/ zkhuh l � F lv dq rshq vhw1 Li

wkhuh iru hdfk 5
f
5 l lv d frpsoh{ qxpehu s � E5

f
� vxfk wkdw iru hdfk 0 : f wkhuh
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lv d B0 : f vxfk wkdw

����s E5�� s E5
f
�� s � E5

f
� � E5 � 5

f
�

5 � 5
f

���� 	 0 +6154,

iru doo 5 5 i5 5 l G f 	 m5 � 5
f
m 	 B0j wkhq s E5� lv vdlg wr eh gl�huhqwldeoh +kror0

prusklf/ dqdo|wlf, rq l zlwk ghulydwlyh s � E5�1

Uhpdun 61517 Ehfdxvh ri wkh vpdoohu fodvv ri olqhdu rshudwruv rq F wkdq U2/

wkh uhtxluhphqw wkdw d ixqfwlrq s G F$ F lv gl�huhqwldeoh lv pxfk vwurqjhu wkdq

wkh uhtxluhphqw wkdw s G U2 $ U2 lv +lq wkh odwwhu fdvh/ doo wkdw lv qhhghg lv wkdw

wkh sduwldo ghulydwlyhv h{lvw,1 Hvvhqwldoo| wkh uhdvrq iru wkh gl�huhqfh lv wkdw d

olqhdu rshudwru A G U2 $ U2 lv uhsuhvhqwhg e| d 2�2 pdwul{/ exw d olqhdu rshudwru

A G F $ F lv uhsuhvhqwhg e| d vlqjoh frpsoh{ qxpehu/ l1h1 hvvhqwldoo| d 2 � �

yhfwru1 Iru wkh orfdo ehkdylru ri d ixqfwlrq wr eh fdswxuhg e| mxvw wzr qxpehuv

udwkhu wkdq irxu uhtxluhv frqvlvwhqf| ehwzhhq wkh sduwldo ghulydwlyhv lq d fhuwdlq

vhqvh/ dv h{suhvvhg e| wkh vr0fdoohg Fdxfk|0Ulhpdqq htxdwlrqv1 Iru ghwdlov/ vhh

^6<`1

Wkhruhp 61516 Wkh ixqfwlrq i T lv krorprusklf lq F dqg i T� E5� ' i T E5� �

Surri1 Mxvw xvh wkh gh�qlwlrq ri i T dqg gl�huhqwldwh whup e| whup1 Wr vkrz

wkdw whup0e|0whup gl�huhqwldwlrq lv mxvwl�hg/ zh qhhg wr frq�up wkdw wkh vxp lq

wkh gh�qlwlrq ri i T frqyhujhv xqlirupo|1 Iru ghwdlov/ vhh ^4:`1

Wkhruhp 61517 +Hxohu*v irupxod, Iru doo uhdo qxpehuv wc

e�w � ULt w n � t�? w1 +6155,

Vnhwfk ri surri1 Vkrz wkdw erwk vlghv kdyh wkh vdph Wd|oru vhulhv h{sdqvlrq1

Ru/ pruh vxjjhvwlyho|/ vkrz wkdw erwk vlghv vroyh wkh vdph gl�huhqwldo htxd0

wlrq/ zklfk kdv d xqltxh vroxwlrq1 +Vhh vhfwlrq <141, Klqw= wkh gl�huhqwldo



6151 FRPSOH[ QXPEHUV 5<

htxdwlrq lv s � E|� ' �s E|�/ s Ef� ' �1 Dowhuqdwlyho|/ zh fdq gh�qh wkh ULt

dqg t�? ixqfwlrqv rq F yld Hxohu*v irupxod1 Wkhq zh zrxog kdyh wr vkrz

wkdw wkhvh gh�qlwlrqv djuhh zlwk wkh jhrphwulf rqhv iru uhdo dujxphqwv1

61518 Wkh Fduwhvldq dqg srodu uhsuhvhqwdwlrq ri d frp0

soh{ qxpehu

Hxohu*v irupxod hqdeohv xv wr uhsuhvhqw frpsoh{ qxpehuv lq srodu frruglqdwhv

+prgxoxv0dujxphqw irup,1 Zh zulwh 5 ' oe�w zkhuh wkh qrqqhjdwlyh uhdo qxpehu

o lv wkh prgxoxv ri 5 +fkhfn wkdw wklv lv frqvlvwhqw zlwk wkh gh�qlwlrq ri prgxoxv

jlyhq deryh$, dqg wkh uhdo qxpehu w 5 E�Zc Zo lv wkh dujxphqw1

Vxssrvh zh kdyh d frpsoh{ qxpehu 5 lq vr0fdoohg Fduwhvldq irup/ l1h1 zh

nqrz wkh qxpehuv % dqg + lq wkh uhsuhvhqwdwlrq 5 ' %n �+1 Rxu surmhfw qrz lv

wr wudqvodwh wkdw lqwr wkh prgxoxv0dujxphqw irup 5 ' oe�w1 Ilqglqj wkh prgxoxv

lv hdv| 0 iru wkdw wkhuh lv d vlpsoh irupxod1 Dqg �qglqj wkh dujxphqw lv qrw wrr

kdug rqfh zh vhh wkh jhrphwu| lqyroyhg1

Wdnh d qhz orrn dw Iljxuh 614141 Ohw wkh srlqw EULt wc t�? w� uhsuhvhqw wkh srlqw

�

o
51 Nqrzlqj % dqg + hylghqwo| lpsolhv nqrzlqj ULt w dqg t�? w$ Lqghhg/ lw vhhpv

wkdw doo zh qhhg wr �qg w lv wkh udwlr
ULt w

t�? w
'

%

+
/ dqg lw lv whpswlqj wr vd| wkdw

w ' @hU|@?
�+
%

�
1 Exw wkdw xqiruwxqdwho| lvq*w dozd|v uljkw/ ehfdxvh wkh udqjh

ri @hU|@? lv frq�qhg wr wkh �uvw dqg irxuwk txdgudqwv/ zkhuhdv wkh dujxphqw

ri 5 frxog hdvlo| eh lq wkh vhfrqg ru wklug txdgudqw +% frxog eh qhjdwlyh,1 Li

% lv qhjdwlyh/ rqh uljkw dqvzhu lv hylghqwo| w ' @hU|@?
�+
%

�
n Z1 Dqrwkhu lv

w ' @hU|@?
�+
%

�
� Z1 D frpprq frqyhqwlrq lv wr fkrrvh wkh ydoxh ri w wkdw olhv

lq dfc 2Z�1 Dqrwkhu lv wr fkrrvh wkh ydoxh wkdw olhv lq E�Zc Zo Wkh fdvh % ' f pd|

vhhp wr eh sureohpdwlf khuh1 Exw djdlq wkh jhrphwu| pdnhv wklqjv reylrxv1 Li
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+ ' f wkh fkrlfh ri w lv duelwudu|1 Li + 	 f/ wkhq w '
�Z

2
+ru �Z

2
, dqg li + : fc

wkhq w '
Z

2
1

616 Wkh vsdfh F?

Wkh vsdfh F? lv mxvw olnh wkh vhw U? h{fhsw wkdw wkh frqyhqwlrqdo lqqhu +cgrw*,

surgxfw lv gh�qhg yld

E%c +� ]
?[

�'�

%�+� +6156,

Wklv pdnhv F? lqwr d Kloehuw vsdfh +vhh fkdswhu 8, zlwk frpsoh{ vfdoduv1



Fkdswhu 7

Fdofxoxv zlwk yhfwruv dqg

pdwulfhv

714 Pdwul{ gl�huhqwldo fdofxoxv

71414 Wkh judglhqw dqg wkh Khvvldq

Wkh sxusrvh ri wklv vhfwlrq lv wr pdnh vhqvh ri h{suhvvlrqv olnh

Ys E%�

Y%A
' u%s E%� ' us E%� ' s � E%� ' s% E%� +714,

zkhuh s G U? $ U
61 Ri frxuvh/ zh douhdg| nqrz zkdw d sduwldo ghulydwlyh lv dqg

krz wr fdofxodwh lw1 Zkdw wklv vhfwlrq zloo whoo xv lv krz wr duudqjh wkh sduwldo

ghulydwlyhv lqwr d pdwul{ +judglhqw,/ dqg wkh uxohv ri dulwkphwlf wkdw iroorz iurp

dgrswlqj rxu sduwlfxodu duudqjhphqw frqyhqwlrq1

Gh�qlwlrq 71414 Ohw s G U? $ U
6 kdyh sduwldo ghulydwlyhv dw %� Wkhq

Ys E%�

Y%A� ~} �
6f?

]

5
99997

Ys�E%�
Y%�

� � � Ys�E%�
Y%?

111
1 1 1

111

Ys6E%�
Y%�

� � � Ys6E%�
Y%?

6
::::8 +715,

64
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dqg

Ys E%�

Y%� ~} �
?f6

]

�
Ys E%�

Y%A

�A

+716,

zkhuh �A lv wkh wudqvsrvh ri �1

Gh�qlwlrq 71415 Ohw s G U? $ U
? kdyh sduwldo ghulydwlyhv dw %� Wkhq wkh

+vfdodu0ydoxhg, Mdfreldq ri s dw % lv gh�qhg yld

as E%� ] _i|
Ys E%�

Y%A
� +717,

Uhpdun 71414 Vrphwlphv wkh judglhqw
Ys E%�

Y%A
lwvhoi lv fdoohg wkh Mdfreldq1 Khuh

wkh Mdfreldq lv gh�qhg dv wkh ghwhuplqdqw ri wkh judglhqw1

Wkh iroorzlqj surshuwlhv ri wkh judglhqw iroorz vwudljkwiruzdugo| iurp wkh

gh�qlwlrq1

Sursrvlwlrq 71414 41 Ohw % eh dq ?�� yhfwru dqg � dq 6�? pdwul{1 Wkhq

Y

Y%A
d�%o ' �� +718,

51 Ohw % eh dq ?� � yhfwru dqg � dq ?�6 pdwul{1 Wkhq

Y

Y%A

�
%A�

�
' �A � +719,

61 Ohw % eh dq ?� � yhfwru dqg � dq ?� ? pdwul{1 Wkhq

Y

Y%A

�
%A�%

�
' %A

�
�n�A

�
� +71:,

71 Ohw % eh dq ?� � yhfwru dqg � dq ?� ? v|pphwulf pdwul{1 Wkhq

Y

Y%A

�
%A�%

�
' 2%A� +71;,
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Li s lv vfdodu0ydoxhg/ lw lv vwudljkwiruzdug wr gh�qh wkh vhfrqg ghulydwlyh

+Khvvldq, dv iroorzv1

Gh�qlwlrq 71416 Ohw s G U? $ U kdyh frqwlqxrxv �uvw dqg vhfrqg sduwldo ghuly0

dwlyhv dw % +vr dv wr vdwlvi| wkh uhtxluhphqwv ri \rxqj*v wkhruhp,1 Wkhq

Y2s E%�

Y%Y%A� ~} �
?f?

]

5
99997

Y2sE%�
Y%2

�

� � � Y2sE%�
Y%�Y%?

111
1 1 1

111

Y2sE%�
Y%?Y%�

� � � Y2sE%�
Y%2
?

6
::::8 ] s �� E%� � +71<,

Qrwh wkdw/ e| \rxqj*v wkhruhp/ wkh Khvvldq ri d vfdodu0ydoxhg ixqfwlrq lv v|p0

phwulf1

Sursrvlwlrq 71415 Ohw s E%� ] %A�% zkhuh � lv v|pphwulf1 Wkhq

Y2s E%�

Y%Y%A
' 2� +7143,

Rffdvlrqdoo| zh uxq lqwr pdwul{0ydoxhg ixqfwlrqv/ dqg wkh zd| iruzdug wkhq

lv wr yhfwrul}h dqg wkhq gl�huhqwldwh1

Gh�qlwlrq 71417 Ohw � '

%
@��~}�
6f�

@2�~}�
6f�

� � � @?�~}�
6f�

&
eh dq 6� ? pdwul{1 Wkhq

�iU E��� ~} �
6?f�

]

5
99999997

@�

@2

111

@?

6
:::::::8

+7144,

Gh�qlwlrq 71418 Ohw s G U& $ U
?f6 kdyh sduwldo ghulydwlyhv dw %� Wkhq

Ys E%�

Y%A� ~} �
?6f&

]
Y �iU s E%�

Y%A
+7145,

Kdylqj gh�qhg wkh �iU rshudwru/ zh txlfno| uxq lqwr fdvhv zkhuh zh qhhg wkh

Nurqhfnhu surgxfw/ gh�qhg dv iroorzv1
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Gh�qlwlrq 71419 Ohw �
6f?

dqg �
&f,

eh pdwulfhv1 Ghqrwh wkh hohphqw lq wkh �=wk

urz dqg �=wk froxpq ri � e| @��� Wkhq

� �� ~} �
6&f,?

]

5
99997
@��� � � � @�?�

111
1 1 1

111

@6�� � � � @6?�

6
::::8 � +7146,

Sursrvlwlrq 71416 Ohw �
&f,

/ �
6f?

dqg �
Rf^

eh pdwulfhv1 Wkhq

�iU E���� '
�
�A �

�
�iU E�� +7147,

Surri1 H{huflvh1

Rffdvlrqdoo| zh �qg rxuvhoyhv zdqwlqj wr gl�huhqwldwh d yhfwru0ydoxhg ixqf0

wlrq zlwk uhvshfw wr d pdwul{1 Djdlq wkh zd| iruzdug lv wr yhfwrul}h1

Gh�qlwlrq 7141: Ohw s G U?f6 $ U
& kdyh sduwldo ghulydwlyhv dw %� Wkhq

Ys E%�

Y�A� ~} �
?6f&

]
Ys E%�

Y E�iU��A
+7148,

H{dpsoh 71414 Ohw s G U?f6 $ U
? eh gh�qhg yld s Ex� ] x& zkhuh & 5 U

6 lv

d frqvwdqw yhfwru1 Wkhq s Ex� '
�
&A  U?

�
�iUx dqg khqfh

Ys E%�

YxA
'
�
&A  U?

�
1 +7149,

Zh duh qrz lq d srvlwlrq wr vwdwh udwkhu jhqhudo yhuvlrqv ri wkh surgxfw dqg

fkdlq uxoh iru pdwulfhv1
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71415 Wkh surgxfw uxoh

Sursrvlwlrq 71417 +wkh surgxfw uxoh, Ohw � G U, $ U
?f6 dqg � G U, $

U
6f& kdyh sduwldo ghulydwlyhv dw % 5 U,1 Wkhq

Y

Y%A
d� E%�� E%�o '

�
� E%�A  U?

� Y �iU� E%�

Y%A
nEU& � E%��

Y �iU� E%�

Y%A
� +714:,

Nlqg0ri surri1 Vxssrvh � E%� � �1 Wkhq/ e| Sursrvlwlrq 71416/

�iU E�� E%�� ' EU& �� �iU� E%� � +714;,

Vlqfh gl�huhqwldwlrq lv d olqhdu rshudwru/ lw iroorzv wkdw

Y �iU E�� E%��

Y%A
' EU&  ��

Y �iU� E%�

Y%A
+714<,

Frqyhuvho|/ dvvxph wkdw � E%� � �1 Wkhq

Y �iU E� E%���

Y%A
'
�
�A  U?

� Y �iU� E%�

Y%A
+7153,

Frpelqlqj wkh wzr uhvxowv |lhogv wkh surgxfw uxoh1

Fruroodu| 71414 Zkhq zh kdyh yhfwru0 udwkhu wkdq pdwul{0ydoxhg ixqfwlrqv/ wkh

irupxod lv gudvwlfdoo| vlpsol�hg1 Ohw s G U, $ U
6 dqg } G U, $ U

6 kdyh sduwldo

ghulydwlyhv dw % 5 U,� Wkhq

Y

Y%A

k
s E%�A } E%�

l
' } E%�A

Ys E%�

Y%A
n s E%�A

Y} E%�

Y%A
+7154,

71416 Wkh fkdlq uxoh

Sursrvlwlrq 71418 +wkh fkdlq uxoh, Ohw s dqg } kdyh sduwldo ghulydwlyhv dw %/

dqg ohw � E%� ' Es � }� E%� ' s E} E%�� � Gh�qh + ' } E%�1 Wkhq � kdv sduwldo

ghulydwlyhv dw % dqg

Y� E%�

Y%A
'

Ys E+�

Y+A
Y} E%�

Y%A
� +7155,
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Zlwk dq dowhuqdwlyh slhfh ri qrwdwlrq/ zh kdyh

Ys E} E%��

Y%A
'

Ys E} E%��

Y}A
Y} E%�

Y%A
� +7156,

Surri1 Wkh vfdodu fkdlq uxoh dqg wkh gh�qlwlrq ri pdwul{ pxowlsolfdwlrq1

71417 Wd|oru*v irupxod lq ? glphqvlrqv

Sursrvlwlrq 71419 Ohw s G V $ U
6 eh gl�huhqwldeoh rq wkh rshq vhw V � U

?1

Ohw %f 5 V1 Wkhq wkhuh lv d ixqfwlrq o G U? $ U
6 +zklfk w|slfdoo| ghshqgv rq

%f, vxfk wkdw

41 Iru doo % 5 V/

s E%� ' s E%f� n
Ys E%f�

Y%A
E%� %f� n o E%� %f� � +7157,

51

*�4
�<f

o E��

n�n
' f +7158,

Surri1 Vhh ^59`1

Sursrvlwlrq 7141: Ohw s G V$ U eh wzlfh gl�huhqwldeoh rq wkh rshq vhw V � U
?1

Ohw %f 5 V1 Wkhq wkhuh lv d ixqfwlrq o G U? $ U vxfk wkdw

41 Iru doo % 5 V/

s E%� ' s E%f�n
Ys E%f�

Y%A
E%� %f�n

�

2
E%� %f�

A Ys2 E%f�

Y%Y%A
E%� %f�no E%� %f� �

+7159,

51

*�4
�<f

o E��

n�n2
' f +715:,

Surri1 Vhh ^59`1



7151 LQWHJUDWLQJ RYHU U
� 6:

715 Lqwhjudwlqj ryhu U?

71514 Gh�qlwlrq

Zlwklq wkh Ulhpdqq wkhru|/ lqwhjudwlqj ryhu uhfwdqjohv +dqg wkh ?�glphqvlrqdo

frxqwhusduwv, lv mxvw d pdwwhu ri lwhudwlqj wkh surfhvv ri lqwhjudwlrq1 Pruh suh0

flvho|/ vxssrvh . � U
2 lv d forvhg uhfwdqjoh/ l1h1 . ' d@�c K�o� d@2c K2o zkhuh zh

uhtxluh @� � K� dqg @2 � K2 vr wkdw wkh rulhqwdwlrq ri rxu vhw . lv qrw dq lvvxh1

Zh wkhq kdyh wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 71514 Ohw . � U
2 eh d forvhg uhfwdqjoh dqg ohw s G . $ U eh d

frqwlqxrxv ixqfwlrq1 Ohw  ' k%c +l1 Gh�qh

) E+� '

5
7 K2]
@2

s E%c +� _%

6
8 +715;,

Wkhq ]
.

s E �_ '

K�]
@�

5
7 K2]
@2

s E%c +� _%

6
8 '

K�]
@�

) E+� _+ +715<,

Kdsslo|/ wkh rughu ri lqwhjudwlrq grhv qrw pdwwhu xqghu rxu dvvxpswlrqv1 Zh

kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 71514 Ohw . eh d forvhg uhfwdqjoh dqg ohw s G . $ U eh d frqwlqxrxv

ixqfwlrq1 Wkhq

K�]
@�

5
7 K2]
@2

s E%c +� _%

6
8 _+ '

]
.

s E �_ '

K2]
@2

5
7 K�]
@�

s E%c +� _+

6
8 _%� +7163,

Surri1 Vhh ^4:`1
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Uhpdun 71514 Li |rx wklqn wklv lv d vxusulvlqj uhvxow/ uhfdoo wkdw lqwhjudov duh

mxvw vxpv/ dqg vxpv +dyrlglqj sdwkrorjlhv zkhuh lq�qlw| lv lqyroyhg, duh wkh vdph

lqghshqghqw ri wkh rughu ri wkh whupv1

Zh fdq ri frxuvh jhqhudol}h wklv gh�qlwlrq dqg sursrvlwlrq wr lqwhjudwlrq ryhu

forvhg uhfwdqjohv . � U
?/ l1h1 vhwv ri wkh irup . ' d@�c K�o�d@2c K2o�� � ��d@?c K?o �

Mxvw nhhs rq lwhudwlqj wkh surfhvv ri lqwhjudwlrq$

71515 Fkdqjh ri yduldeohv

Gh�qlwlrq 71515 Ohw s eh dq duelwudu| ixqfwlrq rq U? lqwr U1 Wkhq wkh vhw

7s ' i% 5 f G s E%� 9' fj +7164,

lv fdoohg wkh vxssruw ri s 1 Li 7s lv d frpsdfw vhw/ wkhq s lv vdlg wr kdyh frpsdfw

vxssruw1

Wkhruhp 71514 Ohw A eh d 404 +lqmhfwlyh, frqwlqxrxvo| gl�huhqwldeoh ixqfwlrq

iurp dq rshq vhw . � U
? lqwr U

? vxfk wkdw wkh Mdfreldq aA E%� 9' f iru doo

% 5 .� Ohw s eh d frqwlqxrxv ixqfwlrq iurp U
? lqwr U vxfk zkrvh vxssruw lv

frpsdfw dqg olhv lq A E.� � Wkhq

]
U?

s E+� _+ '

]
U?

s EA E%�� maA E%�m _%� +7165,

Surri1 Vhh ^4:`1

Uhpdun 71515 Wkh uhdvrq iru kdylqj maA E%�m lqvwhdg ri aA E%� lv wkdw/ zlwk wkh

gh�qlwlrq ri wkh lqwhjudo xvhg lq wklv vhfwlrq/ zh lqwhjudwh ryhu vxevhwv ri U?

zlwkrxw uhjdug iru wkhlu rulhqwdwlrq1 Iru h{dpsoh/ lq wkh vfdodu fdvh/ zh frqvlghu
KU
@

s E%� _% dqg
@U
K

s E%� _% wr eh wkh vdph1 Jlyhq wkdw wkhvh duh gh�qhg wr eh wkh
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vdph/ zh pxvw wdnh vwhsv wr dvvxuh wkdw/ vd|/ wkh fkdqjh ri yduldeohv A E%� ' �%

pdnhv qr gl�huhqfh/ dqg wkdw lv jxdudqwhhg e| wdnlqj wkh devroxwh ydoxh ri wkh

Mdfreldq1

H{dpsoh 71514 +iurp Hfrqrphwulfv LL> fdofxodwlqj wkh yroxph ri d f|olqghu,

Ohw Sc & � f1 Ohw s G U2 $ U eh gh�qhg yld

s E%c +� '

;A?
A=

S li %2 n +2 � &2

f rwkhuzlvh
+7166,

+Gudz d slfwxuh ri wklv$, Zh qrz zdqw wr fdofxodwh]
U2

s E%c +� _% +7167,

dqg lw wxuqv rxw wr eh frqyhqlhqw wr xvh wkh fkdqjh ri yduldeohv dssurdfk/ qrwlqj

zlwk vdwlvidfwlrq wkdw s kdv frpsdfw vxssruw1 Orrnlqj dw wkh slfwxuh/ lw vhhpv wkdw

d vzlwfk wr srodu frruglqdwhv pdnhv vhqvh1 Vr gh�qh

. '

;A?
A=
5
97 o

w

6
:8 5 U2 G f 	 o 	 & dqg f 	 w 	 2Z

<A@
A> +7168,

dqg A rq . yld

A Eoc w� '

5
97 o ULt w

o t�? w

6
:8 +7169,

Dssduhqwo| wkh Mdfreldq lv

aA Eoc w� ' _i|

5
97 ULt w �o t�? w

t�? w o ULt w

6
:8 ' o +716:,

dqg

s EA Eoc w�� '

;A?
A=

S li f � o � & dqg f � w � 2Z

f rwkhuzlvh1
+716;,

Khqfh ]
U2

s E%c +� '

2Z]
f

5
7 &]

f

So_o

6
8 _w ' S&2Z� +716<,
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Fkdswhu 8

Devwudfw vsdfhv

814 Phwulf vsdfhv

81414 Lqwurgxfwlrq

Wkh lghd ri d phwulf vsdfh lv wr jhqhudol}h iurp d Hxfolghdq vsdfh wr dq| vsdfh iru

zklfk lw pdnhv vhqvh wr wdon derxw wkh glvwdqfh ehwzhhq wzr srlqwv1 Wklv glvwdqfh

lv fdoohg d phwulf/ dv gh�qhg ehorz1 Qrwlfh krz wkh d{lrpv duh wdloru0pdgh wr �w

rxu lqwxlwlrqv derxw glvwdqfhv lq sk|vlfdo vsdfh1

81415 Gh�qlwlrqv

Gh�qlwlrq 81414 Dphwulf vsdfh lv d qrq0hpsw| vhwf dvvrfldwhg zlwk d ixqfwlrq

+fdoohg d phwulf, > G f �f$U vxfk wkdw/ iru doo %c +c 5 5 f/

41 > E%c +� � f zlwk htxdolw| l� % ' +c

51 > E%c +� ' > E+c %� c dqg

61 > E%c 5� � > E%c +� n > E+c 5� +wkh wuldqjoh lqhtxdolw|,1

74
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Uhpdun 81414 Vxevhwv t � f lqkhulw wkh vdph phwulf dv f lv dvvrfldwhg zlwk

dqg duh wkhpvhoyhv phwulf vsdfhv1

Gh�qlwlrq 81415 D vxevhw � ri d phwulf vsdfh Efc>� lv vdlg wr eh rshq li iru

hdfk % 5 � wkhuh lv d uhdo qxpehu 0% : f vxfk wkdw

i+ 5 f G > E%c +� 	 0%j � �1 +814,

Uhpdun 81415 E| gh�qlqj wkh rshq vhwv/ zh kdyh dovr gh�qhg wkh frqwlqxrxv

pdsslqjv rq f +lqwr vrph rwkhu vsdfh zkhuh wkh rshq vhwv duh gh�qhg,1 Mxvw

ghfoduh dq| pdsslqj s G f $ t wr eh frqwlqxrxv zkhqhyhu s3� E�� lv rshq

iru hyhu| rshq vhw � � t 1 Vlploduo|/ zh kdyh gh�qhg wkh frqyhujhqw vhtxhqfhv1

Mxvw ghfoduh dq| vhtxhqfh k%?l wr frqyhujh wr wkh hohphqw % 5 f li iru hyhu|

qhljkerukrrg � ri % +uhfdoo wkdw d qhljkeru krrg ri % lv dq| rshq vhw � vxfk wkdw

% 5 �, wkhuh lv d qdwxudo qxpehu � zlwk wkh surshuw| wkdw %? 5 � iru doo ? : �1

Gh�qlwlrq 81416 D vxevhw 8 ri d phwulf vsdfh Efc>� lv vdlg wr eh forvhg li lwv

frpsohphqw 8 S ' i% 5 f G % *5 8j lv rshq1

Gh�qlwlrq 81417 D Fdxfk| vhtxhqfh lv d vhtxhqfh k%?l
"

?'f
vxfk wkdw iru hdfk

0 : f wkhuh h{lvwv dq �0 vxfk wkdw > E%?c %6� 	 0 iru doo ?c6 : �01

Gh�qlwlrq 81418 D vhtxhqfh k%?l
"

?'f
lv vdlg wr frqyhujh wr dq hohphqw % 5 f

li iru hdfk 0 : f wkhuh h{lvwv dq �0 vxfk wkdw > E%?c %� 	 0 iru doo ? : �0�

Gh�qlwlrq 81419 D phwulf vsdfh Efc>� lv vdlg wr eh frpsohwh li hyhu| Fdxfk|

vhtxhqfh iurp f frqyhujhv wr vrph hohphqw % 5 f1

Wkh surshuw| ri frpsohwhqhvv lv forvho| olqnhg wr wkh surshuw| ri forvhgqhvv1

Lqghhg/ zh kdyh wkh iroorzlqj sursrvlwlrqv1
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Sursrvlwlrq 81414 Ohw f eh d frpsohwh phwulf vsdfh dqg ohw t � f eh forvhg1

Wkhq t lv frpsohwh1

Surri1 Ohw k%&l
"

&'�
eh d Fdxfk| vhtxhqfh iurp t 1 E| wkh frpsohwhqhvv ri f/

k%&l
"

&'�
frqyhujhv wr vrph hohphqw % 5 f1 Exw vlqfh t lv forvhg/ lw frqwdlqv doo

lwv olplw srlqwv1 Khqfh % 5 t 1

Sursrvlwlrq 81415 Ohw f eh d frpsohwh phwulf vsdfh dqg ohw t � f eh frpsohwh1

Wkhq t lv forvhg1

Surri1 Lw vx!fhv wr vkrz wkdw t frqwdlqv doo lwv olplw srlqwv1 Exw wklv iroorzv

iurp wkh idfw wkdw hyhu| frqyhujhqw vhtxhqfh lv d Fdxfk| vhtxhqfh1

81416 Wkh frqwudfwlrq pdsslqj wkhruhp

Zh qrz frph wr wkh kljkoljkw ri wklv vhfwlrq/ zklfk lv wkh frqwudfwlrq pdsslqj

wkhruhp/ dovr nqrzq dv wkh frqwudfwlrq sulqflsoh/ ru Edqdfk*v �{hg srlqw wkhruhp1

Gh�qlwlrq 8141: Ohw Efc>� eh d phwulf vsdfh1 D ixqfwlrq ) G f $ f lv fdoohg

d frqwudfwlrq li wkhuh lv d f � q 	 � vxfk wkdw/ iru doo %c + 5 f/

> E) E%� c ) E+�� � q> E%c +� +815,

Ohppd 81414 Ohw ) eh d frqwudfwlrq rq Efc>�1 Wkhq ) lv xqlirupo| frqwlqxrxv1

Surri1 Zh qhhg wr vkrz wkdw/ iru hdfk 0 : f wkhuh fruuhvsrqgv d B0 : f vxfk

wkdw > E) E%� c ) E+�� � 0 iru doo %c + 5 vdwlvi|lqj > E%c +� � B01 Sxw B0 '
0

q
dqg zh

duh grqh1

Wkhruhp 81414 +Edqdfk*v �{hg srlqw wkhruhp, Ohw Efc>� eh d frpsohwh

phwulf vsdfh dqg ohw ) eh d frqwudfwlrq1 Wkhq wkhuh lv d xqltxh % 5 f vxfk
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wkdw ) E%� ' %� +) kdv d xqltxh �{hg srlqw1, Pruhryhu/ wkh surri ri wklv wkhr0

uhp lv frqvwuxfwlyh/ lq wkh vhqvh wkdw lw jlyhv xv dq dojrulwkp zklfk gholyhuv dq

duelwudulo| jrrg dssur{lpdwlrq wr wkh �{hg srlqw %1

Surri1 Xqltxhqhvv lv reylrxv/ vlqfh li) E+� ' + dqg ) E%� ' % wkhq > E) E%� c ) E+�� '

> E%c +� � q> E%c +� iru vrph q 	 � zklfk fdq rqo| kdsshq iru > E%c +� ' f dqg

khqfh % ' +1 Wr vkrz h{lvwhqfh/ slfn %f duelwudulo| dqg gh�qh k%?l uhfxuvlyho|

e| vhwwlqj

%?n� ' ) E%?� ? ' fc �c 2c ��� +816,

Zh qrz vkrz wkdw k%?l lv d Fdxfk| vhtxhqfh1 Fkrrvh q 	 � vr wkdw +815, krogv

iru doo %c + 5 f1 Iru ? � � zh kdyh

> E%?n�c %?� ' > E) E%?� c ) E%?3��� � q> E%?c %?3�� � +817,

E| lqgxfwlrq/

> E%?n�c %?� � q?> E%�c %f� +818,

Sxwwlqj +zlwkrxw orvv ri jhqhudolw| vlqfh > E%?c %6� ' > E%6c %?�, ? 	 6/ lw

iroorzv/ e| wkh wuldqjoh lqhtxdolw|/ wkdw

> E%?c %6� �

6[
�'?n�

> E%�c %�3�� 1 +819,

E| +818,/

6[
�'?n�

> E%�c %�3�� �
�
q? n q?n� n � � �n q63�

�
> E%�c %f� � +81:,
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Exw �
q? n q?n� n � � �n q63�

�
> E%�c %f� '

' q?
�
� n q n � � �n q63?3�

�
> E%�c %f� �

� q?

%
"[
&'f

q&

&
> E%�c %f� '

'
q?

�� q
> E%�c %f�

+81;,

Khqfh > E%?c %6� lv duelwudulo| vpdoo zkhq ? dqg6 duh vx!flhqwo| odujh1 Lw iroorzv

wkdw k%?l lv d Fdxfk| vhtxhqfh1 Vlqfh f lv frpsohwh/ %? $ % iru vrph % 5 f1

Vlqfh ) lv frqwlqxrxv/

) E%� ' )
�
*�4
?<"

%?
�
' *�4

?<"

) E%?� ' *�4
?<"

%?n� ' % +81<,

vr % lv d �{hg srlqw ri )1

815 Edqdfk vsdfhv

Lq wkh iroorzlqj/ d cvfdodu* zloo uhihu wr d uhdo qxpehu1 Zlwk plqru prgl�fdwlrqv

ri vrph ri wkh d{lrpv dqg surriv/ zh frxog kdyh xvhg frpsoh{ vfdoduv lqvwhdg1

Gh�qlwlrq 81514 D yhfwru vsdfh lv d qrq0hpsw| vhw V dvvrfldwhg zlwk dq dgglwlrq

rshudwlrq n G V � V $ V dqg d vfdodu pxowlsolfdwlrq rshudwlrq � G U�V $ V vxfk

wkdw iru doo %c + 5 V dqg doo vfdoduv k/ k E%n +� 5 V1 Iru n dqg � wr txdoli| dv

dgglwlrq dqg vfdodu pxowlsolfdwlrq rshudwruv/ zh uhtxluh wkh iroorzlqj d{lrpv1

41 %n + ' + n % iru doo %c + 5 V

51 %n E+ n 5� ' E%n +� n 5 iru doo %c +c 5 5 V
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61 Wkhuh h{lvwv dq hohphqw w 5 V vxfk wkdw %n w ' % iru doo % 5 V

71 k E%n +� ' k%n k+ iru doo k 5 U dqg doo %c + 5 V

81 Ekn q� % ' k%n q% iru doo kc q 5 U dqg doo % 5 V

91 k Eq%� ' Ekq�% iru doo kc q 5 U dqg doo % 5 V

:1 f% ' w iru doo % 5 V

;1 �% ' % iru doo % 5 V

Uhpdun 81514 Lw lv qrw kdug wr vhh wkdw wkh }hur hohphqw w lv xqltxh1 Dovr/

vxewudfwlrq lv gh�qhg yld %�+ ' %nE��� +1 Lw iroorzv wkdw %�% ' E� n E����% '

f% ' w iru doo % 5 V1

Gh�qlwlrq 81515 D qrup rq d yhfwru vsdfh V lv d ixqfwlrq n � n G V $ U vxfk

wkdw

41 Iru hdfk % 5 Vc n%n � f zlwk htxdolw| iru dqg rqo| iru wkh }hur hohphqw

w 5 V1

51 Iru hdfk % 5 V dqg hyhu| vfdodu kc nk%n ' mkmn%n�

61 +Wkh wuldqjoh lqhtxdolw|1, Iru doo %c + 5 Vc n%n +n � n%nn n+n�

Sursrvlwlrq 81514 Ohw EVc n � n� eh d yhfwru vsdfh zlwk dq dvvrfldwhg qrup1 Gh0

�qh wkh ixqfwlrq > G V � V $U yld

> E%c +� ' n%� +n +8143,

Wkhq EVc >� lv d phwulf vsdfh/ dqg > lv fdoohg wkh phwulf jhqhudwhg e| n � n1

Surri H{huflvh1
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Gh�qlwlrq 81516 D Edqdfk vsdfh lv dq rughuhg sdlu EVc n � n� vxfk wkdw V lv d

yhfwru vsdfh dqg V lv frpsohwh lq wkh phwulf jhqhudwhg e| wkh qrup n�n� +Rqfh wkh

qrup kdv ehhq gh�qhg/ lw lv xvxdoo| vxssuhvvhg lq wkh qrwdwlrq iru frqyhqlhqfh1,

Wkh surshuw| ri frpsohwhqhvv lv forvho| olqnhg wr wkh surshuw| ri forvhgqhvv1

Lqghhg/ zh kdyh wkh iroorzlqj sursrvlwlrqv1

Sursrvlwlrq 81515 Ohw V eh d Edqdfk vsdfh dqg ohw W � V eh forvhg1 Wkhq W

lv frpsohwh1

Surri1 Ohw k%&l
"

&'�
eh d Fdxfk| vhtxhqfh iurp W 1 E| wkh frpsohwhqhvv ri V/

k%&l
"

&'�
frqyhujhv wr vrph hohphqw % 5 V1 Vlqfh wkh vhtxhqfh lv wdnhq iurp

W / % pxvw eh d srlqw ri forvxuh ri W 1 Exw vlqfh W lv forvhg/ lw frqwdlqv doo

lwv srlqwv ri forvxuh1 Khqfh % 5 W 1 �

Sursrvlwlrq 81516 Ohw V eh d Edqdfk vsdfh dqg ohw W � V eh frpsohwh1 Wkhq

V lv forvhg1

Surri1 Lw vx!fhv wr vkrz wkdw W frqwdlqv doo lwv olplw srlqwv1 Exw wklv iroorzv

iurp wkh idfw wkdw hyhu| frqyhujhqw vhtxhqfh lv d Fdxfk| vhtxhqfh1

816 Kloehuw vsdfhv

81614 Gh�qlwlrqv dqg edvlf surshuwlhv

Gh�qlwlrq 81614 Dq lqqhu surgxfw rq d yhfwru vsdfh K lv d ixqfwlrq E�c �� G

K�K $ U vxfk wkdw

41 Iru doo %c + 5 K/ E%c +� ' E+c %� �4

4 Zkhq wkh vfdodu �hog lv F udwkhu wkdq U/ wklv d{lrp ehfrphv +{> |, @ +|> {, zkhuh } lv wkh

frpsoh{ frqmxjdwh ri }1 \rx pd| zdqw wr fkhfn wkdw wklv krogv iru wkh Hxfolghdq lqqhu surgxfw

lq Fq
> l1h1 +{> |, @

q[

l@4

{
l
|
l
1
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51 Iru doo %c + 5 K dqg doo vfdoduv kc q/ Ek%n q+c 5� ' k E%c 5� n q E+c 5� �

61 Iru doo % 5 K/ k%c %l � f zlwk htxdolw| l� % ' w1

Sursrvlwlrq 81614 Wkh ixqfwlrq n�n gh�qhg yld n%n '
s

E%c %� lv d qrup1 Wklv

qrup lv fdoohg wkh qrup jhqhudwhg e| k�c �l1

Surri Wr vkrz wkh wuldqjoh lqhtxdolw|/ vtxduh erwk vlghv dqg xvh wkh Fdxfk|0

Vfkzdu} lqhtxdolw| +vhh ehorz,1

Gh�qlwlrq 81615 D Kloehuw vsdfh lv dq rughuhg sdlu EKc E�c ��� vxfk wkdw

41 K lv d yhfwru vsdfh1

51 E�c �� lv dq lqqhu surgxfw1

61 Wkh qruphg vsdfh EKc n � n� lv frpsohwh/ zkhuh n � n lv wkh qrup jhqhudwhg

e| E�c �� �

Khqfhiruwk zkhqhyhu wkh v|pero K dsshduv/ lw zloo ghqrwh d Kloehuw vsdfh

+zlwk vrph dvvrfldwhg lqqhu surgxfw,1

Lqwxlwlyho|/ d Kloehuw vsdfh lv d jhqhudol}dwlrq riU? zlwk wkh xvxdo lqqhu surg0

xfw E%c +� '
?S

�'�

%
�
+
�
+dqg khqfh wkh Hxfolghdq qrup,/ suhvhuylqj wkrvh surshuwlhv

zklfk kdyh wr gr zlwk jhrphwu| vr wkdw zh fdq h{sorlw rxu delolw| wr ylvxdol}h

+rxu lqwxlwlyh slfwxuh ri, sk|vlfdo vsdfh lq rughu wr ghdo zlwk sureohpv wkdw kdyh

qrwklqj zkdwhyhu wr gr zlwk sk|vlfdo vsdfh1 Lq sduwlfxodu/ wkh lghdv ri glvwdqfh/

ohqjwk/ dqg ruwkrjrqdolw| duh suhvhuyhg1 Dv h{shfwhg/ zh kdyh

Gh�qlwlrq 81616 Wkh glvwdqfh ehwzhhq wzr hohphqwv %c + 5 K lv gh�qhg dv n%�

+n/ zkhuh n � n lv wkh qrup jhqhudwhg e| wkh lqqhu surgxfw dvvrfldwhg zlwk K1

Gh�qlwlrq 81617 Wzr hohphqwv %c + 5 K duh vdlg wr eh ruwkrjrqdo li E%c +� ' f�
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Vrph ixuwkhu gh�qlwlrqv dqg idfwv duh qhhghg ehiruh zh fdq surfhhg1

Gh�qlwlrq 81618 D Kloehuw vxevsdfh J � K lv d vxevhw J ri K vxfk wkdw J/ wrr/

lv d Kloehuw vsdfh1

Wkh iroorzlqj sursrvlwlrq lv yhu| xvhixo/ vlqfh lw jxdudqwhhv wkh zhoo0gh�qhgqhvv

ri wkh lqqhu surgxfw ehwzhhq wzr hohphqwv ri �qlwh qrup1

Sursrvlwlrq 81615 +Wkh Fdxfk|0Vfkzdu} lqhtxdolw|,1 Ohw K eh d Kloehuw vsdfh1

Wkhq/ iru dq| %c + 5 K/ zh kdyh

mE%c +�m � n%nn+n +8144,

Surri1 Li % ' w ru + ' w wkh lqhtxdolw| lv wulyldo1 Vr vxssrvh n%nc n+n : f dqg

ohw b : f eh d uhdo qxpehu1 Zh jhw

f �n %� b+n2 ' E%� b+c %� b+� ' +8145,

' n%n2 n b2n+n2 � 2b k%c +l

Glylglqj e| b/ lw iroorzv wkdw

2 k%c +l �
�

b
n%n2 n bn+n2 +8146,

Fohduo| wklv lv wuxh iru doo b : f1 Lq sduwlfxodu lw lv wuxh iru b '
n%n

n+n
zklfk

lv vwulfwo| srvlwlyh e| dvvxpswlrq1 Lw iroorzv wkdw E%c +� � n%nn+n� Wr vkrz

wkdw � E%c +� � n%nn+n/ qrwh wkdw �k%c +l ' E�%c +�/ dqg vlqfh E�%� 5 K

zh kdyh mxvw vkrzq wkdw E�%c +� � n%nn+n15 �

Sursrvlwlrq 81616 +Wkh sdudoohorjudp lghqwlw|, Ohw K eh d Kloehuw vsdfh1

Wkhq/ iru dq| %c + 5 K/ zh kdyh

n%n +n2 n n%� +n2 ' 2
�
n%n2 n n+n2

�
+8147,

5 Lq wkh fdvh zkhuh wkh vfdodu �hog lv F udwkhu wkdq U/ wkh surri lv voljkwo| gl�huhqw/ exw

mxvw dv vlpsoh1 Vhh ^4;`1



83 FKDSWHU 81 DEVWUDFW VSDFHV

Surri1 H{huflvh1

Wkh iroorzlqj sursrvlwlrq vwdwhv wkdw wkh lqqhu surgxfw lv +xqlirupo|, frqwlq0

xrxv1

Sursrvlwlrq 81617 Ohw K eh d Kloehuw vsdfh/ dqg ohw + 5 K eh �{hg1 Wkhq iru

hdfk 0 : f wkhuh h{lvwv d B : f vxfk wkdw mE%�c +�� E%2c +�m � 0 iru doo %�c %2 5 K

vxfk wkdw n%� � %2n � B1

Surri1

mE%�c +�� E%2c +�m ' mE%� � %2c +�m � iFdxfk|0Vfkzdu}j +8148,

� n%� � %2nn+n

Vhw B '
0

n+n
c dqg zh duh grqh1

Gh�qlwlrq 81619 Ohw J � K eh dq duelwudu| vxevhw ri K1 Wkhq wkh ruwkrjrqdo

frpsohphqw Jz ri J lv gh�qhg yld Jz
�
' i+ 5 K G E%c +� ' f iru doo % 5 Jj �

Sursrvlwlrq 81618 Wkh ruwkrjrqdo frpsohphqw Jz ri d vxevhw J ri d Kloehuw

vsdfh K lv d Kloehuw vxevsdfh1

Surri1 Lw lv hdv| wr vhh wkdw Jz lv d yhfwru vsdfh1 E| wkh idfw wkdw dq| forvhg

vxevhw ri d Kloehuw vsdfh lv frpsohwh/ doo wkdw uhpdlqv wr eh vkrzq lv wkdw Jz lv

forvhg1 Wr vkrz wkdw/ zh xvh wkh frqwlqxlw| ri wkh lqqhu surgxfw1 Frqvlghu �uvw

wkh vhw

%z ' i+ 5 K G E%c +� ' fj +8149,

Exw wklv lv hdvlo| uhfrjql}hg dv wkh lqyhuvh lpdjh ri wkh forvhg vhw ifj xqghu d

frqwlqxrxv pdsslqj1 Khqfh %z lv forvhg1 Qrz qrwlfh wkdw

J
z '

_
%MJ

%z +814:,
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Khqfh Jz lv wkh lqwhuvhfwlrq ri d idplo| ri forvhg vhwv1 Lw iroorzv wkdwJz lv lwvhoi

forvhg1

D xvhixo fruroodu| lv wkdw li B lv ghqvh lq J/ wkhq Bz'Jz1 Pruh h{solflwo|/

zh kdyh wkh iroorzlqj gh�qlwlrq dqg sursrvlwlrq1

Gh�qlwlrq 8161: D vhw B �J� K +zkhuh K lv d Kloehuw vsdfh, lv vdlg wr eh

ghqvh lq J li wkh forvxuh ri B +uhodwlyh wr J, lv htxdo wr J1 Htxlydohqwo|/ B lv

vdlg wr eh ghqvh lq J li B �J dqg li iru hyhu| 5 5 J wkhuh h{lvwv d vhtxhqfh

i5&j
"

&'�
vxfk wkdw 5& 5 B iru hdfk & dqg 5& $ 5 dv & $41

Sursrvlwlrq 81619 Ohw J eh dq duelwudu| vxevhw ri d Kloehuw vsdfh K/ dqg ohw B

eh d ghqvh vxevhw ri J1 Wkhq Jz ' Bz1

Surri1 H{huflvh1

Zh qrz vwdwh wkh prvw lpsruwdqw wkhruhp lq Kloehuw vsdfh wkhru|1

81615 Wkh surmhfwlrq wkhruhp

Wkhruhp 81614 +wkh surmhfwlrq wkhruhp, Ohw J � K eh d Kloehuw vxevsdfh

dqg ohw % 5 K1 Wkhq

41 Wkhuh h{lvwv d xqltxh hohphqw 	% 5 J +fdoohg wkh surmhfwlrq ri % rqwr J,

vxfk wkdw

n%� 	%n ' �?u
+M:

n%� +n +814;,

zkhuh n � n lv wkh qrup jhqhudwhg e| wkh lqqhu surgxfw dvvrfldwhg zlwk K�

51 	% lv +xqltxho|, fkdudfwhul}hg e|

E%� 	%� 5 Jz +814<,
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Uhpdun 81614 Wkh zrug cfkdudfwhul}h* lv xvhg khuh lq wkh vwurqj vhqvh/ l1h1 lw

lv fodlphg wkdw +814;, dqg +814<, duh htxlydohqw1

Surri1 Lq rughu wr suryh sduw 4 zh ehjlq e| qrwlqj wkdw J/ vlqfh lw lv d Kloehuw

vxevsdfh/ lv erwk frpsohwh dqg frqyh{1 Qrwh wkdw dq| yhfwru vsdfh lv frqyh{/

exw wkdw wkh frqyhuvh grhv qrw krog1 Qrz �{ % 5 K dqg gh�qh

_ ' �?u
+M:

n%� +n2 +8153,

Fohduo| _ h{lvwv vlqfh wkh vhw ri vtxduhg qrupv n%� +n2 lv d vhw ri uhdo qxpehuv

erxqghg ehorz e| f1 Qrz vlqfh _ lv wkh juhdwhvw orzhu erxqg ri n%� +n2 wkhuh

h{lvwv d vhtxhqfh k+&l
"

&'�
iurp J vxfk wkdw/ iru hdfk 0 : f/ wkhuh h{lvwv dq �0

vxfk wkdw

n%� +&n
2 � _n 0 +8154,

iru doo & � �01 Zh qrz zdqw wr vkrz wkdw dq| vxfk vhtxhqfh k+&l lv d Fdxfk|

vhtxhqfh1 Iru wkdw sxusrvh/ gh�qh

� ' %� +6 +8155,

� ' %� +? +8156,

Qrz dsso|lqj wkh sdudoohorjudp lghqwlw| wr � dqg �/ zh jhw

n2%� +6 � +?n
2 n n+? � +6n

2 ' 2
�
n%� +6n

2 n n%� +?n
2
�

+8157,

zklfk pd| eh pdqlsxodwhg wr ehfrph

en%�
�

2
E+6 n +?� n

2 n n+6 � +?n
2 ' 2

�
n%� +6n

2 n n%� +?n
2
�

+8158,

Qrz vlqfh J lv frqyh{/
�

2
E+6 n +?� 5 J dqg frqvhtxhqwo| n%� �

2
E+6 n +?� n

2 � _1

Lw iroorzv wkdw

n+6 � +?n
2 � 2

�
n%� +6n

2 n n%� +?n
2
�
� e_ +8159,
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Qrz frqvlghu dq| 0 : f/ fkrrvh d fruuhvsrqglqj�0 vxfk wkdw n%� +&n
2 � _n0*e

iru doo & � �0 +vxfk dq �0 h{lvwv dv zh kdyh vhhq,1 Wkhq/ iru doo ?c6 � �0/ zh

kdyh

n+6 � +?n
2 � 2

�
n%� +6n

2 n n%� +?n
2
�
� e_ � 0 +815:,

Khqfh k+&l lv d Fdxfk| vhtxhqfh1 E| wkh frpsohwhqhvv ri J/ lw frqyhujhv wr vrph

hohphqw e% 5 J1 E| wkh frqwlqxlw| ri wkh lqqhu surgxfw/ n%� e%n2 ' _1 Khqfh e%
lv wkh surmhfwlrq zh vhhn1 Wr vkrz wkdw e% lv xqltxh/ frqvlghu dqrwkhu surmhfwlrq

+ 5 J dqg wkh vhtxhqfh ke%c +c e%c +c e%c +���l1 E| wkh dujxphqw deryh/ wklv lv d

Fdxfk| vhtxhqfh1 Exw wkhq e% ' +1 Khqfh +4, lv suryhg1 Wkh surri ri sduw +5,

frphv lq wzr sduwv1 Iluvw zh vkrz wkdw dq| e% wkdw vdwlv�hv +814;, dovr vdwlv�hv

+814<,1 Vxssrvh/ wkhq/ wkdw e% vdwlv�hv +814;,1 Gh�qh 0 ' %� e% dqg frqvlghu dq

hohphqw + ' e%n k5 zkhuh 5 5 J dqg k 5 U1 Vlqfh J lv d yhfwru vsdfh/ lw iroorzv

wkdw + 5 J1 Qrz vlqfh e% vdwlv�hv +814;,/ + lv qr forvhu wr % wkdq e% lv1 Khqfh

n0n2 � n0� k5n2 ' E0� k5c 0� k5� ' +815;,

' n0n2 n k2n5n2 � 2k E0c 5�

Vlpsoli|lqj/ zh jhw

f � k2n5n2 � 2k E0c 5� +815<,

Wklv lv wuxh iru doo vfdoduv k1 Lq sduwlfxodu/ vhw k ' E0c 5�1 Zh jhw

f � E0c 5�2
�
n5n2 � 2

�
+8163,

Iru wklv wr eh wuxh iru doo 5 5 J zh pxvw kdyh E0c 5� ' f iru doo 5 5 J vxfk wkdw

n5n2 	 21 Exw wkhq +zk|B, zh pxvw kdyh E0c 5� ' f iru doo 5 5 J1 Khqfh 0 5 Jz1

Qrz zh zdqw wr suryh wkh frqyhuvh/ l1h1 wkdw li e% vdwlv�hv +814<,/ wkhq lw dovr

vdwlv�hv +814;,1 Wkxv frqvlghu dq hohphqw e% 5 J zklfk vdwlv�hv +814<, dqg ohw
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+ 5 J1 Phfkdqlfdo fdofxodwlrqv uhyhdo wkdw

n%� +n2 ' E%� e%n e%� +c %� e%n e%� +� ' +8164,

' n%� e%n2 n ne%� +n2 n 2 E%� e%c e%� +�

Qrz vlqfh E%� e%� 5 Jz dqg Ee%� +� 5 J +uhfdoo wkdw J lv d yhfwru vsdfh,/ wkh

odvw whup glvdsshduv/ dqg rxu plqlpl}dwlrq sureohp ehfrphv +glvuhjduglqj wkh

frqvwdqw whup n%� e%n2,
4�?
+M:

ne%� +n +8165,

Fohduo| e% vroyhv wklv sureohp1 +Qrwh wkdw lw grhvq*w pdwwhu iru wkh vroxwlrq

zkhwkhu zh plqlpl}h d qrup ru lwv vtxduh1, Lqghhg/ vlqfh ne%� +n ' f lpsolhv

e% ' + zh pd| frqfoxgh wkdw li vrph e% vdwlv�hv +814<,/ wkhq lw lv wkh xqltxh

vroxwlrq1

Uhpdun 81615 Jlyhq rxu gh�qlwlrq ri glvwdqfh/ 	% lv e| gh�qlwlrq wkdw hohphqw

lq J zklfk lv forvhvw wr %1

Uhpdun 81616 D jrrg zd| wr xqghuvwdqg lqwxlwlyho| zk| wkh surmhfwlrq wkhruhp

lv wuxh lv wr ylvxdol}h wkh surmhfwlrq ri d srlqw lq U� rqwr d 50glphqvlrqdo sodqh

wkurxjk wkh ruljlq1

Uhpdun 81617 Qrwh wkdw rxu fkdudfwhul}dwlrq lq whupv ri ruwkrjrqdolw| ri wkh

surmhfwlrq rqwr J lv forvho| olqnhg wr wkh idfw wkdw J lv dvvxphg wr eh d yhfwru

vsdfh1 Phdqzkloh/ rxu surri wkdw wkh surmhfwlrq sureohp

4�?
+MB

n%� +n +8166,

kdv d xqltxh vroxwlrq zrunv iru dq| forvhg dqg frqyh{ vxevhw B �K1 Iru vxfk

jhqhudo B/ wkhq/ zh nqrz wkdw wkhuh lv d xqltxh vroxwlrq/ exw zh kdyh qrw vkrzq

wkdw wkh surmhfwlrq huuru pxvw eh ruwkrjrqdo wrB1 Lqghhg lw qhhg qrw eh1 Frqvlghu
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iru h{dpsoh wkh surmhfwlrq ri dq duelwudu| srlqw % 5 U? rqwr wkh &0glphqvlrqdo

sodqh B '
�
5 5 U? G 5 ' 5� n�q iru vrph q 5 U&

�
zkhuh 5� 5 U? dqg � lv dq

? � & pdwul{1 +Qrwh wkdw B lv qrw d yhfwru vsdfh xqohvv 5� ' w,1 Wkhq lw lv +dw

ohdvw lqwxlwlyho|, fohdu wkdw wkh surmhfwlrq ri % rqwr B pxvw eh ruwkrjrqdo wr hyhu|

yhfwru dorqj wkh sodqh udwkhu wkdq wr hyhu| yhfwru lq wkh sodqh1 Pruh suhflvho|/

wkh surmhfwlrq e%B vdwlv�hv

E5 � +c %� e%B� ' f +8167,

iru doo 5c + 5 B1

Fruroodu| 81614 +wkh uhshdwhg surmhfwlrq wkhruhp, Ohw J � I � K eh

Kloehuw vsdfhv1 Ohw 	%C eh wkh surmhfwlrq ri % 5 K rqwr J dqg ohw 	%8 eh wkh

surmhfwlrq ri % rqwr I 1 Wkhq wkh surmhfwlrq ri 	%8 rqwr J lv vlpso| 	%C1

Surri1 E| wkh fkdudfwhul}dwlrq ri wkh surmhfwlrq/ lw vx!fhv wr suryh wkdw

E	%8 � 	%C� 5 Jz� Wr gr wklv/ zh uhzulwh E	%8 � 	%C� ' E%� 	%C�� E%� 	%8 � �

Vlqfh wkh ruwkrjrqdo frpsohphqw ri d Kloehuw vxevsdfh lv d yhfwru vsdfh

dqg khqfh forvhg xqghu dgglwlrq dqg vfdodu pxowlsolfdwlrq/ lw vx!fhv wr

vkrz wkdw E%� 	%C� 5 Jz dqg wkdw E%� 	%8 � 5 Jz� Wkh wuxwk ri wkh �uvw

vwdwhphqw iroorzv lpphgldwho| iurp wkh fkdudfwhul}dwlrq ri wkh surmhfwlrq1

Wkh wuxwk ri wkh vhfrqg rqh fdq eh vhhq e| qrwlqj wkdw Iz � Jz1 �

81616 Irxulhu dqdo|vlv

Wkh suhylrxv vhfwlrq dvvhuwhg wkdw wkh surmhfwlrq h{lvwhg/ zdv xqltxh dqg kdg d

fhuwdlq ruwkrjrqdolw| surshuw|1 Exw krz lv wkh surmhfwlrq fdofxodwhg lq frqfuhwh

fdvhvB Wkdw txhvwlrq zdv ohiw xqdqvzhuhg/ exw zloo eh dgguhvvhg lq wklv vhfwlrq1

\rx zloo uhfdoo iurp olqhdu dojheud lq U? wkdw d xvhixo zd| ri uhsuhvhqw0

lqj d yhfwru % 5 U? lv dv d olqhdu frpelqdwlrq ri vrph ruwkrjrqdo edvlv E '
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i%&( & ' �c 2c ���c ?j � \rx zloo uhphpehu wkdw li E vsdqv U?c wkhq iru hdfk % 5 U?

wkhuh h{lvw vfdoduv i)&( & ' �c 2c ���c ?j vxfk wkdw

% '
?[

&'�

)&%& +8168,

zkhuh wkh %& duh wkh hohphqwv ri E1 D srsxodu fkrlfh ri ruwkrjrqdo edvlv yhfwruv

lv ri frxuvh wkh xqlw yhfwruv/ exw wkhuh duh pdq| rwkhu ruwkrjrqdo edvhv riU?1

Wkhvh lghdv fdq hdvlo| eh jhqhudol}hg wr dq| Kloehuw vsdfh/ vlqfh wkh hvvhqwldo

sduw ri wkh zkroh surjudp lv ruwkrjrqdolw|/ dqg ruwkrjrqdolw| lv/ dv zh kdyh vhhq/

zkdw Kloehuw vsdfhv duh doo derxw1

Wkhuh duh/ krzhyhu/ wzr lvvxhv wr eh ghdow zlwk ehiruh wdnlqj wkh ohds iurpU?

lqwr Kloehuw vsdfh1 Rqh lv wkdw Kloehuw vsdfhv grq*w dozd|v kdyh d �qlwh edvlv +l1h1

wkh| pd| eh lq�qlwh0glphqvlrqdo,1 Dfwxdoo|/ wkhuh duh pdq| lqwhuhvwlqj �qlwh0

glphqvlrqdo Kloehuw vsdfhv +h1j1 wkh vhw ri sro|qrpldov ri d �{hg ghjuhh gh�qhg rq

d frpsdfw lqwhuydo,/ exw zh grq*w zdqw wr h{foxgh wkh lq�qlwh0glphqvlrqdo rqhv1

Qhyhuwkhohvv/ lq vrph fdvhv zh zrxog olnh rxu Kloehuw vsdfhv wr kdyh d frxqwdeoh

edvlv1 Diwhu doo wklv orrvh wdon lw lv wlph iru vrph gh�qlwlrqv dqg sursrvlwlrqv1

Gh�qlwlrq 8161; Ohw kKc E�c ��l eh d Kloehuw vsdfh dqg ohw E ' i%& G & ' �c ���j eh

d frxqwdeoh vxevhw ri K1 Wkhq E lv fdoohg ruwkrjrqdo li/ iru doo � 9' & zh kdyh

E%�c %&� ' f� +8169,

Li/ lq dgglwlrq/ E%�c %�� ' � iru doo � ' �c 2c ���/ wkhq E lv fdoohg ruwkrqrupdo1

Gh�qlwlrq 8161< Ohw kKc E�c ��l eh d Kloehuw vsdfh dqg ohw E ' i%&( & ' �c 2c ���j

eh d frxqwdeoh vxevhw ri K1 Wkhq wkh forvhg vsdq tT EE� ri E lv gh�qhg dv

iroorzv1 Ohw tT EE� eh wkh vhw ri hohphqwv % 5 K vxfk wkdw wkhuh h{lvw vfdoduv

i)&( & ' �c 2c ���j zlwk wkh surshuw| wkdw

% '

?[
&'�

)&%& +816:,
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zkhuh wkh %& duh hohphqwv ri E1 Zh wkhq gh�qh tT EE� dv wkh forvxuh ri tT EE�1

Lqwxlwlyho|/ wdnlqj wkh forvxuh phdqv wkdw zh lqfoxgh doo wkh lq�qlwh vxpv dv zhoo

dv wkh �qlwh rqhv1

Gh�qlwlrq 816143 Ohw kKc E�c ��l eh d Kloehuw vsdfh dqg ohw E ' i%&( & ' �c 2c ���j

eh d frxqwdeoh vxevhw ri K1 Wkhq E lv vdlg wr vsdq K li tT EE� ' K1

Sursrvlwlrq 8161: Ohw kKc E�c ��l eh d Kloehuw vsdfh dqg ohw E ' i%&( & ' �c 2c ���j

eh d frxqwdeoh vxevhw ri K1 Vxssrvh E vsdqv K1 Wkhq/ iru hdfk % 5 K/ wkhuh duh

vfdoduv i)&( & ' �c 2c ���j vxfk wkdw

*�4
?<"

�����%�
?[

&'�

)&%&

����� ' f +816;,

dqg zh vrphwlphv zulwh

% '
"[
&'�

)&%&� +816<,

Surri Reylrxv1

Sursrvlwlrq 8161; Ohw kKc E�c ��l eh d Kloehuw vsdfh dqg ohw E ' i%&( & ' �c 2c ���j

eh d frxqwdeoh vxevhw ri K1 Wkhq tT EE� lv d Kloehuw vxevsdfh1

Surri Reylrxv1

Gh�qlwlrq 816144 Ohw kKc E�c ��l eh d Kloehuw vsdfh dqg vxssrvh E lv ruwkrjrqdo

+ruwkrqrupdo, dqg vsdqv K1 Wkhq E lv fdoohg dq ruwkrjrqdo +ruwkrqrupdo, edvlv

iru K�

Gh�qlwlrq 816145 D Kloehuw vsdfh kKc E�c ��l lv fdoohg vhsdudeoh li lw kdv d frxqw0

deoh ghqvh vxevhw1

Sursrvlwlrq 8161< D Kloehuw vsdfh kdv d frxqwdeoh ruwkrjrqdo edvlv l� lw lv vhs0

dudeoh1
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Xvxdoo| lw lv kdug wr �jxuh rxw zkhwkhu d sduwlfxodu Kloehuw vsdfh lv vhsdudeoh

ru qrw1 Lqghhg/ hyhq li zh duh jlyhq d frxqwdeoh vxevhw E/ lw lv qrw dozd|v hdv|

+iru dq hfrqrplvw/ wkdw lv, wr fkhfn zkhwkhu wklv vhw vsdqv K1 Kdsslo|/ zh fdq

riwhq gudz xsrq vwdqgdug uhvxowv/ vxfk dv wkh Vwrqh0Zhlhuvwudvv wkhruhp zklfk

dvvhuwv wkdw wkh vhw ri sro|qrpldov ri duelwudu| ghjuhh vsdqv wkh vhw ri frqwlqxrxv

ixqfwlrqv rq U1 Zh dovr kdyh wkh uhpdundeoh uhvxow wkdw wkh vhw ri wuljrqrphwulf

sro|qrpldov +olqhdu frpelqdwlrqv ri t�??% dqg ULt?% zkhuh ? lv dq duelwudu|

lqwhjhu, vsdq wkh vhw ri vtxduh lqwhjudeoh ixqfwlrqv gh�qhg rq d frpsdfw lqwhuydo1

Xvxdoo|/ wkrxjk/ ruwkrjrqdolw| lv pxfk pruh lpsruwdqw wkdq vsdqqlqj/ dqg

ruwkrjrqdolw| lv xvxdoo| qrw wrr kdug wr frq�up lq frqfuhwh fdvhv1 Wr vhh zk|

ruwkrjrqdolw| lv pruh lpsruwdqw wkdq vsdqqlqj/ frqvlghu wkh iroorzlqj h{dpsoh1

Vxssrvh zh zdqw wr dssur{lpdwh d ixqfwlrq e| d sro|qrpldo ri �{hg ghjuhh1

Wkhq +zh zloo vhh zk|$, lw pdnhv d orw ri vhqvh wr surmhfw rxu ixqfwlrq rqwr d vhw

ri ruwkrjrqdo sro|qrpldov1 Lq wklv frqwh{w/ zh duh qrw wrr zruulhg derxw wkh idfw

wkdw wkh sro|qrpldov ri d �{hg ghjuhh pd| idlo wr vsdq wkh vhw ri ixqfwlrqv wkdw

zh duh wu|lqj wr dssur{lpdwh1 Diwhu doo/ zkdw zh vrxjkw zdv dssur{lpdwlrq/ qrw

shuihfw uhsuhvhqwdwlrq1

Lq dq| fdvh/ vxssrvh kKc E�c ��l lv d Kloehuw vsdfh zlwk wkh +frxqwdeoh$, ruwkr0

qrupdo vxevhw E ' i%&( & ' �c 2c ���j � Qrz frqvlghu dq duelwudu| hohphqw % 5 K1

Rxu surmhfw qrz lv wr �qg wkh surmhfwlrq 	% rqwr tT EE�1 E| wkh gh�qlwlrq ri wkh

forvhg vsdq/ wkhuh duh vfdoduv i)&( & ' �c 2c ���j vxfk wkdw

	% '

"[
&'�

)&%&� +8173,

Wkh vfdoduv i)&( & ' �c 2c ���j duh fdoohg wkh Irxulhu frh!flhqwv ri % +zlwk uhvshfw

wr E,1 Exw zkdw ydoxhv gr wkh| kdyhB Wr �qg rxw/ uhfdoo wkh fkdudfwhul}dwlrq

ri wkh surmhfwlrq1 Wkh lghd lv wr fkrrvh wkh )& vr wkdw wkh surmhfwlrq huuru lv

ruwkrjrqdo wr hyhu| yhfwru + 5 tT EE�1 Dfwxdoo|/ lw vx!fhv wr vhw wkh surmhfwlrq
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huuru ruwkrjrqdo wr hyhu| yhfwru %& 5 E1 Wkhq/ iru hyhu| � ' �c 2c ��� zh kdyh#
%�

"[
&'�

)&%&c %�

$
' f� +8174,

Exw#
%�

"[
&'�

)&%&c %�

$
' E%c %���

"[
&'�

)& E%�c %&� '

' iruwkrjrqdolw|$j ' E%c %��� )� E%�c %�� ' iruwkrqrupdolw|$j '

' E%c %��� )�

+8175,

Khqfh )� ' E%c %�� iru hdfk � ' �c 2c ���/ dqg zh kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 816143 Ohw kKc E�c ��l eh d Kloehuw vsdfh dqg ohw E ' i%&( & ' �c 2c ���j

eh d frxqwdeoh ruwkrqrupdo vxevhw ri K1 Ohw % 5 K1 Wkhq wkh surmhfwlrq 	% ri %

rqwr 7r EE� lv

	% '
"[
&'�

E%c %&� %&� +8176,

Fruroodu| 81615 +Ehvvho*v lqhtxdolw|, Vlqfh +zk|B, n%n ' n	%n n n%� 	%n c

zh kdyh n	%n � n%n dqg frqvhtxhqwo|

"[
&'�

mE%c %&�m
2 � n%n2 �

Fruroodu| 81616 +Sduvhydo*v lghqwlw|, Li E vsdqv K wkhq % ' 	% dqg khqfh

"[
&'�

mE%c %&�m
2 ' n%n2 �

Uhpdun 81618 Wklv lv d jhqhudol}dwlrq ri S|wkdjrudv* wkhruhp1
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Fkdswhu 9

Wkh Ohehvjxh lqwhjudo

Wkh sxusrvh ri wklv fkdswhu lv wr pdnh vhqvh ri h{suhvvlrqv olnh

]
�

s_> '

]
�

s E%� _> E%� '

]
�

s E%�> E_%� � +914,

914 Prwlydwlrq

Iurp rxu srlqw ri ylhz/ wkhuh duh dw ohdvw wzr uhdvrqv iru lqwurgxflqj wkh Ohehvjxh

lqwhjudo1 Wkh �uvw lv wkdw zh zdqw fhuwdlq olplw wkhruhpv ri wkh iroorzlqj irup

*�4
&<"

]
�

s& E%� _% '

]
�

*�4
&<"

s& E%� _% +915,

wr krog xqghu zhdnhu frqglwlrqv wkdq zh qhhg iru wkh Ulhpdqq lqwhjudo +zhdnhu/

dw dq| udwh/ wkdq xqlirup frqyhujhqfh ri ks&l,1 Dv zh kdyh vhhq/ wkh Ulhpdqq

lqwhjudo grhv qrw kdyh wklv surshuw| hyhq zkhq yhu| vwurqj uhvwulfwlrqv +vkruw ri

xqlirup frqyhujhqfh, duh sxw rq ks&l1 Wklv phdqv wkdw li zh wu| wr frqvwuxfw

dq devwudfw vsdfh +vd| d Edqdfk vsdfh, ri Ulhpdqq lqwhjudeoh ixqfwlrqv/ zh zloo

�qg wkdw lw lv lqfrpsohwh +dqg khqfh qrw d Edqdfk vsdfh,/ dqg wklv uhqghuv wkh

Ulhpdqq lqwhjudo doprvw xvhohvv lq ixqfwlrqdo dqdo|vlv1

98
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Wkh vhfrqg uhdvrq lv wkdw zh riwhq zdqw wr lqwhjudwh ryhu d pruh ru ohvv

duelwudu| vsdfhf/ qrw mxvw U ru U?1 Wklv lv sduwlfxoduo| lpsruwdqw lq suredelolw|

wkhru|/ vlqfh zh zdqw wr gh�qh wkh h{shfwhg ydoxh ri d udqgrp yduldeoh dv lwv

lqwhjudo ryhu wkh vdpsoh vsdfh1

Qrwh wkdw/ lq wklv fkdswhu/ zh zloo eh lqwhjudwlqj uhdo0 +vfdodu0,ydoxhg ixqfwlrqv

qhduo| doo ri wkh wlph/ exw wkdw lw lv yhu| hdv| wr h{whqg rxu wkhru| wr lqwhjudwlqj

ixqfwlrqv zlwk ydoxhv lq U?/ F ru F?1 Wkh lghd lv mxvw wr lqwhjudwh frpsrqhqw

e| frpsrqhqw1 Zh frxog kdyh ehhq hyhq pruh devwudfw dqg wulhg wr lqwhjudwh

ixqfwlrqv zlwk ydoxhv lq pruh ru ohvv duelwudu| vsdfhv/ exw wkdw zrxog wdnh xv

pxfk ixuwkhu wkdq zh xvxdoo| qhhg wr jr dv hfrqrplvwv1

Pdq| ri wkh gh�qlwlrqv dqg uhvxowv lq wklv fkdswhu qhyhuwkhohvv duh vrphzkdw

devwudfw/ dqg wr dyrlg jhwwlqj gl}}|/ lw lv zruwk dozd|v wklqnlqj derxw wkh fdvh

zkhq f lv d �qlwh vhw1 Wkhq doo wkh uhvxowv duh wulyldo/ dqg lw lv hdv| wr eholhyh wkh

pruh jhqhudo uhvxowv hyhq zlwkrxw wkh surri1 Zkhq |rx �qg d frqfhsw gl!fxow

wr judvs/ dozd|v wdnh d vlpsoh h{dpsoh zlwk d �qlwh f/ ru li |rx kdyh d wdohqw

iru vsdwldo ylvxdol}dwlrq/ wklqn ri f dv U2 ru U�1

915 Gh�qlwlrq

Uhfdoo wkdw wkh edvlf lghd ehklqg wkh Ulhpdqq lqwhjudo lv wr sduwlwlrq wkh %0d{lv

dqg vhh zkdw kdsshqv dv wklv sduwlwlrq ehfrphv duelwudulo| �qh1 Ohehvjxh fkrvh

wkh rssrvlwh vwudwhj| dqg ghflghg wr sduwlwlrq wkh +0d{lv lqvwhdg1 Urxjko|/ wkh

surjudp dkhdg ri xv orrnv olnh wklv1 Ohw s G f $ U eh d uhdo0ydoxhg ixqfwlrq rq

dq duelwudu| vsdfh f1 Vxssrvh wkh udqjh ri s lv frpsdfw/ dqg glylgh wklv udqjh

lqwr vxelqwhuydov1 Iru hdfk vxe0lqwhuydo d+&3�c +&o/ gh�qh dq xsshu vxp dv iroorzv1

7 '

?[
&'�

+&>
�
s3� Ed+&3�c +&o�

�
+916,
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zkhuh > Es3� Ed+&3�c +&o�� lv wkh +jhqhudol}hg, ohqjwk ri wkh vhw ri srlqwv % 5 f

zlwk wkhlu lpdjh lq d+&3�c +&o1

Qrz lif ' U dqg hyhu| vhw s3� Ed+&3�c +&o� lv dq lqwhuydo/ zh kdyh qr sureohpv1

Zh nqrz krz wr fdofxodwh wkh ohqjwk ri dq lqwhuydo1 Exw hyhq li f ' U dqg s lv

frqwlqxrxv/ wkhuh lv qr jxdudqwhh zkdwvrhyhu wkdw wkh lqyhuvh lpdjh ri d+&3�c +&o

lv dq lqwhuydo1 Vr zh qhhg wr jhqhudol}h rxu qrwlrq ri ohqjwk wr dsso| wr d zlghu

fodvv ri vhwv wkdq mxvw lqwhuydov1 Wklv lv wkh vxemhfw ri phdvxuh wkhru|1

91514 Phdvxuh wkhru|

Vxssrvh zh kdyh d vhw f dqg zdqw wr eh deoh wr gh�qh d phdvxuh > rq wkh

vxevhwv ri f/ l1h1 d ixqfwlrq zklfk dvvljqv d qrq0qhjdwlyh uhdo qxpehu wr vrph

+ru shukdsv doo, ri wkh vxevhwv ri f1 Lw wxuqv rxw wkdw zh grq*w dozd|v zdqw wr

lqfoxgh doo vxevhwv ri f lq wkh grpdlq I ri >1 Rqh uhdvrq lv wkdw vrph vxevhwv

pd| eh vr el}duuh wkdw lw lv lpsrvvleoh wr dvvljq d phdvxuh wr wkhp lq d uhdvrqdeoh

zd| +wklv kdsshqv zkhq f ' U> vhh ehorz,1 Dqrwkhu lv wkdw d uhvwulfwlrq ri wkh

grpdlq ri rxu phdvxuh lv d yhu| hohjdqw zd| wr prgho lqirupdwlrq lq suredelolw|

wkhru| +vhh fkdswhu :,1

Lq dq| fdvh/ zh zdqw wkh grpdlq I ri rxu phdvxuh > wr eh zhoo0ehkdyhg lq

fhuwdlq zd|v1 Lq sduwlfxodu/ zh zdqw lw wr eh cforvhg* xqghu fhuwdlq vhw rshudwlrqv/

vr wkdw zh grq*w vxgghqo| ohdyh I zkhq zh shuirup wkh xvxdo vhw rshudwlrqv rq

phpehuv ri I 1 Wkh prvw frqyhqlhqw dssurdfk lv wr uhtxluh I wr eh d j0dojheud

+j0�hog,1 Ehorz zh zloo ghqrwh wkh frpsohphqw ri d vhw � e| �S dqg wkh idplo|

ri doo vxevhwv ri f +wkh srzhu vhw ri f, e| 2f 1

Gh�qlwlrq 91514 Ohw f eh dq duelwudu| vhw1 Ohw I �2f eh d idplo| ri vxevhwv

ri f1 Wkhq I lv fdoohg d j0dojheud li
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41 f 5 I /

51 iru hdfk � 5 I / �S 5 I / dqg

61 iru hyhu| frxqwdeoh idplo| ri vhwv i�&j
"

&'�
zlwk �& 5 I iru & ' �c 2c ���c zh

kdyh
"^
&'�

�& 5 I 1 +917,

E| gh�qlwlrq/ wkhq/ zh vwd| zlwklq I zkhq zh shuirup frpsohphqwdwlrq dqg

frxqwdeoh xqlrqv1 E| gh Prujdq*v odzv/ lw iroorzv wkdw zh dovr vwd| zlwklq I

zkhq zh shuirup frxqwdeoh lqwhuvhfwlrqv +zk|B,1 Qrwh wkdw lw lv hvvhqwldo wkdw

wkhvh rshudwlrqv duh frxqwdeoh1 Zh gr qrw uhtxluh I wr eh forvhg xqghu duelwudu|

xqlrqv dqg lqwhuvhfwlrqv1

Lq fdvh |rx vkrxog kdyh irujrwwhq gh Prujdq*v odzv/ L vwdwh wkhp khuh1

Sursrvlwlrq 91514 +gh Prujdq*v odzv, Ohw D eh dq duelwudu| idplo| ri vhwv1

Wkhq %^
�MD

�

&S
'
_
�MD

�S +918,

dqg %_
�MD

�

&S
'
^
�MD

�S +919,

Surri1 H{huflvh1

Zh qrz qrwh vrph xvhixo dqg vlpsoh0wr0suryh surshuwlhv ri j0dojheudv1 +Zh

zloo xvh wkhvh surshuwlhv odwhu1,

Sursrvlwlrq 91515 Ohw iIk G k 5 Uj eh dq duelwudu| +qrw qhfhvvdulo| frxqwdeoh,

idplo| ri j0dojheudv1 Wkhq wkh lqwhuvhfwlrq I '
W
kMU

Ik lv d j0dojheud1

Surri1 Wr vkrz wkdw I lv forvhg xqghu frpsohphqwdwlrq/ vxssrvh � 5 I 1 Wkhq

� 5 Ik iru doo k 5 U1 Vlqfh doo wkh Ik duh j�dojheudv/ zh kdyh �S 5 Ik iru doo

k 5 U dv zhoo1 Khqfh �S 5 I 1 Wkh rwkhu sduwv ri wkh surri kdyh wkh vdph irup1
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Uhpdun 91514 Wkh j lq wkh whup j�dojheud lqglfdwhv wkdw lw lv forvhg xqghu

frxqwdeoh xqlrqv dqg qrw mxvw �qlwh xqlrqv1 Uhfdoo wkdw dq lq�qlwh vhulhv +vxp,

kdv frxqwdeo| pdq| whupv dqg ehjlqv zlwk wkh ohwwhu v1 Wkhuh kdv wr eh d frqqhf0

wlrq khuh1

Sursrvlwlrq 91516 Ohw D eh dq duelwudu| +qrw qhfhvvdulo| frxqwdeoh, idplo| ri

vxevhwv ri vrph edvlf vhw f1 Wkhq wkhuh lv d xqltxh vpdoohvw h{whqvlrq ri wklv

idplo| wr d j0dojheud/ l1h1 d xqltxh j0dojheud I vxfk wkdw

41 D � I / dqg

51 Iru dq| j�dojheud J vxfk wkdw D �J/ zh kdyh I � J1

Zh zulwh I ' j ED� dqg fdoo I wkh j�dojheud jhqhudwhg e| D1

Surri1 Ohw iIkj eh wkh idplo| ri j0dojheudv vxfk wkdw D �Ik iru hdfk Ik� Wklv

idplo| lv qrq0hpsw|/ vlqfh 2f lv d j0dojheud zlwk wklv surshuw|1 Qrz gh�qh

I '
_
k

Ik +91:,

dqg lw lv fohdu +zk|B, wkdw wklv gh�qhv d j0dojheud zlwk wkh ghvluhg surshuwlhv1

Zh vrphwlphv zdqw wr wdnh wkh xqlrq ri d idplo| ri j0dojheudv/ exw vlqfh

wkdw xqlrq lv qrw qhfhvvdulo| lwvhoi d j0dojheud/ zh xvxdoo| zdqw wr h{whqg lw wr

d j0dojheud lq d plqlpdo zd|1 Wkh suhfhglqj sursrvlwlrq vkrzv wkdw wklv fdq eh

grqh lq d xqltxh zd|/ dqg zh kdyh wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 91515 Ohw iIk G k 5 Uj eh d idplo| ri j0dojheudv1 Wkhq wkh vpdoohvw

j0dojheud I vxfk wkdw � 5 I zkhqhyhu wkhuh lv dq k 5 U vxfk wkdw � 5 Ik lv

ghqrwhg e| I '
Z
kMU

Ik1
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Gh�qlwlrq 91516 Ohw f eh dq duelwudu| qrq0hpsw| vhw dqg ohw I eh d j0dojheud1

Wkhq EfcI� lv fdoohg d phdvxudeoh vsdfh1 Wkh vhwv � 5 I duh fdoohg wkh I0

phdvxudeoh vhwv1 Zkhq wkh j0dojheud I lv wdnhq dv xqghuvwrrg/ zh zloo vrphwlphv

vxssuhvv lw dqg wdon vlpso| derxw wkh phdvxudeoh vhwv�

Zh qrz zdqw wr gh�qh d phdvxuh rq d phdvxudeoh vsdfh EfcI� c dqg zh zdqw

wr lpsrvh vrph uhdvrqdeoh uhtxluhphqwv rq d ixqfwlrq > G I $U^ in4j iru lw

wr txdoli| dv d phdvxuh1 +Wkh qxpehu n4 lv gh�qhg wr eh d srvlwlyh qxpehu

juhdwhu wkdq dq| uhdo qxpehu> zh zdqw wr doorz > wr wdnh wklv ydoxh vlqfhf pljkw

eh xqerxqghg lq vrph vhqvh1, Zkhq vwxg|lqj wkh gh�qlwlrq/ nhhs lq plqg wkdw

zh duh wu|lqj wr jhqhudol}h wkh qrwlrq ri ohqjwk +ru duhd/ ru yroxph/ ru pdvv/ ru

vrphwklqj olnh wkdw,1

Gh�qlwlrq 91517 Ohw EfcI� eh d phdvxudeoh vsdfh dqg ohw > G I $U^in4j

eh d ixqfwlrq1 Wkhq > lv fdoohg d +srvlwlyh, phdvxuh li

41 > EB� ' fc

51 iru hdfk � 5 I / > E�� � f/ dqg

61 +frxqwdeoh dgglwlylw|, iru hdfk idplo| i�&j
"

&'�
zlwk �& 5 I dqg ��_�& ' B

iru � 9' & +iru hyhu| frxqwdeoh idplo| ri glvmrlqw phdvxudeoh vhwv, zh kdyh

>

#
"^
&'�

�&

$
'

"[
&'�

> E�&� � +91;,

Dq lpsruwdqw vxeidplo| riI duh wkh vhwv ri phdvxuh }hur1 Li d fhuwdlq surshuw|

krogv dw doo srlqwv ri f h{fhsw rq d vhw ri srlqwv � 5 I vxfk wkdw > E�� ' f/

wkhq zh vd| wkdw lw krogv doprvw hyhu|zkhuh +>,/ dqg zh deeuhyldwh wklv e| d1h1

+>,1 Vrphwlphv zkhq wkh phdvxuh > lv wdnhq dv xqghuvwrrg/ zh vxssuhvv lw dqg

zulwh mxvw d1h1
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Gh�qlwlrq 91518 Ohw EfcI� eh d phdvxudeoh vsdfh dqg ohw > G I $ U^in4j eh

d phdvxuh1 Wkhq EfcI c >� lv fdoohg d +srvlwlyh, phdvxuh vsdfh/ dqg li > Ef� 	4

lw lv fdoohg d �qlwh phdvxuh vsdfh1

91515 Wkh Ohehvjxh lqwhjudo

Zh qrz jr rq wr gh�qh wkh Ohehvjxh lqwhjudo/ dqg wkh lghd zloo eh wr dssur{lpdwh

wkh lqwhjudqg e| ixqfwlrqv zklfk duh vlpsoh lq d fhuwdlq vhqvh/ lqwhjudwh wkh

vlpsoh ixqfwlrqv lq dq reylrxv zd|/ dqg wkhq wu| wr pdnh wkh dssur{lpdwlrq

duelwudulo| jrrg1 Zh dovr fkdudfwhul}h wkh ixqfwlrqv zklfk fdq eh duelwudulo| zhoo

dssur{lpdwhg e| vlpsoh ixqfwlrqv1 Wkrvh ixqfwlrqv wxuq rxw wr eh wkhphdvxudeoh

rqhv/ gh�qhg dv iroorzv1

Gh�qlwlrq 91519 Ohw EfcI� eh d phdvxudeoh vsdfh/ dqg ohw s G f $ U eh d

uhdo0ydoxhg ixqfwlrq rq f1 Wkhq s lv vdlg wr eh phdvxudeoh zlwk uhvshfw wr I

+ru I�phdvxudeoh, li/ iru hyhu| +rshq ru forvhg, lqwhuydo U � U/

s3� EU� 5 I 1 +91<,

Dfwxdoo|/ rqfh wkh lqyhuvh lpdjhv ri doo lqwhuydov duh phdvxudeoh/ wkhuh lv d

pxfk odujhu fodvv ri vhwv zkrvh lqyhuvh lpdjh lv phdvxudeoh1 Lq idfw/ zh kdyh wkh

iroorzlqj sursrvlwlrq1

Sursrvlwlrq 91517 Ohw EfcI� eh d phdvxudeoh vsdfh dqg ohw s G f $ t eh d

ixqfwlrq1 Wkhq wkh idplo| ri vxevhwv � � t vxfk wkdw s3� E�� 5 I lv d j0dojheud1

Surri1 Wkh surri xvhv wkdwI lv d j0dojheud/ dqg wkdw wkh lqyhuvh lpdjh suhvhuyhv

wkh uhohydqw vhw rshudwlrqv/ qrwlqj wkdw

41 s3� Et � ' f 5 I 1
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51 Ohw � eh d vhw vxfk wkdw s3� E�� 5 I 1 Wkhq s3� E�S� ' ds3� E��o
S
5 I 1

61 Ohw i�&j
"

&'�
eh d idplo| ri vhwv vxfk wkdw s3� E�&� 5 I 1 Wkhq s

3�

�
"V
&'�

�&

�
'

"V
&'�

s3� E�&� 5 I 1

Vr zkhq s lv d phdvxudeoh ixqfwlrq/ wkh idplo| ri doo vhwv � � U vxfk wkdw

s3� E�� lv phdvxudeoh lv d j0dojheud1 Fohduo| lw frqwdlqv doo wkh lqwhuydov1 Dw

wkh yhu| ohdvw/ wkhq/ lw frqwdlqv doo wkh vhwv lq wkh vr0fdoohg Eruho j0dojheud rq U

zklfk lv wkh vpdoohvw j0dojheud rq U wkdw frqwdlqv doo wkh lqwhuydov1 Wklv h{dpsoh

lv vr lpsruwdqw wkdw zh uhvwdwh lw lq d irupdo gh�qlwlrq14

Gh�qlwlrq 9151: Ohw L � 2U eh wkh vhw ri doo lqwhuydov1 Wkhq E EU�'j EL�

lv fdoohg wkh Eruho j0dojheud rq U1 Qrwh wkdw E EU�' j Ershq vxevhwv ri U� '

j Eforvhg vxevhwv ri U� � D vhw � 5 E EU� lv fdoohg d Eruho +phdvxudeoh, vhw1 D

ixqfwlrq s G U$ U zklfk lv E EU�0phdvxudeoh lv fdoohg d Eruho +phdvxudeoh,

ixqfwlrq1

Zh fdq qrz fkdudfwhul}h phdvxudelolw| lq dq lqwhuhvwlqj zd|/ zklfk lv riwhq

xvhg wr gh�qh phdvxudelolw|1

Sursrvlwlrq 91518 Ohw EfcI� eh d phdvxudeoh vsdfh/ dqg ohw s G f $ U eh d

uhdo0ydoxhg ixqfwlrq rq f1 Wkhq s lv I�phdvxudeoh l� s3� EE EU�� � I 1

Uhpdun 91515 s3� ED� zkhuh D lv d idplo| ri vhwv lv ri frxuvh wkh idplo| ri

lqyhuvh lpdjhv s3� E�� zlwk � 5 D1

Kdylqj gh�qhg phdvxudelolw| ri d ixqfwlrq/ lw lv lqwhuhvwlqj wr qrwh wkdw zh

fdq dozd|v frqvwuxfw d j0dojheud vr wkdw d jlyhq idplo| ri ixqfwlrqv lv phdvxudeoh1

4 Lq 4<57/ Ìploh Eruho ehfdph dfwlyh lq wkh Iuhqfk jryhuqphqw vhuylqj lq wkh Iuhqfk Fkdp0

ehu ri Ghsxwlhv +4<57069, dqg dv Plqlvwhu ri wkh Qdy| +4<58073,1 Diwhu klv duuhvw dqg eulhi

lpsulvrqphqw xqghu wkh Ylfk| uhjlph kh zrunhg iru wkh Uhvlvwdqfh1 Kh zdv dzdughg Wkh

Uhvlvwdqfh Phgdo +4<78,/ dqg wkh Judqg Furl{ Oìjlrq g*Krqqhxu +4<83,1
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Mxvw wdnh wkh xqlrq ri doo lqyhuvh lpdjhv ri Eruho vhwv xqghu wkh ixqfwlrqv lq wkh

idplo|1 Wkhq h{whqg wr d j0dojheud lq d plqlpdo zd| dv lq Sursrvlwlrq +91516,1

Wklv ohdgv xv wr wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 9151; Ohw EfcI� eh d phdvxudeoh vsdfh/ dqg ohw isk G k 5 Uj eh d

idplo| ri uhdo0ydoxhg ixqfwlrqv rq f1 Wkhq wkh plqlpdo j�dojheud I vxfk wkdw

doo wkh sk duh I�phdvxudeoh lv fdoohg wkh j0dojheud jhqhudwhg e| isk G k 5 Uj/

dqg zh zulwh I 'j Eisk G k 5 Uj�1

Zh dovr kdyh wkh iroorzlqj doprvw wulyldo exw yhu| lpsruwdqw uhvxow1

Sursrvlwlrq 91519 Ohw EfcI� dqg EfcJ� eh wzr phdvxudeoh vsdfhv vxfk wkdw

J � I / dqg ohw s eh dq I0phdvxudeoh ixqfwlrq rqf1 Wkhq s lv dovr J0phdvxudeoh1

Surri H{huflvh1

Kdsslo|/ phdvxudelolw| lv suhvhuyhg xqghu prvw frpprq rshudwlrqv1 Lq sdu0

wlfxodu/ zh kdyh wkh iroorzlqj wkhruhp1

Wkhruhp 91514 Ohw EfcI� eh d phdvxudeoh vsdfh1 Ohw sc } eh phdvxudeoh ixqf0

wlrqv rq f dqg ohw k eh d vfdodu1 Wkhq

41 s n }c ksc dqg s} duh phdvxudeoh/

51 li } 9' f/
s

}
lv phdvxudeoh/

61 � ' 4@ dsc }o lv phdvxudeoh/

71 li ks?l
"

?'� lv d +frxqwdeoh$, vhtxhqfh ri phdvxudeoh ixqfwlrqv/ wkhq wkh iro0

orzlqj ixqfwlrqv duh dovr phdvxudeoh=

+d, t�T
?MQ

s?c
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+e, �?u
?MQ

s?c

+f, *�4 t�T
?<"

s?c dqg

+g, *�4 �?u
?<"

s?�

Surri1 Vhh ^4;`1

Mxvw lq fdvh |rx vkrxog kdyh irujrwwhq/ wkh gh�qlwlrq ri *�4 t�T +olplw vxshulru,

dqg *�4 �?u +olplw lqihulru, duh dv iroorzv1

Gh�qlwlrq 9151< Ohw k%?l eh d vhtxhqfh ri uhdo qxpehuv1 Wkhq

*�4 t�T
?<"

%? ' �?u
?MQ

�
t�T
&D?

%&

�
+9143,

dqg

*�4 �?u
?<"

%? ' t�T
?MQ

�
�?u
&D?

%&

�
+9144,

Lq zrugv/ li *�4 t�T %? ' � wkhq %? hyhqwxdoo| vwrsv hyhu jrlqj deryh � / dqg

� lv wkh vpdoohvw qxpehu zlwk wklv surshuw|1 Qrwh wkdw/ e| wkh ohdvw xsshu erxqg

surshuw| ri U/ hyhu| erxqghg vhtxhqfh ri uhdo qxpehuv kdv d *�4 t�T dqg d *�4 �?u/

dqg zkhq wkh| duh htxdo/ wkh vhtxhqfh lv frqyhujhqw zlwk d olplw htxdo wr wkh

frpprq ydoxh1

Dovr/ zh kdyh wkh iroorzlqj yhu| xvhixo idfw1

Wkhruhp 91515 Ohw EfcI� eh d phdvxudeoh vsdfh1 Ohw } eh dq I�phdvxudeoh

ixqfwlrq rq fc dqg ohw s G U$ U eh d Eruho ixqfwlrq1 Wkhq wkh frpsrvlwh

pdsslqj � ' s � } lv I�phdvxudeoh1

Surri H{huflvh1

Phdvxudelolw| lv d udwkhu devwudfw frqfhsw/ exw wkhuh lv d zd| ri pdnlqj lw

frqfuhwh lq dq looxvwudwlyh fodvv ri fdvhv1
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Gh�qlwlrq 915143 Ohw f eh d vhw dqg ohw S ' i�&j
?

&'� eh d �qlwh idplo| ri vxevhwv

ri f1 Wkhq S lv fdoohg d �qlwh sduwlwlrq ri f li

41 �� _ �& ' B zkhqhyhu � 9' & dqg

51
?V
&'�

�& ' f1

Wkhruhp 91516 Ohw f eh d vhw dqg ohw S ' i�&j
?

&'� eh d �qlwh sduwlwlrq ri f1

Ohw I ' j ES� eh wkh j0dojheud jhqhudwhg e| S1 Ohw s eh d uhdo0ydoxhg ixqfwlrq rq

f1 Wkhq s lv I 0phdvxudeoh l� lw lv frqvwdqw rq hdfk �&/ l1h1 li wkhuh duh qxpehuv

s&( & ' �c 2c ���c ? vxfk wkdw s E%� ' s& iru hdfk % 5 �&> & ' �c 2c ���c ?1

Surri H{huflvh1

Dowkrxjk/ cxvxdoo|*/ j0dojheudv duh qrw jhqhudwhg e| sduwlwlrqv/ lw lv yhu|

khosixo wr wklqn ri wkhp dv kdylqj ehhq vr jhqhudwhg/ vlqfh wklv pdnhv erwk wkh

qrwlrq ri d j0dojheud dqg wkdw ri phdvxudelolw| hdvlhu wr judvs lqwxlwlyho|1

Gh�qlwlrq 915144 +lqglfdwru ixqfwlrq, Ohw EfcI� eh d phdvxudeoh vsdfh dqg

ohw � 5 I 1 Wkhq wkh ixqfwlrq U� lv gh�qhg yld

U� E%� '

;A?
A=

� li % 5 �

f rwkhuzlvh
+9145,

Uhpdun 91516 Vrphwlphv dq lqglfdwru ixqfwlrq U� lv fdoohg d fkdudfwhulvwlf

ixqfwlrq dqg lv ghqrwhg e| �
�
ru g�1

Gh�qlwlrq 915145 Ohw EfcI� eh d phdvxudeoh vsdfh/ dqg ohw ) G f $ U eh d

uhdo0ydoxhg ixqfwlrq rq f1 Wkhq ) lv fdoohg I0vlpsoh li lw lv I 0phdvxudeoh dqg

lwv udqjh lv d �qlwh vhw1 Lw iroorzv wkdw dq I 0vlpsoh ixqfwlrq fdq eh uhsuhvhqwhg

dv

) E%� '

?[
&'�

)&U�& E%� +9146,
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zkhuh )&c & ' �c 2c ���c ? duh uhdo qxpehuv dqg wkh vhwv �& duh I 0phdvxudeoh1

Qrwh wkdw wkh vxp rq wkh uljkw kdqg vlgh kdv �qlwho| pdq| whupv1 Vrphwlphv wkh

j�dojheud I zloo eh wdnhq dv xqghuvwrrg/ dqg zh zloo wdon +vlpso|$, derxw vlpsoh

ixqfwlrqv1

Gh�qlwlrq 915146 Ohw EfcI c >� eh d phdvxuh vsdfh dqg ohw ) eh d vlpsoh ixqf0

wlrq zlwk wkh uhsuhvhqwdwlrq

) E%� '

?[
&'�

)&U�& E%� +9147,

Wkhq/ udwkhu qdwxudoo|/

]
f

) E%� _> E%� '

]
f

)_> '

?[
&'�

)&> E�&� +9148,

dqg lw lv qrw wrr kdug wr hvwdeolvk wkdw wklv gh�qlwlrq lv lqghshqghqw ri wkh suhflvh

uhsuhvhqwdwlrq ri ) +zklfk xqiruwxqdwho| lvq*w xqltxh,1 Uhfdoo wkdw wkh �& duh

phdvxudeoh e| gh�qlwlrq/ dqg wkdw wklv lv hvvhqwldo iru wkh gh�qlwlrq ri wkh lqwhjudo

ri d vlpsoh ixqfwlrq wr pdnh vhqvh1

Kdylqj gh�qhg wkh lqwhjudo ri d vlpsoh ixqfwlrq/ zh qrz jhqhudol}h lq wkuhh

vwhsv1 Iluvw/ lq rughu wr vwdwh d wkhruhp uhodwlqj lqwhjudelolw| dqg phdvxudelolw|/

zh gh�qh wkh lqwhjudo iru d erxqghg ixqfwlrq rq d �qlwh phdvxuh vsdfh1 Wkhq zh

gh�qh wkh lqwhjudo ri d phdvxudeoh qrq0qhjdwlyh ixqfwlrq1 Ilqdoo|/ zh gh�qh wkh

lqwhjudo ri dq duelwudu| lqwhjudeoh ixqfwlrq1

Gh�qlwlrq 915147 Ohw EfcI c >� eh d �qlwh phdvxuh vsdfh dqg ohw s eh d erxqghg

uhdo0ydoxhg ixqfwlrq1 Gh�qh

u ' �?u
) vlpsoh

)Ds

]
f

)_> +9149,
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dqg

u ' t�T
) vlpsoh

)$s

]
f

)_> +914:,

Li u ' u ' u wkhq s lv vdlg wr eh Ohehvjxh lqwhjudeoh rq EfcI c >� dqg

]
f

s_> ' u� +914;,

Zh qrz zdqw wr nqrz zkdw ixqfwlrqv duh Ohehvjxh lqwhjudeoh dqg wkh uhdghu

pd| douhdg| vxvshfw zkdw wkh dqvzhu lv1

Wkhruhp 91517 Ohw EfcI c >� eh d �qlwh phdvxuh vsdfh dqg ohw s eh d erxqghg

uhdo0ydoxhg ixqfwlrq1 Wkhq s lv Ohehvjxh lqwhjudeoh l� lw lv I 0phdvxudeoh1

Surri Vhh ^73`1

Wkh lghd ri wkh surri lv wkdw I 0phdvxudeoh ixqfwlrqv/ dqg rqo| I 0phdvxudeoh

ixqfwlrqv/ fdq eh duelwudulo| zhoo dssur{lpdwhg e| I0vlpsoh ixqfwlrqv1 Wklv lghd

zloo eh uhlwhudwhg lq d voljkwo| gl�huhqw frqwh{w ehorz1

H{dpsoh 91514 +d qrq0phdvxudeoh ixqfwlrq, Ohw f ' dfc �o/ohw

I '
�
dfc �o cBc

�
fc �

2

�
c
�
�

2
c �
��
c dqg ohw s E%� ' %� Wkhq u ' �

e
dqg u ' �

e
1

Zh qrz gh�qh wkh lqwhjudo ri d qrq0qhjdwlyh phdvxudeoh ixqfwlrq1

Gh�qlwlrq 915148 Ohw EfcI c >� eh d phdvxuh vsdfh dqg ohw s eh d qrq0qhjdwlyh

phdvxudeoh uhdo0ydoxhg ixqfwlrq1 Wkhq zh gh�qh

]
f

s_> ' t�T
) vlpsoh

)$s

]
f

)_>� +914<,

Uhpdun 91517 Li wkh uljkw kdqg vlgh kdv qr xsshu erxqg/ zh zulwh
U
f

s_> ' n41
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Uhpdun 91518 Wkh uhdvrq iru frq�qlqj rxu dwwhqwlrq lqlwldoo| wr qrq0qhjdwlyh

ixqfwlrqv lv wr dyrlg jhwwlqj lqwr wurxeoh zlwk ixqfwlrqv vxfk dv s E%� ' % rq U

lqwr U zkhuh wkh lpsurshu Ulhpdqq lqwhjudo ryhu U ri s lv �qlwh exw wkdw ri ms m

lv qrw1

Zh qrz vwdwh d yhu| lpsruwdqw wkhruhp zklfk zh kdyh douhdg| klqwhg dw dqg

zklfk zh*oo �qg yhu| xvhixo odwhu rq1 Lw prwlydwhv +djdlq, zk| zh frq�qhg rxu

dwwhqwlrq wr phdvxudeoh qrq0qhjdwlyh ixqfwlrqv lq wkh suhfhglqj wkhruhp1

Wkhruhp 91518 Ohw EfcI� eh d phdvxudeoh vsdfh dqg ohw s G f $ U eh qrq0

qhjdwlyh dqg I0phdvxudeoh1 Wkhq/ dqg rqo| wkhq/ gr wkhuh h{lvw I0vlpsoh ixqf0

wlrqv )?( ? ' �c 2c ��� vxfk wkdw

41 f � )
�
� )

2
� � � � � s

51 )? E%�$ s E%� iru hdfk % 5 f1

Surri 41 +,, Wr hdfk srvlwlyh lqwhjhu ? dqg hdfk uhdo qxpehu + fruuhvsrqgv d

xqltxh lqwhjhu & ' &? E+� vxfk wkdw & � 23? � + 	 E& n �� � 23?1 Gh�qh

r? E+� '

;A?
A=

&? E+� � 2
3? li f � + 	 ?

? rwkhuzlvh
+9153,

Qrwh wkdw wkh r? duh Eruho ixqfwlrqv1 Qrz gh�qh iru hdfk ? ' �c 2c ���

wkh ixqfwlrqv

)? ' r? � s +9154,

zklfk duh I 0vlpsoh e| Wkhruhp +91515,1

51 ++, Wkh frqyhuvh lv ohiw dv dq h{huflvh1

Uhpdun 91519 Qrwh wkdw lw lv srvvleoh iru wkh frqyhujhqfh wr eh prqrwrqh1 Wklv

zloo eh hvvhqwldo iru wkh xvhixoqhvv ri wkh Prqrwrqh Frqyhujhqfh Wkhruhp +vhh

ehorz,1
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Lw lv qrz wlph wr gh�qh wkh lqwhjudo ri vljqhg ixqfwlrqv1 Wkdw lv grqh dv

iroorzv1 Wkh lghd lv wr lqwhjudwh wkh srvlwlyh dqg qhjdwlyh sduwv ri d ixqfwlrq

vhsdudwho|1 Wkh srlqw ri wklv/ dv zh srlqwhg rxw deryh/ lv wr dyrlg wkh sureohpdwlf

skhqrphqrq ri lq�qlwlhv fdqfhoolqj rxw dv lq wkh fdvh ri s E%� ' % rq U1

Gh�qlwlrq 915149 Ohw s G f $ U eh dq duelwudu| uhdo0ydoxhg ixqfwlrq rq f1

Wkhq wkh srvlwlyh sduw ri s lv gh�qhg yld

sn E%� ' 4@ ds E%� c fo +9155,

dqg wkh qhjdwlyh sduw ri s lv gh�qhg yld

s3 E%� ' 4@ d�s E%� c fo +9156,

Qrwh wkdw wkh qhjdwlyh sduw ri s lv d qrqqhjdwlyh ixqfwlrq dqg wkdw

s ' sn � s3� +9157,

Gh�qlwlrq 91514: Ohw EfcI c >� eh d phdvxuh vsdfh dqg ohw s eh d phdvxudeoh

ixqfwlrq vxfk wkdw ]
f

ms m _> 	4 +9158,

+Qrwh wkdw ms m lv phdvxudeoh vlqfh ms m ' sn n s3 dqg dovr qrqqhjdwlyh vr wkh

Ohehvjxh lqwhjudo lv gh�qhg e| Gh�qlwlrq 915148�, Wkhq s lv vdlg wr eh Ohehvjxh

lqwhjudeoh rq EfcI c >�1 Zh zulwh s 5 O� EfcI c >� dqg gh�qh

]
f

s_> '

]
f

sn_>�

]
f

s3_> +9159,

Ilqdoo|/ zh zdqw wr gh�qh wkh lqwhjudo ryhu vxevhwv ri f1 Wkdw lv grqh lq wkh

iroorzlqj zd|1
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Gh�qlwlrq 91514; Ohw EfcI c >� eh d phdvxuh vsdfh dqg ohw s eh dq lqwhjudeoh

ixqfwlrq1 Ohw � 5 I 1 Wkhq

]
�

s_> '

]
f

EU� � s� _> +915:,

Zh qrz olvw vrph edvlf surshuwlhv ri wkh Ohehvjxh lqwhjudo1 Dv zlwk wkh

Ulhpdqq lqwhjudo/ wkh| duh lqwlpdwho| uhodwhg wr wkh idfw wkdw wkh lqwhjudo lv d

olplw ri d vxp1

Wkhruhp 91519 Ohw sc } 5 O� EfcI c >� dqg ohw k/ q eh vfdoduv1 Wkhq

41
U
f

Eks n q}� _> ' k
U
f

s_>n q
U
f

}_>c

51 s � } ,
U
f

s_> �
U
f

}_>c dqg

61

����U
f

s_>

���� � U
f

ms m _>�

Surri Vhh ^4:`1

916 Wkh Prqrwrqh Frqyhujhqfh Wkhruhp

91614 Prwlydwlrq

Pdq| wkhruhpv duh hdv| wr suryh li wkh ixqfwlrqv lqyroyhg duh lqglfdwru ixqfwlrqv/

dqg e| wkh olqhdulw| ri wkh lqwhjudo/ wkh| dovr krog iru vlpsoh ixqfwlrqv1 Wkh qh{w

vwhs lv wr vkrz wkdw wkh wkhruhp krogv iru duelwudu| qrq0qhjdwlyh phdvxudeoh ixqf0

wlrqv/ dqg wklv lv grqh e| lqyrnlqj wkh Prqrwrqh Frqyhujhqfh Wkhruhp +PFW,1

Wkh �qdo vwhs/ zklfk suryhv wkh wkhruhp iru duelwudu| lqwhjudeoh ixqfwlrqv/ suryhv

lw iru sn dqg s3 vhsdudwho| e| lqyrnlqj wkh PFW dqg wkhq dggv xs1 Vr wkh rqo|

kdug sduw lv wdnhq fduh ri e| wkh PFW> wkh uhvw lv wulyldo1 Kdylqj prwlydwhg lw/
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zh qrz suhvhqw wkh Prqrwrqh Frqyhujhqfh Wkhruhp/ zklfk lv wkh fhqwhuslhfh ri

Ohehvjxh*v dfklhyhphqw1

91615 Wkh wkhruhp

Wkhruhp 91614 Ohw EfcI c >� eh d phdvxudeoh vsdfh dqg ohw ks?l eh d vhtxhqfh

ri qrq0qhjdwlyh phdvxudeoh ixqfwlrqv vxfk wkdw f � s� � s2 � � � � s? � � � � dqg

s? E%�$ s E%� iru doo % 5 f1 Wkhq]
f

s_> ' *�4
?<"

]
f

s?_> +915;,

Surri Vhh ^4:`1

Wklv lv e| idu wkh prvw lpsruwdqw frqyhujhqfh wkhruhp1 Rwkhuv lqfoxgh wkh

grplqdwhg frqyhujhqfh wkhruhp dqg Idwrx*v ohppd1 Vhh/ iru h{dpsoh/ ^57`1

917 Lqwhjudwlqj rq U

Dowkrxjk zh kdyh vwuhvvhg wkdw f fdq eh yluwxdoo| dq| vhw/ wkh fdvh f ' U lv

dq lpsruwdqw vshfldo fdvh1 Suhihudeo| zh zrxog olnh wr vkrz wkdw wkh Ohehvjxh

lqwhjudo ri s rq d@c Ko � U lv wkh vdph dv wkh +surshu, Ulhpdqq lqwhjudo rq d@c Ko

zkhqhyhu s lv Ulhpdqq lqwhjudeoh/ dqg wkdw wxuqv rxw wr eh srvvleoh1

Iluvw/ krzhyhu/ zh qhhg d phdvxuh 6 rq U zklfk lv d jhqhudol}dwlrq ri wkh

ohqjwk ri dq lqwhuydo1 Lghdoo|/ zh zrxog olnh lw wr kdyh wkh iroorzlqj surshuwlhv1

41 6 lv gh�qhg iru hyhu| � 5 2Uc

51 6 lv wudqvodwlrq lqyduldqw/ l1h1 li @ lv d uhdo qxpehu/ � � U dqg � '

i%n @ 5 U G % 5 �j/ wkhq 6 E�� ' 6 E�� c

61 6 lv frxqwdeo| dgglwlyh/ dqg
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71 zkhq U lv dq lqwhuydo/ 6 EU� lv lwv ohqjwk1

+Wudqvodwlrq lqyduldqfh orrnv devwudfw/ exw zkdw lw phdqv lv wkdw wkh phdvxuh

ri d vhw vkrxog qrw fkdqjh li wkh vhw lv phuho| vkliwhg e| @1,

Xqiruwxqdwho|/ wkhuh lv qr vxfk phdvxuh +li zh dffhsw wkh d{lrp ri fkrlfh/

vhh ^4;`1, Vr zh zloo gurs uhtxluhphqw +4,/ dqg gh�qh d phdvxuh 6 rq dv pdq|

vxevhwv ri U dv zh fdq1 Wklv fdq eh grqh lq vhyhudo zd|v/ exw wkh iroorzlqj vhhpv

wr ph wr eh wkh prvw lqwxlwlyh rqh +li qrw shukdsv whfkqlfdoo| wkh prvw hohjdqw,1

91714 Ohehvjxh phdvxuh

Wr pdnh wklqjv vlpsoh/ ohw*v wu| wr phdvxuh wkh vxevhwv ri wkh erxqghg lqwhuydo

dfc �o1 Zh ehjlq zlwk wkh rshq lqwhuydov1 Wkh| duh hdv| wr phdvxuh> wkhlu phdvxuh

lv mxvw wkhlu ohqjwk1 Wkhq wdnh wkh rshq vhwv1 Iruwxqdwho|/ +vhh ^4;`, hyhu| rshq vhw

lv wkh frxqwdeoh xqlrq ri glvmrlqw rshq lqwhuydov1 Vr zh xvh frxqwdeoh dgglwlylw| wr

phdvxuh doo wkh rshq vhwv1 Iru wkh forvhg vhwv8 � dfc �o/ zh vhw6 E8 � ' ��6 E8 S�

zkhuh 8 S lv rshq e| gh�qlwlrq1 Iru dq duelwudu| vhw � � dfc �o/ sxw

6 E�� ' �?u
�a�
� rshq

6 E�� c +915<,

dqg

6 E�� ' t�T
�a8

8 forvhg

6 E8 � 1 +9163,

Zkhqhyhu 6 E�� ' 6 E�� ' 6 E�� zh ghfoduh � wr eh Ohehvjxh phdvxudeoh/

dqg gh�qh lwv phdvxuh wr eh 6 E��1

Zh qrz zdqw wr nqrz zkhwkhu wkh idplo| ri Ohehvjxh phdvxudeoh vhwv lv

vxlwdeoh dv wkh grpdlq ri d phdvxuh +lv lw d j0dojheudB, dqg zkdw uhodwlrq/ li dq|/

lw kdv wr wkh idplo| ri Eruho vhwv +duh wkh| wkh vdphB,1 Zh dovr zdqw wr nqrz

zkhwkhu wkh ixqfwlrq zh kdyh gh�qhg lv d phdvxuh +lv lw frxqwdeo| dgglwlyhB,1

Zh kdyh wkh iroorzlqj uhvxowv1
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Wkhruhp 91714 Wkh idplo| O Edfc �o� ri Ohehvjxh phdvxudeoh vxevhwv ri dfc �o lv

d j�dojheud1 Pruhryhu/ hyhu| Eruho vhw lv Ohehvjxh phdvxudeoh/ l1h1 E Edfc �o� �

O Edfc �o� � Dovr/ iru dq| Ohehvjxh phdvxudeoh vhw � wkdw lv qrw Eruho phdvxudeoh/

zh kdyh 6 E�� ' f1 Ilqdoo|/ wkh ixqfwlrq 6 lv d +srvlwlyh, phdvxuh rq erwk

E Edfc �o� dqg O Edfc �o�1

Surri Vhh ^63`1

Lw lv srvvleoh wr h{whqg 6 iurp E Edfc �o� wr E EU� lq d xqltxh uhdvrqdeoh zd|

+vhh ^63`, dqg iru rxu sxusrvhv wkdw zloo vx!fh dv wkh gh�qlwlrq ri wkh Ohehvjxh

phdvxuh 61

H{dpsoh 91714 Frqvlghu wkh vhw ri udwlrqdo qxpehuv T1 Vlqfh T lv frxqwdeoh/

lw lv wkh frxqwdeoh xqlrq ri lqwhuydov ri wkh irup d^&c ^&o dqg khqfh ri ohqjwk }hur1

E| wkh frxqwdeoh dgglwlylw| ri 6/ zh kdyh 6 ET� '
"S
&'�

6 Ed^&c ^&o� '
"S
&'�

f ' f1

Frqvhtxhqwo| T dqg khqfh UT lv Eruho phdvxudeoh/ dqg

]
U

UT_6 ' f1

Zh qrz zdqw wr uhdvvxuh rxuvhoyhv wkdw wkh remhfw zh*yh mxvw frqvwuxfwhg lv

wkh vdph dv wkh Ulhpdqq lqwhjudo zkhqhyhu wkh odwwhu h{lvwv1 Wr rxu odvwlqj uholhi/

zh kdyh wkh iroorzlqj uhvxow1

Wkhruhp 91715 Ohw @c K eh uhdo qxpehuv dqg ohw s eh Ulhpdqq lqwhjudeoh +dqg

khqfh erxqghg, rq d@c Ko � Wkhq s 5 O� Ed@c Ko /E Ed@c Ko� /6� dqg

]
d@cKo

s_6 '

K]
@

s E%� _% +9164,

zkhuh wkh ohiw kdqg vlgh lv d Ohehvjxh lqwhjudo dqg wkh uljkw kdqg vlgh lv d Ulhpdqq

lqwhjudo1

Surri1 Vhh ^73`1



;7 FKDSWHU 91 WKH OHEHVJXH LQWHJUDO

Lghd ri surri1 Wkh xsshu dqg orzhu Ulhpdqq vxpv dssur{lpdwh s e| vwhs ixqf0

wlrqv1 Exw hyhu| vwhs ixqfwlrq lv dovr d vlpsoh ixqfwlrq/ vr- � u � u � -1

Khqfh zkhq - ' - zh dovr kdyh u ' u1

Uhpdun 91714 Lw pd| kdsshq wkdw wkh lpsurshu Ulhpdqq lqwhjudo h{lvwv exw wkh

Ohehvjxh lqwhjudo grhv qrw1 Dq h{dpsoh lv s E%� ' % rq U1 Krzhyhu/ vr orqj dv

ms m lv erwk Ohehvjxh dqg lpsurshuo| Ulhpdqq lqwhjudeoh rq U/ wkh wzr lqwhjudov

duh wkh vdph1

Uhpdun 91715 Khqfhiruwk/ wkh qrwdwlrq
KU
@

s E%� _% zloo eh xvhg wr phdq wkh Ohehvjxh

lqwhjudo ri s ryhu d@c Ko zlwk uhvshfw wr 61

Htxlsshg zlwk wkh Ohehvjxh dssdudwxv/ lw lv srvvleoh wr suryh +dowkrxjk zh

zrq*w, wkdw wkh Ulhpdqq lqwhjudeoh ixqfwlrqv duh suhflvho| wkrvh zklfk duh vxfk

wkdw wkh vhw ri srlqwv ri glvfrqwlqxlw| kdv Ohehvjxh phdvxuh }hur1 Vr rqh +vorss|,

zd| wr wklqn derxw rxu uhvxowv vr idu lv wkdw wkh Ulhpdqq lqwhjudeoh ixqfwlrqv

duh wkh qhduo| frqwlqxrxv rqhv/ dqg wkh Ohehvjxh lqwhjudeoh ixqfwlrqv duh wkh

voljkwo| ohvv qhduo| frqwlqxrxv rqhv/ zkhuh cvoljkwo| ohvv qhduo| frqwlqxrxv* phdqv

phdvxudeoh1 Wr vhh krz phdvxudelolw| lv uhdoo| d jhqhudol}dwlrq ri frqwlqxlw|/

uhfdoo wkdw wkh lqyhuvh lpdjh ri dq rshq vhw xqghu d frqwlqxrxv ixqfwlrq lv djdlq

dq rshq vhw1 Vlploduo|/ wkh lqyhuvh lpdjh ri d Eruho vhw xqghu d Eruho ixqfwlrq lv

djdlq d Eruho vhw1

Pdwkhpdwlfldqv riwhq vwuhvv wkdw wkh vwhs iurp Ulhpdqq wr Ohehvjxh lqwhjud0

wlrq lv d surfhvv ri forvxuh/ l1h1 ri c�oolqj lq wkh krohv* lq d fhuwdlq vhqvh1 Wkh

iroorzlqj wkhruhp vxevwdqwldwhv wkdw fodlp1

Wkhruhp 91716 Ohw - Ed@c Ko� eh wkh vsdfh ri Ulhpdqq lqwhjudeoh ixqfwlrqv s rq



9181 WKH O� VSDFHV ;8

d@c Ko zlwk wkh qrup

nsn '

K]
@

ms E%�m _% +9165,

Wkhq O� Ed@c Ko cE Ed@c Ko� /6� lv wkh forvxuh ri - Ed@c Ko�1

Surri Vhh ^74`1

Zh qrz nqrz wkdw wkh Ulhpdqq lqwhjudeoh ixqfwlrqv duh dovr Ohehvjxh lq0

whjudeoh1 Wklv lpsolhv/ iru h{dpsoh/ wkdw wkh erxqghg frqwlqxrxv ixqfwlrqv

s G U$ U duh Ohehvjxh lqwhjudeoh rq Ed@c Ko cE Ed@c Ko� /6� � Pruh jhqhudoo|/ Wkh0

ruhp 91517 whoov xv wkdw wkh erxqghg Eruho ixqfwlrqv duh Ohehvjxh lqwhjudeoh rq

wklv vsdfh1

H{huflvh 91714 Vkrz wkdw hyhu| frqwlqxrxv ixqfwlrq s G U$ U lv Eruho phd0

vxudeoh1 Klqw= Xvh wkdw wkh lqyhuvh lpdjh ri hyhu| rshq vhw xqghu d frqwlqxrxv

pdsslqj lv rshq1

918 Wkh OR vsdfhv

Khuh wkh lghd lv wr gh�qh lqwhuhvwlqj phwulf/ Edqdfk dqg Kloehuw vsdfhv ri ixqf0

wlrqv/ wdnlqj dgydqwdjh ri wkh idfw wkdw +jlyhq vxlwdeoh qrupv, vsdfhv ri Ohehvjxh

lqwhjudeoh ixqfwlrqv duh frpsohwh1

Gh�qlwlrq 91814 Ohw EfcI c >� eh d phdvxuh vsdfh dqg ohw R eh d srvlwlyh lqwhjhu

ru wkh qxpehu n41 Iru R 	4/ OR EfcI c >� lv wkh vsdfh ri phdvxudeoh ixqfwlrqv

s vxfk wkdw ]
f

ms mR _> 	4 +9166,

zlwk wkh qrup

nsnR '

5
7]
f

ms mR _>

6
8
�*R

+9167,
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Iru R ' 4/ zh uhtxluh iru s 5 O" EfcI c >� wkdw wkhuh lv d qxpehu � vxfk

wkdwms m � � doprvw hyhu|zkhuh +>,/ dqg gh�qh nsn
"

wr eh wkh vpdoohvw vxfk

qxpehu1 Irupdoo|/ zh zulwh

nsn
"
' �?u

�MU
ims m �� d1h1 E>�j +9168,

dqg fdoo nsn
"

wkh hvvhqwldo vxsuhpxp ri s 1

Uhpdun 91814 Iru wklv wr pdnh vhqvh/ zh qhhg wr frq�up wkdw wkh ixqfwlrqv

n�nR uhdoo| duh qrupv/ dqg wkdw lv dfwxdoo| kdug zrun1 Exw lw fdq eh grqh1 Vhh

^4;`1

Zh qrz kdyh wkh iroorzlqj wkhruhpv/ zklfk hvwdeolvk wkh xvhixoqhvv ri wkh

Ohehvjxh lqwhjudo iru ixqfwlrqdo dqdo|vlv1

Wkhruhp 91814 Ohw EfcI c >� eh d phdvxuh vsdfh dqg ohw R eh d srvlwlyh lqwhjhu

ru wkh qxpehu n41 Vxssrvh dovr wkdw zh uhjdug wzr ixqfwlrqv s dqg } dv wkh

vdph li s ' } d1h1 Qrz dvvrfldwh wkh vsdfh OR EfcI c >� zlwk wkh qdwxudo dgglwlrq

dqg vfdodu pxowlsolfdwlrq rshudwlrqv/ l1h1 gh�qh Es n }� E%� ' s E%� n } E%� dqg

Eks� E%� ' ks E%�1 Wkhq OR EfcI c >� lv d Edqdfk +dqg khqfh dovr d frpsohwh

phwulf, vsdfh1

Surri1 Vhh ^4;`1

Uhpdun 91815 Wkh elw derxw lghqwli|lqj ixqfwlrqv zklfk duh htxdo d1h1 lv wr

jxdudqwhh wkdw wkh phwulf b Esc }� ' ns � }n vdwlv�hv wkh d{lrp b Esc }� ' f l�

s ' }1 Qrwh wkdw zkhqhyhu dsso|lqj d phwulf/ Edqdfk ru Kloehuw vsdfh wkhruhp

zklfk jxdudqwhhv d xqltxh hohphqw zklfk vdwlv�hv vrph vhw ri frqglwlrqv wr wkhOR

vsdfhv/ lw zloo phdq wkdw li sc } duh wzr hohphqwv zklfk erwk vdwlvi| wkh frqglwlrqv/

wkhq s ' } d1h15

5 D irupdo zd| ri ghdolqj zlwk wklv sureohp lv wr vd| wkdw wkh hohphqwv ri Os duh qrw

ixqfwlrqv exw htxlydohqfh fodvvhv ri ixqfwlrqv xqghu wkh htxlydohqfh uhodwlrq d1h10htxdolw|1 Vhh



Fkdswhu :

Suredelolw|

:14 Lqwurgxfwlrq

Wklv fkdswhu surylghv wkh edvlf gh�qlwlrqv lq suredelolw| wkhru| zlwkrxw frqwdlq0

lqj pxfk lq wkh zd| ri dssolfdwlrqv ru frqfuhwh uhvxowv1 Lq sduwlfxodu/ zh zrq*w

wdon derxw frqfuhwh suredelolw| glvwulexwlrqv vxfk dv wkh qrupdo ru Srlvvrq glv0

wulexwlrq> qru gr L suryh ru hyhq vwdwh dq| odzv ri odujh qxpehuv ru fhqwudo olplw

wkhruhpv1 Iru doo ri wkdw/ vhh wkh errnv lq wkh eleolrjudsk| +dqg pdq| ri wkh

rwkhu frxuvhv rq wkh judgxdwh surjudp,1

Qhyhuwkhohvv/ wkh pdwhuldo lq wklv fkdswhu grhv surylgh d yhu| srzhuixo wrroer{

zklfk/ rqfh judvshg/ fdq eh dssolhg zlwk d yhu| vpdoo h�ruw2sd|r� udwlr1 Vhh/ iru

h{dpsoh/ vhfwlrqv <151; dqg 43161<1 Lq dq| fdvh/ lw jlyhv wkh qhfhvvdu| frqfhswxdo

irxqgdwlrqv iru dq| ixuwkhu vwxg| ri suredelolw| wkhru|1

:15 Suredelolw| vsdfhv dqg udqgrp yduldeohv

Suredelolw| wkhru| ehjlqv zlwk d phdvxuh vsdfh ElcI c � � zkhuh l lv d vhw ri

srlqwv fdoohg rxwfrphv +ghqrwhg jhqhulfdoo| e| /,/ I lv d j�dojheud ri vxevhwv

<6



<7 FKDSWHU :1 SUREDELOLW\

ri l fdoohg hyhqwvc dqg � lv d +srvlwlyh, phdvxuh zklfk dvvljqv suredelolwlhv wr

wkh hyhqwv lq I 1 Zh zloo vd| wkdw dq hyhqw � 5 I rffxuv li / 5 �1

Gh�qlwlrq :1514 D suredelolw| vsdfh lv d phdvxuh vsdfh ElcI c � � zlwk � El� '

�� D phdvxuh � zlwk wklv surshuw| lv fdoohg d suredelolw| phdvxuh1 Li vrphwklqj

lv wuxh d1h1 +� ,/ zh riwhq vd| wkdw lw krogv d1v1 +doprvw vxuho|,1

Vflhqwlvwv duh irqg ri wklqnlqj ri d suredelolw| vsdfh dv ghvfulelqj dq h{shul0

phqwdo vlwxdwlrq/ exw zh fdq wklqn ri lw pruh eurdgo| dv fdswxulqj d vlwxdwlrq ri

xqfhuwdlqw|1

Gh�qlwlrq :1515 D vwrfkdvwlf yduldeoh +udqgrp yduldeoh, rq d suredelolw| vsdfh

ElcI c � � lv dq I0phdvxudeoh pdsslqj f G l$ U1

Zh pd| lqwhusuhw wklv +lqirupdoo|, dv wkh +xqnqrzq, rxwfrph / jlylqj ulvh

wr wkh +revhuyhg, ydoxh f E/�1

Gh�qlwlrq :1516 Wkh +xqfrqglwlrqdo, h{shfwdwlrq ri d udqgrp yduldeohf lv gh0

�qhg yld

. dfo '

]
l

f E/� _� E/� � +:14,

Gh�qlwlrq :1517 D udqgrp yduldeoh lv vdlg wr eh lqwhjudeoh li . dmfmo 	 4

dqg vtxduh lqwhjudeoh li .
�
mfm2

�
	 4� Zh zulwh f 5 u� ElcI c � � dqg f 5

u2 ElcI c � � c uhvshfwlyho|1

Gh�qlwlrq :1518 Ohw f eh vtxduh lqwhjudeoh1 Wkhq lwv yduldqfh lv gh�qhg yld

T dfo ' .
�
Ef � . dfo�2

�
� +:15,

Uhpdun :1514 Li f lv frpsoh{0ydoxhg/ wkh irupxod lv

T dfo ' .
�
mf � . dfom2

�
� +:16,



:151 SUREDELOLW\ VSDFHV DQG UDQGRP YDULDEOHV <8

Gh�qlwlrq :1519 Ohw f dqg t eh vtxduh lqwhjudeoh1 Wkhq wkhlu fryduldqfh lv

gh�qhg yld

�J� dfct o ' .
�
Eft �. dft o�2

�
� +:17,

Gh�qlwlrq :151: Ohw j eh d yhfwru ri vwrfkdvwlf yduldeohv1 Wkhq lwv fryduldqfh

pdwul{ lv gh�qhg yld

T djo ' .
k
Ej� . djo� Ej�. djo�A

l
� +:18,

Uhpdun :1515 Li wkh hohphqwv ri j duh frpsoh{ ydoxhg/ wkh ruglqdu| wudqvsrvh

A lv uhsodfhg e| wkh Khuplwldq wudqvsrvh M1

Gh�qlwlrq :151; Wkh glvwulexwlrq phdvxuh ri wkh udqgrp yduldeohf lv wkh phd0

vxuh >f gh�qhg rq E EU� yld >f E�� ' � Ef3� E���1

Uhpdun :1516 Lqvwhdg ri f3� E�� zh riwhq zulwh if 5 �j � Lq erwk fdvhv zh

phdq wkh vhw i/ 5 l G f E/� 5 �j1

Sursrvlwlrq :1514 Wkh ixqfwlrq 8f G U$ Un gh�qhg yld

8f E%� ' >f EE�4c %o� +:19,

lv d glvwulexwlrq ixqfwlrq dqg lv fdoohg wkh glvwulexwlrq ixqfwlrq ri wkh udqgrp

yduldeoh f1

Surri1 Vhh ^64`1

Uhpdun :1517 Zkloh wkhuh lv d rqh0rqh uhodwlrq ehwzhhq glvwulexwlrq phdvxuhv

dqg glvwulexwlrq ixqfwlrqv/ wkhuh lv d pdq|0rqh uhodwlrq ehwzhhq udqgrp yduldeohv

dqg glvwulexwlrq ixqfwlrqv1



<9 FKDSWHU :1 SUREDELOLW\

Kdsslo|/ zkdw |rx wkrxjkw |rx nqhz derxw wkh xqfrqglwlrqdo h{shfwdwlrq

+dqg krz wr fdofxodwh lw lq frqfuhwh lqvwdqfhv, uhpdlqv fruuhfw1 Pruh suhflvho|/

zh kdyh

. dfo '

]
U

%_>f '

]
U

%_8f E%� +:1:,

zkhuh wkh vhfrqg htxdolw| lv vlpso| wkh gh�qlwlrq ri wkh Ohehvjxh0Vwlhowmhv lqwh0

judo1

Li >f � 6 zkhuh 6 lv wkh Ohehvjxh phdvxuh/ wkhq wkh Udgrq0Qlnrg|p

wkhruhp jxdudqwhhv wkh h{lvwhqfh ri dq d1h1 E6� xqltxh ghqvlw| ixqfwlrq sf G

U$ Un vxfk wkdw

. dfo '

"]
3"

%sf E%� _%� +:1;,

D qhfhvvdu| dqg vx!flhqw frqglwlrq iru >f � 6 lv wkdw 8f lv devroxwho|

frqwlqxrxv +iru d gh�qlwlrq ri devroxwh frqwlqxlw| iru ixqfwlrqv/ vhh ^4;`,1 Wkhq

sf ' 8 �
f +zklfk lv gh�qhg doprvw hyhu|zkhuh vlqfh 8f lv prqrwrqh,1 D vx!flhqw

frqglwlrq lv wkdw 8f lv gl�huhqwldeoh hyhu|zkhuh1

D qlfh h{dpsoh/ wdnhq iurp ^57` zklfk vkrzv wkdw wklv devwudfw dssdudwxv lv

uhdoo| fdsdeoh ri gholyhulqj frqfuhwh uhvxowv/ lv wkh iroorzlqj1

Sursrvlwlrq :1515 Ohwf eh d qrq0qhjdwlyh vwrfkdvwlf yduldeoh1 Gh�qh if � |j '

i/ 5 l G f E/� � |j � Wkhq

. dfo '

"]
f

� Eif � |j� _|� +:1<,



:151 SUREDELOLW\ VSDFHV DQG UDQGRP YDULDEOHV <:

Surri1 E| xvlqj Ixelql*v wkhruhp/ zh jhw

. dfo '
U
l

f E/� _� E/� '
U
l

%
fE/�U
f

� � _|

&
_� E/� '

'
U
l

�
"U
f

UtfE��D|�_|

�
_� E/� '

"U
f

�U
l

UtfE��D|�_� E/�

�
_| '

' iIxelql$j '
"U
f

� Eif � |j� _|1

+:143,

Dqrwkhu h{dpsoh lv d jhqhudo yhuvlrq ri Fkhe|vkhy*v lqhtxdolw|/ zklfk kdv dq

h{wuhpho| vlpsoh surri lq wklv devwudfw vhwwlqj1

Sursrvlwlrq :1516 Ohwf eh d qrq0qhjdwlyh vwrfkdvwlf yduldeoh dqg ohw ) G U$ Un

eh d qrq0ghfuhdvlqj zlwk ixqfwlrq +zlwk ) E%� : f zkhqhyhu % : f� vxfk wkdw

) Ef� lv lqwhjudeoh1 Wkhq/ iru hdfk 0 : f/

� Eif E/� � 0j� �
�

) E0�
. d) Ef�o 1 +:144,

Surri1

. d) Ef�o '
U
l

) Ef E/�� _� �
U

tfE/�D0�

) Ef E/�� _� �

�
U

tfE/�D0�

) E0� _� ' ) E0�� Eif E/� � 0j� �

+:145,

Fruroodu| :1514 Ohw f eh d vtxduh lqwhjudeoh udqgrp yduldeoh zlwk h{shfwhg

ydoxh >1 Wkhq

� Eimf E/�� >m � 0j� �
�

02
.
�
mf � >m2

�
'

�

02
T dfo � +:146,



<; FKDSWHU :1 SUREDELOLW\

:16 Lqirupdwlrq dqg j0dojheudv

Zkhq frqvlghulqj j0dojheudv J � I rqh pd| lqwhusuhw J dv wkh dprxqw ri dydlo0

deoh lqirupdwlrq1 Lqwxlwlyho|/ li rxu lqirupdwlrq lv jlyhq e| J/ zh fdq glvwlqjxlvk

ehwzhhq wkh hyhqwv lq J lq wkh vhqvh wkdw iru dq| hyhqw C 5 J zh nqrz zlwk

shuihfw fhuwdlqw| zkhwkhu ru qrw lw kdv rffxuuhg1 Jlyhq wklv/ lw pdnhv vhqvh wr

vd| wkdw li J � K/ wkhq K frqwdlqv qr ohvv lqirupdwlrq wkdq J1 Dovr/ lw lv

whpswlqj wr vd| wkdw J ' j ivlqjohwrqvj fruuhvsrqgv wr ixoo lqirupdwlrq vlqfh lw

vkrxog hqdeoh xv wr whoo h{dfwo| zkdw / kdv ehhq gudzq1 Exw wklv wxuqv rxw wr

eh dq dznzdug zd| ri gh�qlqj ixoo lqirupdwlrq lq jhqhudo +vhh H{huflvh :1819,

dowkrxjk dgplwwhgo| lw pdnhv shuihfw vhqvh zkhq l lv d �qlwh vhw1 Lqvwhdg/ zh

zloo gh�qh ixoo lqirupdwlrq dv J ' I / vlqfh wkhq rxu lqirupdwlrq hqdeohv xv wr

iruhfdvw shuihfwo| wkh uhdol}hg ydoxh ri hyhu| udqgrp yduldeoh1 Ilqdoo|/ zh zloo

vd| wkdw J ' ilcBj +wkh wulyldo j0dojheud, fruuhvsrqgv wr qr lqirupdwlrq1

Dowhuqdwlyho|/ zh pljkw iroorz ^57` lq whoolqj wkh iroorzlqj vwru|1 Vxssrvh rxu

j0dojheud J lv jhqhudwhg e| d �qlwh sduwlwlrq S1

+l, Vrphrqh +W|fkh/ wkh qruqv/ Jxvwdi Olqghqfurqd/ ru zkrhyhu lw lv, fkrrvhv

dq rxwfrph / 5 l zlwkrxw whoolqj xv zklfk1 +Rq d frpsxwhu/ |rx fdq csod| qruq*

e| vhwwlqj wkh vhhg iru wkh udqgrp qxpehu jhqhudwru1,

+ll, Zkloh zh grq*w nqrz zklfk / 5 l kdv ehhq fkrvhq/ zh duh/ krzhyhu/ wrog

+e| dq rudfoh/ Kxjlq ) Pxqlq/ ru Grnwrudqgphgghodqghw ru zkdwhyhu, lq zklfk

frpsrqhqw �& 5 S / olhv1 Lq sudfwlfh/ wklv frxog eh duudqjhg e| doorzlqj xv wr

revhuyh d vwrfkdvwlf yduldeoh gh�qhg yld

f E/� '
?[

&'�

&U�& E/� 1 +:147,

Wr  hvk wklv rxw d olwwoh elw pruh/ |rx pd| zdqw wr wklqn wkdw jhwwlqj cpruh

lqirupdwlrq* lq wklv frqwh{w zrxog fruuhvsrqg wr kdylqj d c�qhu* sduwlwlrq/ zkhuh



:161 LQIRUPDWLRQ DQG j0DOJHEUDV <<

d sduwlwlrq T �qhu wkdq S dulvhv iurp fkrsslqj xs wkh frpsrqhqwv ri S1 Lw

iroorzv/ ri frxuvh/ wkdw j ES� � j ET�/ zklfk zdv rxu ruljlqdo +dqg pruh jhqhudo,

gh�qlwlrq ri cpruh lqirupdwlrq*1

Lq dq| fdvh/ qrwlfh wkdw wkh d{lrpv wkdw fkdudfwhul}h d j�dojheud dffrug zhoo

zlwk rxu lqwxlwlrqv derxw lqirupdwlrq1 Reylrxvo|/ zh vkrxog nqrz zkhwkhu l/

vlqfh lw dozd|v rffxuv e| gh�qlwlrq1 Dovr/ li zh nqrz zkhwkhu �/ zh vkrxog

nqrz zkhwkhu qrw0� wrr1 Vlploduo|/ li zh nqrz zkhwkhu � dqg zkhwkhu �/ zh

vkrxog nqrz zkhwkhu � ^ �1 Frxqwdeoh xqlrqv duh shukdsv d olwwoh wulfnlhu wr

prwlydwh lqwxlwlyho|> wkh| duh wkhuh hvvhqwldoo| iru whfkqlfdo uhdvrqv1 Lq sduwlfxodu/

wkh| doorz xv wr suryh ydulrxv olplw wkhruhpv zklfk duh sduw ri wkh srlqw ri wkh

Ohehvjxh wkhru|1

Lq hfrqrplf prghoolqj/ lw lv sodxvleoh wr doorz ghflvlrqv wr ghshqg rqo| xsrq

wkh dydlodeoh lqirupdwlrq1 Pdwkhpdwlfdoo|/ wklv phdqv wkdw li wkh djhqw*v lqiru0

pdwlrq lv jlyhq e| J/ wkhq khu ghflvlrq pxvw eh d J0phdvxudeoh udqgrp yduldeoh1

Wkh lqwhusuhwdwlrq ri wklv lv wkdw wkh lqirupdwlrq lq J vx!fhv wr jlyh xv shuihfw

nqrzohgjh ri wkh ghflvlrq1 Wkxv zkhq lw lv wlph iru wkh djhqw wr dfw/ vkh nqrzv

suhflvho| zkdw wr gr1

Dw wklv vwdjh lw lv zruwk wklqnlqj derxw zkdw lw phdqv iru d vwrfkdvwlf yduldeoh

f wr eh J0phdvxudeoh1 Lqwxlwlyho|/ lw phdqv wkdw wkh lqirupdwlrq lq J vx!fhv lq

rughu wr nqrz wkh ydoxh f E/�1 Wr pdnh wklv pruh frqfuhwh/ vxssrvh wkdw J lv

jhqhudwhg e| d sduwlwlrq S1 Wkhq iruf wr eh J0phdvxudeoh/f kdv wr eh frqvwdqw

rq hdfk hohphqw �& 5 S1 Lw iroorzv wkdw nqrzlqj zklfk hohphqw �& kdv rffxuuhg

lv hqrxjk wr eh deoh wr whoo zkdw wkh ydoxh ri f E/� pxvw eh1

Dv d ixuwkhu looxvwudwlrq ri wkh idfw wkdw j0dojheudv gr d jrrg mre lq prghoolqj

lqirupdwlrq/ zh kdyh wkh iroorzlqj uhvxow1

Gh�qlwlrq :1614 Ohw ifkc k 5 Uj eh d idplo| ri udqgrp yduldeohv1 Wkhq wkh
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j0dojheud }e?eo@|e_ e| ifkc k 5 Uj/ ghqrwhg e| j ifkc k 5 Uj lv wkh vpdoohvw j0

dojheud J vxfk wkdw doo wkh udqgrp yduldeohv lq ifkc k 5 Uj duh J0phdvxudeoh1

Uhpdun :1614 Vxfk d j0dojheud h{lvwv e| Sursrvlwlrq 915161 +Uhfdoo wkh surri=

frqvlghu wkh lqwhuvhfwlrq ri doo j0dojheudv rq l vxfk wkdw ifkc k 5 Uj duh phd0

vxudeoh1,

Sursrvlwlrq :1614 Ohw [ ' if�cf2c ���cf?j eh d �qlwh vhw ri udqgrp yduldeohv1

Ohw ~ eh d udqgrp yduldeoh1 Wkhq ~ lv j i[j0phdvxudeoh l� wkhuh h{lvwv d Eruho

phdvxudeoh ixqfwlrq s G U? $ U vxfk wkdw/ iru doo / 5 l/

~ E/� ' s Ef� E/� c f2 E/� c ���c f? E/�� � +:148,

Surri1 Wkh fdvh zkhq j i[j lv jhqhudwhg e| d �qlwh sduwlwlrq +l1h1 zkhq wkh

pdsslqj A G l$ U? gh�qhg yld A E/� ' kf�cf2c ���c f?l lv I 0vlpsoh, lv qrw wrr

kdug dqg lv ohiw dv dq h{huflvh1 Iru wkh jhqhudo fdvh/ vhh ^64`1

:1614 Ilowudwlrqv

Lw lv riwhq xvhixo wr ohw wkh dydlodeoh lqirupdwlrq fkdqjh dv wlph jrhv e|1 Wklv lv

grqh irupdoo| e| lqwurgxflqj d �owudwlrq1

Gh�qlwlrq :1615 D �owudwlrq lq glvfuhwh wlph lv d qrqghfuhdvlqj vhtxhqfh ri j0

dojheudv/ l1h1 d vhtxhqfh ri j0dojheudv kI|l vxfk wkdw r � |, Ir � I|1 Qrwh wkdw

wklv uxohv rxw irujhwwlqj e| gh�qlwlrq1

Gh�qlwlrq :1616 Ohw I eh d j0dojheud dqg ohw kI|l eh d �owudwlrq vxfk wkdw I| �

I iru hdfk |1 Wkhq kI|l lv fdoohg d �owudwlrq ri I 1

Gh�qlwlrq :1617 Wkh j0dojheud I" '
"b
|'f

I| lv fdoohg wkh wdlo j0dojheud ri kI|l �
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:17 Wkh frqglwlrqdo h{shfwdwlrq

Zh qrz zdqw wr gh�qh wkh frqglwlrqdo h{shfwdwlrq1 Wkh lghd zloo eh wr fdswxuh

irupdoo| wkh lqwxlwlyh lghd wkdw wkh frqglwlrqdo h{shfwdwlrq ri wkh udqgrp yduldeoh

f lv rxu ehvw jxhvv ri wkh uhdol}hg ydoxh f E/� jlyhq wkh lqirupdwlrq zh kdyh

dydlodeoh1

Gh�qlwlrq :1714 Ohw J � I eh d j0dojheud dqg ohw f 5 O2 ElcI c � � � Wkhq wkh

frqglwlrqdo h{shfwdwlrq t ' . dfmJo lv wkh surmhfwlrq ri f rqwr u2 ElcJc � �1

Uhpdun :1714 E| wkh Kloehuw vsdfh surmhfwlrq wkhruhp/ wkh frqglwlrqdo h{shfwd0

wlrq vroyhv

t ' 4�?
~Mn2Elc:c� �

.
�
Ef � ~�2

�
� +:149,

Uhpdun :1715 Wkh frqglwlrqdo h{shfwdwlrq lv lwvhoi d udqgrp yduldeoh1 Lwv ydoxh

lv xqfhuwdlq ehfdxvh lw ghshqgv rq suhflvho| zklfk hyhqwv C 5 J dfwxdoo| rffxu1

Lq rwkhu zrugv/ lw lv d +frqwlqjhqw, iruhfdvwlqj uxoh zkrvh rxwsxw +wkh iruhfdvw,

ghshqgv rq wkh frqwhqw ri wkh lqirupdwlrq uhyhdohg1 Iru h{dpsoh/ vxssrvh rxu

lqirupdwlrq vhw lv vxfk wkdw zh nqrz zkhwkhu wkh suhvlghqw kdv ehhq vkrw1 Wkhq

rxu dfwlrqv pd| ghshqg rq zkhwkhu kh lv ru lv qrw vkrw14

Wkh surmhfwlrq0edvhg gh�qlwlrq lv lqwxlwlyho| wkh prvw dsshdolqj rqh/ exw

xqiruwxqdwho| lw rqo| dssolhv wr vtxduh lqwhjudeoh vwrfkdvwlf yduldeohv1 Rqh zd|

wr h{whqg wkh gh�qlwlrq wr phuho| lqwhjudeoh vwrfkdvwlf yduldeohv lv wr qrwh wkdw

O2 lv ghqvh lq O� dqg gh�qh . dfmJo dv wkh olplw ri wkh vhtxhqfh k. df?mJol zkhuh

f? 5 O
2 dqg f? $ f +lq O�,1 Dqrwkhu zd| lv wkh iroorzlqj1

4 D uhdo0olih h{dpsoh ri d iruhfdvwlqj uxoh lv cD uhg pruqlqj lv d vdloru*v zduqlqj 0 d uhg qljkw

lv d vdloruv gholjkw*1 Qrwh wkdw wkh rxwsxw ri wklv uxoh/ wkh iruhfdvw/ lv udqgrp vlqfh lw ghshqgv

rq zkhwkhu wkh pruqlqj lv uhg ru qrw dqg zkhwkhu wkh qljkw lv uhg ru qrw1 Qhyhuwkhohvv/ wklv

h{dpsoh lv sureohpdwlf vlqfh li erwk wkh pruqlqj dqg wkh hyhqlqj duh uhg/ wkhq zh kdyh erwk

d zduqlqj dqg d gholjkw/ vr wkdw wkh frqglwlrqdo h{shfwdwlrq lv vwulfwo| vshdnlqj qrw d ixqfwlrq

rq wkh vhw ri froruv ri wkh vn| dw ydulrxv wlphv lqwr wkh vhw izduqlqj/ gholjkwj1
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Sursrvlwlrq :1714 Ohw J � I eh d j0dojheud dqg ohw f 5 O� ElcI c � � � Wkhq

wkhuh lv dq d1v1 E� � xqltxh lqwhjudeoh udqgrp yduldeoh ~ vxfk wkdw

41 ~ lv J0phdvxudeoh dqg

51
U
C

f_� '
U
C

~_� iru hdfk C 5 J1

Xvlqj wklv uhvxow/ zh gh�qh . dfmJo ' ~�

Surri1 Wkh Udgrq0Qlnrg|p wkhruhp1

Uhpdun :1716 Vlqfh wkh frqglwlrqdo h{shfwdwlrq lv rqo| d1v1 E� � xqltxh/ prvw ri

wkh htxdwlrqv ehorz vwulfwo| vshdnlqj qhhg d txdoli|lqj cd1v1 E� �* dsshqghg wr wkhp

wr eh wuxh1 Exw vlqfh wklv lv d elw whglrxv/ zh dgrsw lqvwhdg wkh frqyhqwlrq wkdw

wkh vwdwhphqw f ' t phdqv � Ei/ 5 l G f E/� ' t E/�j� ' �1 Li wzr udqgrp

yduldeohv ` dqg ~ erwk txdoli| dv wkh frqglwlrqdo h{shfwdwlrq . dfmJo c wkhq zh

zloo vrphwlphv fdoo wkhp yhuvlrqv ri . dfmJo1

Wklv O�0edvhg gh�qlwlrq fdq eh lqwxlwlyho| prwlydwhg lqghshqghqwo| ri wkh

surmhfwlrq0edvhg gh�qlwlrq lq wkh iroorzlqj zd|1 Rq hyhqwv vxfk wkdw zh nqrz

zkhwkhu wkh| kdyh rffxuuhg/ rxu ehvw jxhvv ri f vkrxog wudfn f shuihfwo|1

Lq dq| fdvh/ lw kdg ehwwhu eh wuxh wkdw rxu wzr gh�qlwlrqv ri wkh frqglwlrqdo

h{shfwdwlrq frlqflgh zkhq wkh| erwk dsso|/ l1h1 rq O� _ O2 ' O21 Wkh| gr1 \rx

zloo eh dvnhg lq dq h{huflvh wr suryh wklv1

Kdylqj gh�qhg wkh frqglwlrqdo h{shfwdwlrq zlwk uhvshfw wr d j0dojheud/ zh

qrz gh�qh wkh frqglwlrqdo h{shfwdwlrq zlwk uhvshfw wr d idplo| ri vwrfkdvwlf

yduldeohv1

Gh�qlwlrq :1715 Ohw t 5 u� ElcI c � � dqg ohw ifkc k 5 Uj eh d idplo| ri udq0

grp yduldeohv1 Wkhq wkh frqglwlrqdo h{shfwdwlrq . dt m ifkc k 5 Ujo lv gh�qhg dv

. dt mj ifkc k 5 Ujo
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Vlqfh . dt mfo lv d j Ef��phdvxudeoh udqgrp yduldeoh/ wkhuh lv d Eruho ixqf0

wlrq s vxfk wkdw . dt mfo ' s Ef�1 Vrphwlphv zh xvh wkh qrwdwlrq s E%� '

. dt mf ' %o zkhuh wkh h{suhvvlrq rq wkh uljkw kdqg vlgh lv gh�qhg e| wkh ohiw

kdqg vlgh1

Gh�qlwlrq :1716 Ohw t 5 u� ElcI c � � dqg ohw f eh d vwrfkdvwlf yduldeoh1 Wkhq

wkh ixqfwlrq . dt mf ' %o lv gh�qhg dv dq| Eruho ixqfwlrq s G U$ U zlwk wkh

surshuw| wkdw s Ef� lv d yhuvlrq ri . dt mfo � Qrwh wkdw . dt mf ' %o lv qrw dozd|v

xqltxho| gh�qhg/ exw wkdw wklv grhv qrw pdwwhu lq sudfwlfh1

Kdylqj gh�qhg wkh frqglwlrqdo h{shfwdwlrq/ zh qrz qrwh vrph ri lwv surshu0

wlhv1 Ohw wkh jlyhq suredelolw| vsdfh eh ElcI /� �1

Sursrvlwlrq :1715 Ohw J ' ilcBj1 Wkhq . dfmJo ' . dfo1

Surri1 H{huflvh1

Sursrvlwlrq :1716 Ohw f dqg t eh lqwhjudeoh udqgrp yduldeohv/ ohw J � I eh d

j0dojheud dqg ohw kc q eh vfdoduv1 Wkhq

. dkf n qt mJo ' k. dfmJo n q. dt mJo +:14:,

Surri1 H{huflvh1

Sursrvlwlrq :1717 +Odz ri lwhudwhg h{shfwdwlrqv, Ohw f 5 O� ElcI /� � dqg

ohw J � K � I eh j0dojheudv1 Wkhq

. d. dfmKo mJo ' . dfmJo +:14;,

Surri Zh fkhfn wkdw wkh ohiw kdqg vlgh vdwlv�hv wkh frqglwlrqv iru ehlqj wkh

frqglwlrqdo h{shfwdwlrq ri f zlwk uhvshfw wr J1 Fohduo| lw lv J0phdvxudeoh1

Qrz ohw C 5 J dqg zh kdyh/ vlqfh J � K dqg frqvhtxhqwo| C 5 K/]
C

. d. dfmKo mJo _� '

]
C

. dfmKo _� '

]
C

f_�� +:14<,
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�

Fruroodu| :1714 Ohw f 5 O� ElcI /� � dqg ohw J � I eh d j0dojheud1 Wkhq

. d. dfmJoo ' . dfo1

Sursrvlwlrq :1718 Ohw f dqg t eh udqgrp yduldeohv vxfk wkdwft lv lqwhjudeoh1

Ohw J � I eh d j0dojheud dqg vxssrvh f lv J0phdvxudeoh1 Wkhq

41 . dfmJo ' f dqg

51 . dft mJo ' f. dt mJo �

Surri1 +4, lv wulyldo1 Wr suryh +5,/ qrwh �uvw wkdw/ e| Wkhruhp 91514/ wkh uljkw

kdqg vlgh lv J0phdvxudeoh1 Wr vkrz wkdw wkh uljkw kdqg vlgh lqwhjudwhv wr wkh

uljkw wklqj/ vxssrvh f ' UC zkhuh C 5 J1 Ohw 8 5 J1 Wkhq

]
8

f. dt mJo _� '

]
8

UC. dt mJo _� '

]
CK8

. dt mJo _� '

' iEC _ 8 � 5 J-j '

]
CK8

t _� '

]
8

UCt _� '

'

]
8

ft _�

+:153,

Wr vkrz wkh pruh jhqhudo fdvh/ vkrz lw iru vlpsoh ixqfwlrqv dqg wkhq xvh wkh

PFW1

Zh hqg wkh glvfxvvlrq ri wkh frqglwlrqdo h{shfwdwlrq e| gh�qlqj wkh frqgl0

wlrqdo suredelolw| ri dq hyhqw1 Zh wkhq qrwh zlwk vdwlvidfwlrq wkdw rxu irupdo

gh�qlwlrq vxevwdqwldwhv rxu fodlp deryh wkdw li rxu lqirupdwlrq lv jlyhq e| J/

wkhq zh nqrz/ iru doo hyhqwv C 5 J zkhwkhu ru qrw wkh| kdyh rffxuuhg1
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Gh�qlwlrq :1717 Ohw ElcI c � � eh d suredelolw| vsdfh dqg ohw J � I eh d j�dojheud1

Ohw � 5 I 1 Wkhq wkh frqglwlrqdo � E�mJ� suredelolw| ri � jlyhq J lv gh�qhg yld

� E�mJ� ' . dU�mJo +:154,

Lw iroorzv iurp wklv gh�qlwlrq +zk|B, wkdw li C 5 J wkhq � E�mJ� ' � zkhq

C rffxuv dqg � E�mJ� ' f zkhq lw grhv qrw1

:18 Vwrfkdvwlf lqghshqghqfh

Gh�qlwlrq :1814 Wzr hyhqwv �c� 5 I duh vdlg wr eh lqghshqghqw li

� E� _�� ' � E��� E�� +:155,

Uhpdun :1814 Qrwh wkdw wkh frqfhsw ri lqghshqghqfh lv vwurqjo| wlhg wr wkh sdu0

wlfxodu suredelolw| phdvxuh wkdw zh duh frqvlghulqj1 Vwulfwo| vshdnlqj/ zh vkrxog

vd| � 0lqghshqghqw hwf1 udwkhu wkdq mxvw lqghshqghqw1

Wkh lqwxlwlyh lghd ehklqg wklv gh�qlwlrq ri lqghshqghqfh lv wkdw � lv dv olnho|

wr kdsshq zkhq zh nqrz wkdw � kdsshqv dv zkhq zh grq*w1 Wklv pd| eh

irupdol}hg dv +gudz d slfwxuh ri wklv$,

� E� _��

� E��
'
� E��

� El�
+:156,

ri zklfk +:155, lv d jhqhudol}dwlrq wr fryhu wkh srvvlelolw| wkdw � E�� ' f1

Gh�qlwlrq :1815 Wzr j0dojheudv JcK � I duh vdlg wr eh lqghshqghqw li

� EC _M� ' � EC�� EM� +:157,

iru doo C 5 J dqg M 5 K1



439 FKDSWHU :1 SUREDELOLW\

Uhpdun :1815 Qrwh wkdw wkh surshuw| ri lqghshqghqfh lv qrw wudqvlwlyh1 Khqfh

rqh pxvw wdnh fduh zkhq gh�qlqj lqghshqghqfh iru idplolhv ri vhwv ru j�dojheudv

zlwk pruh wkdq wzr phpehuv1 Vhh ^63` iru wkh frqyhqwlrqdo gh�qlwlrq1

Gh�qlwlrq :1816 Wzr udqgrp yduldeohv f dqg t duh vdlg wr eh lqghshqghqw li

j ifj dqg j it j duh lqghshqghqw1

Sursrvlwlrq :1814 Ohw f dqg t eh lqghshqghqw vtxduh lqwhjudeoh udqgrp ydul0

deohv1 Wkhq

. dft o ' . dfo. dt o 1 +:158,

Surri1 Wkh �uvw sduw ri wkh surri lv wr vkrz wkh uhvxow iru lqglfdwru ixqfwlrqv1

Vr ohw � 5 j ifj dqg � ' j it j1 Wkhq

. dU�U�o ' . dU�K�o '

]
l

U�K�_� ' � E� _ �� '

' � E��� E�� ' . dU�o. dU�o

+:159,

Wkh qh{w vwhs lv/ dv xvxdo/ wr xvh wkh olqhdulw| ri wkh lqwhjudo wr vkrz wkh uhvxow

iru vlpsoh ixqfwlrqv1 Wkh surri lv wkhq �qlvkhg e| lqyrnlqj wkh PFW wr vkrz

wkh jhqhudo uhvxow1

Zh hqg wklv fkdswhu zlwk d uhvxow wkdw vwdwhv wkdw li d j0dojheud J lv lqgh0

shqghqw ri wkh j0dojheud jhqhudwhg e| d udqgrp yduldeoh f/ wkhq J lv xvhohvv lq

iruhfdvwlqj f1

Sursrvlwlrq :1815 Ohw f eh dq lqwhjudeoh udqgrp yduldeoh dqg ohw J � I eh d

j0dojheud zklfk lv lqghshqghqw ri j Ef�1 Wkhq

. dfmJo ' . dfo � +:15:,
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Surri1 H{huflvh1

Mxvw dv iru wkh h{shfwhg ydoxh/ wkhuh lv d Mhqvhq*v lqhtxdolw|1

Sursrvlwlrq :1816 Vxssrvh s G U$ U lv frqyh{/ dqg vxssrvhfc s Ef� 5 O� ElcI c � �1

Ohw J � I eh d j0dojheud1 Wkhq/ iru ��doprvw doo //

s E. dfmJo E/�� � . ds Ef� mJo E/� � +:15;,

Surri1 Vhh ^67`1

H{huflvh :1814 Zkdw fodvv ri udqgrp yduldeohv duh phdvxudeoh zlwk uhvshfw wr

wkh wulyldo j0dojheud ilcBjB

H{huflvh :1815 Vkrz wkdw wkh Udgrq0Qlnrg|p wkhruhp jxdudqwhhv wkh h{lvwhqfh

ri wkh frqglwlrqdo h{shfwdwlrq ri dq lqwhjudeoh udqgrp yduldeoh1

H{huflvh :1816 Vkrz wkdw wkh wzr gh�qlwlrqv ri wkh frqglwlrqdo h{shfwdwlrq djuhh

rq O21 Klqwv= Wkhuh duh +dw ohdvw, wzr zd|v ri grlqj wklv1 Wkh �uvw zd| vkrzv wkdw

wkh h{shfwdwlrq huuru dulvlqj iurp wkh O�0edvhg gh�qlwlrq lv ruwkrjrqdo wr zkdw lw*v

vxssrvhg wr eh ruwkrjrqdo wr1 Wkh vhfrqg zd| vkrzv wkdw wkh O�0edvhg frqglwlrqdo

h{shfwdwlrq uhdoo| vroyhv wkh surmhfwlrq sureohp1 Wklv lv grqh e| cfrpsohwlqj wkh

vtxduh*1

H{huflvh :1817 Vkrz wkdw/ rq d �qlwh phdvxuh vsdfh/ O2 � O�1 Klqw= Rq �qlwh

phdvxuh vsdfhv/ wkh frqvwdqwv duh lqwhjudeoh1

H{huflvh :1818 Vkrz wkdw/ rq d �qlwh phdvxuh vsdfh/ O2 lv ghqvh lq O�c l1h1 iru

hdfk f 5 O� wkhuh lv d vhtxhqfh ri vwrfkdvwlf yduldeohv kf?l vxfk wkdw f? 5 O
2

dqg nf? �fn
�
$ f1 Klqwv= Qrwh wkdw erxqghg ixqfwlrqv rq �qlwh phdvxuh vsdfhv

duh vtxduh lqwhjudeoh1 Wkhq xvh wkh PFW1
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H{huflvh :1819 Frqvlghu wkh suredelolw| vsdfh Edfc �o cE Edfc �o� c6�1 Ohw f eh dq

duelwudu| lqwhjudeoh udqgrp yduldeoh1 Vkrz wkdw

. dfmj ivlqjohwrqvjo ' . dfo � +:15<,

vr wkdw/ idu iurp jlylqj ixoo lqirupdwlrq/ J ' j ivlqjohwrqvj lq d vhqvh lv dv edg

dv qr lqirupdwlrq dw doo1

H{huflvh :181: +Wklv h{huflvh frq�upv wkdw rxu gh�qlwlrq ri wkh frqglwlrqdo h{0

shfwdwlrq djuhhv zlwk wkh rqh jlyhq lq hohphqwdu| wuhdwphqwv zkhqhyhu wkh odwwhu

dssolhv1, Ohw ElcI c � � eh d suredelolw| vsdfh dqg ohw J � I eh jhqhudwhg e| wkh

�qlwh sduwlwlrq V ' i7�c 72c ���c 7?j � Vxssrvh � E7&� : f iru doo & ' �c 2c ���c ?� Ohw

� 5 I 1 Vkrz wkdw

~ E/� '
?[
&'�

U7&
� E7& _ ��

� E7&�
+:163,

txdol�hv dv wkh frqglwlrqdo suredelolw| . dU�mJo1

H{huflvh :181; Suryh doo wkh sursrvlwlrqv lq wklv vhfwlrq zkhuh qr uhihuhqfh wr

d surri lv jlyhq1

:19 Vwrfkdvwlf surfhvvhv lq glvfuhwh wlph

D vwrfkdvwlf surfhvv lq glvfuhwh wlph lv d vhtxhqfh ri udqgrp yduldeohv1 Pruh

irupdoo|/ zh kdyh wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq :1914 Ohw ElcI c � � eh d suredelolw| vsdfh1 Ohw ]n eh wkh vhw ri qrq0

qhjdwlyh lqwhjhuv1 D vwrfkdvwlf surfhvv lq glvfuhwh wlph lv d pdsslqjf G ]n�l$

U vxfk wkdw iru hdfk | 5 ]nc wkh pdsslqj f E|c ��$ U lv d udqgrp yduldeoh +dqg

khqfh I�phdvxudeoh,1 Lqvwhdg ri f E|c /� zh vrphwlphv zulwh f| E/� ru mxvw f|�
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Gh�qlwlrq :1915 Ohw f eh d vwrfkdvwlf surfhvv1 Kroglqj / 5 l �{hg/ wkh pds0

slqj f E�c /� G ]n $ U lv fdoohg d wudmhfwru| ru vdpsoh sdwk ri f1

Lw lv ri frxuvh hdv| wr h{whqg wklv gh�qlwlrq wr wkh yhfwru fdvh> d yhfwru vwr0

fkdvwlf surfhvv lv mxvw d yhfwru ri vfdodu vwrfkdvwlf surfhvvhv1

:1914 Dgdswhg surfhvvhv

Gh�qlwlrq :1916 Ohw ElcI c � � eh d suredelolw| vsdfh dqg ohw I ' kI|l
"

|'f
eh d

�owudwlrq ri I 1 Ohw f eh d vwrfkdvwlf surfhvv rq ElcI c � � � Wkhq f lv vdlg wr eh

dgdswhg wr I +ru I0dgdswhg, li/ iru hdfk |c f| lv I|�phdvxudeoh1

Vlqfh dgdswhg surfhvvhv duh vr xvhixo/ lw lv qlfh wr nqrz wkdw zh fdq dozd|v

frqvwuxfw d �owudwlrq vxfk wkdw dq| jlyhq vwrfkdvwlf surfhvv f lv dgdswhg wr

lw1 Wkh lghd lv wr ohw wkh �owudwlrq frqwdlq doo wkh lqirupdwlrq uhyhdohg e| wkh

vwrfkdvwlf surfhvv vr idu1

Sursrvlwlrq :1914 Ohw ElcI c � � eh d suredelolw| vsdfh dqg ohw f eh d vwrfkdvwlf

surfhvv1 Gh�qh d vhtxhqfh ri j0dojheudv yld

I| ' j Eifr G r � |j� � +:164,

Wkhq kI|l lv d �owudwlrq ri I dqg f lv dgdswhg wr lw1

Surri1 Reylrxv h{fhsw wr vkrz wkdw I
"
� I 1 ^Orrn lqwr wklv lq pruh ghwdlo1`

Wkh h{whqvlrq wr wkh yhfwru fdvh lv wulyldo= mxvw uhtxluh hdfk hohphqw wr eh

dgdswhg1

:1915 Pdunry surfhvvhv

Wkh lghd ri d Pdunry surfhvv lv wr fdswxuh wkh lghd ri d vkruw0phpru| vwrfkdvwlf

surfhvv= rqfh lwv fxuuhqw vwdwh lv nqrzq/ sdvw klvwru| lv luuhohydqw iurp wkh srlqw
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ri ylhz ri suhglfwlqj lwv ixwxuh1

Gh�qlwlrq :1917 Ohw ElcI� eh d phdvxudeoh vsdfh dqg ohw E�cI� eh/ uhvshfwlyho|/

d suredelolw| phdvxuh rq dqg d �owudwlrq ri wklv vsdfh1 Ohw f eh d vwrfkdvwlf

surfhvv lq glvfuhwh wlph rq ElcI�1 Wkhq f lv fdoohg d E�cI�0Pdunry surfhvv li

41 f lv I�dgdswhg/ dqg

51 Iru hdfk | 5 ]n dqg hdfk Eruho vhw � � E EU�

� Ef|n� 5 �mI|� ' � Ef|n� 5 �mj Ef|�� � +:165,

Vrphwlphv zkhq wkh suredelolw| phdvxuh dqg �owudwlrq duh xqghuvwrrg/ zh

zloo wdon vlpso| ri d Pdunry surfhvv1

Uhpdun :1914 Riwhq +vhh/ iru h{dpsoh/ ^63`, wkh �owudwlrq I lv wdnhq wr eh wkdw

jhqhudwhg e| wkh surfhvv f lwvhoi1

Sursrvlwlrq :1915 Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw f eh

d E�cI�0Pdunry surfhvv1 Ohw |c & 5 ]n� Ohw s G U$ U eh d Eruho ixqfwlrq vxfk

wkdw s Ef|n&� lv lqwhjudeoh1 Wkhqc

. ds Ef|n&� mI|o ' . ds Ef|n&� mj Ef|�o +:166,

dqg khqfh wkhuh lv d Eruho ixqfwlrq } G ]n � ]n � U$ U vxfk wkdw/ iru hdfk |c

. ds Ef|n&� mI|o ' } E|c &cf|� � +:167,

Surri1 Wr vkrz lw iru & ' �c xvh wkdw s Ef|n�� lv d j Ef|n���phdvxudeoh

udqgrp yduldeoh dqg khqfh lv wkh olplw ri d prqrwrqh lqfuhdvlqj vhtxhqfh ri

j Ef|n���vlpsoh udqgrp yduldeohv1 Exw vxfk udqgrp yduldeohv duh olqhdu frpel0

qdwlrqv ri lqglfdwru ixqfwlrqv ri vhwvf3�

|n� E�� zlwk � d Eruho vhw1 Wklv frpsohwhv
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wkh surri iru & ' �� Wr suryh lw iru duelwudu| srvlwlyh &/ xvh lqgxfwlrq1 Wr suryh

lw iru & n � dvvxplqj lw wuxh iru &/ xvh wkh odz ri lwhudwhg h{shfwdwlrqv1

Wkh yhfwru fdvh lv d vlpsoh h{whqvlrq ri wkh vfdodu fdvh1 Krzhyhu/ lw lv lpsru0

wdqw wkdw wkh gh�qlwlrq ri d yhfwru Pdunry surfhvv lv qrw wkdw hdfk frpsrqhqw

lv Pdunry1 Lqvwhdg/ zh uhtxluh wkdw doo wkh uhohydqw +iru wkh ixwxuh ri f, elwv ri

lqirupdwlrq lq I| duh lq wkh j�dojheud jhqhudwhg e| doo wkh vwrfkdvwlf yduldeohv

lq f|c l1h1 j Ef|� lv gh�qhg dv wkh vlqjoh j�dojheud j Eif�c|cf2c|c ���cf?c|j�1 Wklv

phdqv wkdw/ iru hdfk Eruho ixqfwlrq s G U? $ U6/

. ds Ef|n&� mI|o ' . ds Ef|n&� mj Ef|�o +:168,

dqg khqfh wkdw wkhuh lv d Eruho ixqfwlrq } G ]n � U
?$ U6 vxfk wkdw/ iru hdfk |/

. ds Ef|n�� mI|o ' } E|cf|� � +:169,

+Wkh fdvh & ' � lv vr lpsruwdqw wkdw zh vwuhvv lw khuh e| ljqrulqj juhdwhu ydoxhv

ri &1,

:191514 Wudqvlwlrq suredelolw| ixqfwlrq dqg wlph krprjhqhlw|

Gh�qlwlrq :1918 Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw f eh

d E�cI�0Pdunry surfhvv1 Wkhq/ iru hdfk | ' fc �c 2��� lwv wudqvlwlrq suredelolw|

ixqfwlrq '| G U�E EU�$ dfc �o lv gh�qhg yld

'| E%c�� ' � Ef| 5 �mf|3� ' %� � +:16:,

Qrwh wkdw dq| Pdunry surfhvv kdv d vhtxhqfh ri suredelolw| wudqvlwlrq ixqfwlrqv1

Qrwh dovr wkdw iru hdfk �{hg | dqg %/ '|n� E%c �� lv d suredelolw| phdvxuh rq

E EU� � Phdqzkloh/ li zh �{ �/ '|n� Ef| E�� c �� lv d udqgrp yduldeoh1 Lqghhg/

lw lv wkh frqglwlrqdo suredelolw| ri f|n� 5 � jlyhq f|c l1h1 '|n� Ef|c �� '

.
k
Uf3�

|n�
E��

���j Ef|�
l
1 Pruhryhu/ wkh frqglwlrqdo h{shfwdwlrq ri dq| j Ef|n��0phdvxudeoh
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udqgrp yduldeoh +jlyhq f|, lv dq lqwhjudo zlwk uhvshfw wr wkh phdvxuh '|n� lq wkh

iroorzlqj vhqvh1

Sursrvlwlrq :1916 Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw f eh

d E�cI�0Pdunry surfhvv1 Ohw k'|l eh lwv wudqvlwlrq suredelolw| ixqfwlrqv dqg ohw

~ 5 O� Elc j Ef|n�� c � �1 Wkhq/ iru hdfk | ' fc �c ���

. d~mf|o '

]
U

s E+�'|n� Ef|c _+� +:16;,

ru/ sxw gl�huhqwo|/ zh kdyh iru hdfk | ' fc �c ��� dqg hdfk %c

. d~mf| ' %o '

]
U

s E+�'|n� E%c _+� � +:16<,

Surri1 Zh zloo vkrz lw �uvw iru dq lqglfdwru yduldeoh ~ ' U
f
3�

|n�
E�� zkhuh � 5

E EU� � Wkhq s E+� ' U� E+� � Zh qrz qhhg wr vkrz wkdw wkh udqgrp yduldeoh]
U

s E+�'|n� Ef|c _+� txdol�hv dv wkh frqglwlrqdo h{shfwdwlrq . d~mf|o � Fohduo|

lw lv j Ef|��phdvxudeoh1 Exw grhv lw lqwhjudwh wr wkh uljkw wklqjB Zhoo/ ohw

C 5 j Ef|� dqg uhfdoo wkdw/ e| gh�qlwlrq/ '|n� Ef|c �� ' .
�
U
f
3�

|n�
E��mj Ef|�

�
�

Khqfh]
C

]
U

s E+�'|n� Ef|c _+�� E_/� '

]
C

]
U

U� E+�'|n� Ef|c _+�� E_/� '

'

]
C

'|n� Ef|c ��� E_/� '

]
C

.
�
U
f
3�

|n�
E��mj Ef|�

�
� E_/� '

]
C

U
f
3�

|n�
E��� E_/� �

+:173,

Phdqzkloh/ vlqfh ~ ' U
f
3�

|n�
E�� zh reylrxvo| kdyh]

C

~� E_/� '

]
C

U
f
3�

|n�
E��� E_/� 1 +:174,

Wr vkrz wkh wkhruhp iru dq duelwudu| ~ 5 O� Elc j Ef|n�� c � � c xvh wkh PFW1

Zh qrz xvh wkh wudqvlwlrq suredelolw| ixqfwlrq wr gh�qh d wlph krprjhqhrxv

Pdunry surfhvv1
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Gh�qlwlrq :1919 Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw f eh d

E�cI�0Pdunry surfhvv1 Ohw k'|l
"

|'� eh lwv wudqvlwlrq suredelolw| ixqfwlrqv1 Li wkhuh

lv d ' vxfk wkdw '| ' ' iru doo | ' �c 2c ��� wkhq f lv fdoohg d wlph krprjhqhrxv

Pdunry surfhvv1

Sursrvlwlrq :1917 Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw f eh d

wlph krprjhqhrxv E�cI�0Pdunry surfhvv1 Iru dq| qrqqhjdwlyh lqwhjhuv &c |c ohw

t|n& 5 O� Elc j Ef|n&� c � �1 Wkhq iru hdfk & ' fc �c ��� wkhuh lv d Eruho ixqfwlrq

}& G U$ U vxfk wkdw/ iru hdfk | ' fc �c ���

. dt|n&mI|o ' }& Ef|� � +:175,

Lq sduwlfxodu/ wkhuh lv d Eruho ixqfwlrq � vxfk wkdw/ iru hdfk | ' fc �c ���

. dt|n�mI|o ' � Ef|� � +:176,

:191515 Pdunry fkdlqv

:1916 Surfhvvhv erxqghg lq O5

Vrphwlphv zh zdqw wr frqvlghu devwudfw vsdfhv ri vwrfkdvwlf surfhvvhv/ dqg wkhq

lw lv xvhixo wr kdyh d qrup iru wkhp1 Ohw*v ehjlq zlwk d slhfh ri qrwdwlrq1 Ohw

 G]n � l$ U? eh d yhfwru0ydoxhg vwrfkdvwlf surfhvv1 Zh zulwh  E|c /� ' %|�

Rqh dwwudfwlyh qrup iru d yhfwru0ydoxhg vwrfkdvwlf surfhvv  lv

n n ' *�4 t�T
|<"

. dn%|no +:177,

dqg wkh fruuhvsrqglqj phwulf lv ri frxuvh

> E c)� ' n � )n � +:178,

Iru wklv qrup dqg phwulf wr eh zhoo0gh�qhg/ wzr frqglwlrqv vx!fh1 Iluvw/ doo

wkh frpsrqhqwv ri %| duh vtxduh lqwhjudeoh udqgrp yduldeohv iru hdfk |1 +Li wklv
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frqglwlrq dorqh lv vdwlv�hg/ zh fdoo  d vtxduh lqwhjudeoh surfhvv1, Vhfrqg/ wkhuh

lv dq � vxfk wkdw . dn%|no � � iru doo | ' fc �c ��� Li erwk wkhvh frqglwlrqv duh

vdwlv�hg/ *�4 t�T
|<"

. dn%|no 	4 dqg zh fdoo  d surfhvv erxqghg lq O21

Wkhruhp :1914 Wkh vsdfh ri surfhvvhv erxqghg lq O2 lv d Edqdfk vsdfh1

:1917 Pduwlqjdohv

Gh�qlwlrq :191: Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw f eh d

vwrfkdvwlf surfhvv1 Wkhq f lv fdoohg d +�cI,0pduwlqjdoh li

41 f lv dgdswhg wr I c

51 . dmf|mo 	4 iru hdfk | ' fc �c ���

61 . df|n�mI|o ' f| iru hdfk | ' fc �c ���

Zkhq wkh suredelolw| phdvxuh � dqg �owudwlrq I duh xqghuvwrrg/ zh zloo

wdon vlpso| ri d pduwlqjdoh1

Uhpdun :1915 \rx vkrxog wklqn fduhixoo| derxw krz wkh qrwlrq ri d pduwlqjdoh

lv ghshqghqw rq wkh sduwlfxodu fkrlfh ri suredelolw| phdvxuh dqg �owudwlrq1 Lq sdu0

wlfxodu/ qrwh wkdw wkh h{shfwdwlrqv rshudwru . uhsuhvhqwv lqwhjudwlrq zlwk uhvshfw

wr wkh suredelolw| phdvxuh ��

:191714 Pduwlqjdoh gl�huhqfhv

Gh�qlwlrq :191; Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw f eh d

pduwlqjdoh1 Gh�qh wkh vwrfkdvwlf surfhvv 0 yld

0| ' f| �f|3�� +:179,

Wkhq 0 lv fdoohg d E�cI�0pduwlqjdoh gl�huhqfh ru zklwh qrlvh surfhvv1
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Sursrvlwlrq :1918 Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh dqg ohw 0 eh d

E�cI�0pduwlqjdoh gl�huhqfh1 Wkhq/ iru doo | ' fc ����

. d0|n�mI|o ' f� +:17:,

Fruroodu| 5 Iru doo ~ 5 O� ElcI|c � �/ zh kdyh

. d~0|n�o ' f� +:17;,

:1918 Vwrfkdvwlf lqwhjudwlrq lq glvfuhwh wlph

Gh�qlwlrq :191< D surfhvv lv vdlg wr eh suhglfwdeoh li

Suhglfwdeoh surfhvvhv1 Vhplpduwlqjdohv1 Vxshu0 dqg vxepduwlqjdohv1

:191814 Wkh pduwlqjdoh frqyhujhqfh wkhruhp



Fkdswhu ;

Vrph olqhdu dojheud

;14 Lqwurgxfwlrq

Wkh sxusrvh ri wklv fkdswhu lv wr suhvhqw wkrvh sduwv ri olqhdu dojheud wkdw duh

hvvhqwldo iru wkh dqdo|vlv ri g|qdplf v|vwhpv1 Lw zloo wdnh pdq| edvlf frqfhswv

lq olqhdu dojheud iru judqwhg1 Li |rx sdlg dwwhqwlrq gxulqj Pdwkhpdwlfv 4/ |rx

kdyh olwwoh wr zruu| derxw/ exw wr uhiuhvk |rxu phpru| |rx pd| rffdvlrqdoo|

zdqw wr uhihu wr dq lqwurgxfwru| wh{w rq olqhdu dojheud1 Dq h{fhoohqw fkrlfh lv

^53`1 +Dfwxdoo|/ li |rx uhphpehu hyhu| zrug ri ^53`/ lqfoxglqj wkh Vfkxu irup ri

d pdwul{/ |rx fdq vnls wr vhfwlrq ;18 uljkw dzd|1,

Vlqfh wklv fkdswhu lv ixoo ri hljhqydoxhv zklfk pd| hdvlo| eh frpsoh{/ doo pdwul0

fhv khuh zloo eh pdwulfhv ri frpsoh{ qxpehuv +xqohvv L h{solflwo| vwdwh rwkhuzlvh,1

Pruhryhu/ doo pdwulfhv lq wklv fkdswhu zloo eh ? � ? dqg frqvhtxhqwo| vtxduh1

Vrphwlphv zh zloo zulwh � 5 F?f? dqg wkh phdqlqj ri wkdw lv reylrxv1

;15 Irxu lpsruwdqw wkhruhpv

Sursrvlwlrq ;1514 Ohw � 5 F?f? eh d vtxduh pdwul{1 Wkhq lwv ghwhuplqdqw lv

454



455 FKDSWHU ;1 VRPH OLQHDU DOJHEUD

wkh surgxfw ri wkh hljhqydoxhv dqg lwv wudfh +wkh vxp ri wkh gldjrqdo hohphqwv, lv

wkh vxp ri wkh hljhqydoxhv1

Uhpdun ;1514 Lw lv qrw fodlphg wkdw wkh gldjrqdo hohphqwv dfwxdoo| duh wkh

hljhqydoxhv1

Surri1 E| gh�qlwlrq/ wkh hljhqydoxhv duh wkh }hurv ri d sro|qrpldo1 E| wkh ixq0

gdphqwdo wkhruhp ri dojheud/ wklv sro|qrpldo fdq eh idfwrul}hg1 E| wkh gh�qlwlrq

ri wkh vhw ri hljhqydoxhv ib& G & ' �c 2c ���c ?j dv wkh }hurv ri wklv sro|qrpldo/ zh
kdyh/ iru doo frpsoh{ b/

_i| E�� bU� '
?\

&'�

Eb� b&� �

Lq sduwlfxodu/ lw lv wuxh iru b ' f dqg wkh �uvw sduw ri wkh sursrvlwlrq iroorzv1 Iru

wkh vhfrqg sduw/ vhh ^53`1

Fruroodu| ;1514 D vtxduh pdwul{ � lv lqyhuwleoh l� doo ri lwv hljhqydoxhv duh

qrq0}hur1

Sursrvlwlrq ;1515 Ohw � eh d vtxduh pdwul{ zlwk uhdo hqwulhv1 Ohw b eh dq

hljhqydoxh ri �1 Wkhq vr lv lwv frpsoh{ frqmxjdwh b1 Pruhryhu/ wkh fruuhvsrqg0

lqj hljhqyhfwruv duh dovr hdfk rwkhuv* frpsoh{ frqmxjdwhv1 Khqfh wkh frpsoh{

hljhqydoxhv dqg hljhqyhfwruv +wkrvh zlwk d qrq0}hur lpdjlqdu| sduw, dsshdu lq

frpsoh{ frqmxjdwh sdluv1

Surri1 E| gh�qlwlrq/

�b ' b%� +;14,

Qrz wdnh wkh frpsoh{ frqmxjdwh ri erwk vlghv1 Vlqfh � lv uhdo/ lw lv xqfkdqjhg

e| wklv rshudwlrq/ vr

�b ' b%�

Khqfh b lv dq hljhqyhfwru dqg % dq dvvrfldwhg hljhqyhfwru1



;161 VLPLODULW\ WUDQVIRUPV 456

Sursrvlwlrq ;1516 D vtxduh v|pphwulf pdwul{ � zlwk uhdo hqwulhv lv srvlwlyh

+qhjdwlyh, gh�qlwh l� doo lwv hljhqydoxhv duh srvlwlyh +qhjdwlyh,1

Uhpdun ;1515 Wkh hljhqydoxhv duh jxdudqwhhg wr eh uhdo vlqfh � lv v|pphwulf1

Surri1 +,, Vxssrvh � lv srvlwlyh gh�qlwh/ ohw b eh dq hljhqydoxh dqg ohw % eh

wkh fruuhvsrqglqj hljhqyhfwru1 Wkhq %A�% ' b%A% vr b lv wkh udwlr ehwzhhq wzr

srvlwlyh qxpehuv1 ++, Vhh ^53`1

Fruroodu| ;1515 Wkh hljhqydoxhv ri d uhdo srvlwlyh gh�qlwh v|pphwulf pdwul{ duh

doo uhdo dqg vwulfwo| srvlwlyh1

Sursrvlwlrq ;1517 Ohw � eh d vtxduh lqyhuwleoh pdwul{ dqg ohw b eh dq hljhqydoxh

ri �1 Wkhq �*b lv dq hljhqydoxh ri �3��

Surri1 H{huflvh1

;16 Vlplodulw| wudqvirupv

;1614 Prwlydwlrq

Zkhq dqdo|}lqj g|qdplf v|vwhpv +v|vwhpv ri gl�huhqwldo ru gl�huhqfh htxdwlrqv,/

zh riwhq zdqw wr xqfrxsoh wkh htxdwlrqv vr wkdw zh fdq vroyh wkhp urz e| urz

+vfdodu e| vfdodu, udwkhu wkdq wkh zkroh v|vwhp dw rqfh1 \rx zloo vhh lq fkdswhu

< h{dfwo| krz wklv lv grqh1 Lq wklv fkdswhu/ zh r�hu wkh wrroer{ qhhghg wr

shuirup wklv xqfrxsolqj1 Dojheudlfdoo|/ zkdw wklv lv doo derxw lv wkh idfwrul}dwlrq

+cghfrpsrvlwlrq*, ri pdwulfhv1



457 FKDSWHU ;1 VRPH OLQHDU DOJHEUD

;1615 Gh�qlwlrqv dqg edvlf uhvxowv

Zh kdyh douhdg| vdlg wkdw zh duh lqwhuhvwhg lq idfwrul}lqj pdwulfhv1 Rqh lpsru0

wdqw fodvv ri idfwrul}dwlrqv dulvhv iurp wkh frqfhsw ri vlplodulw|1

Gh�qlwlrq ;1614 Ohw � dqg � eh wzr ? � ? pdwulfhv ri frpsoh{ qxpehuv1 Li

wkhuh h{lvwv dq lqyhuwleoh pdwul{ � vxfk wkdw

� ' ���3�c +;15,

wkhq � dqg � duh vdlg wr eh vlplodu1

Uhpdun ;1614 Qrwh wkdw/ dv zh surplvhg lq wkh suhylrxv vhfwlrq/ ���3� lv d

idfwrul}dwlrq ri �1

Uhpdun ;1615 Wkh +lqyhuwleoh$, ixqfwlrq wkdw wdnhv xv iurp � wr � lv vrphwlphv

fdoohg d vlplodulw| wudqvirup1

Sursrvlwlrq ;1614 Li � dqg � duh vlplodu/ wkhq wkh| kdyh wkh vdph hljhqydoxhv1

Surri1 Ohw b eh dq hljhqydoxh ri �1 Wkhq/ iru vrph % 5 F? vxfk wkdw % 9' w/

zh kdyh �% ' b%1 Khqfh ���3�% ' b% dqg frqvhtxhqwo| ��3�% ' b�3�%�

Khqfh + ' �3�% lv vxfk wkdw �+ ' b+/ dqg + 9' w vlqfh �3� lv qrq0vlqjxodu dqg

% 9' w1

Gh�qlwlrq ;1615 D pdwul{ lv fdoohg orzhu +xsshu, wuldqjxodu li doo wkh hohphqwv

deryh +ehorz, wkh pdlq gldjrqdo duh htxdo wr }hur1

Sursrvlwlrq ;1615 Wkh hljhqydoxhv ri d orzhu ru xsshu wuldqjxodu pdwul{ duh lwv

gldjrqdo hohphqwv1

Surri1 Wkh irupxod iru wkh ghwhuplqdqw1 Vhh ^58`1
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Gh�qlwlrq ;1616 Ohw � eh d pdwul{ ri frpsoh{ qxpehuv1 Wkhq wkh Khuplwldq +ru

frqmxjdwh, wudqvsrvh ri �/ ghqrwhg e| �M/ lv wkh +hohphqwzlvh, frpsoh{ frqmxjdwh

ri wkh wudqvsrvh �A 1 Lq rwkhu zrugv/ wr �qg �M/ �uvw wdnh wkh frpsoh{ frqmxjdwh

ri hdfk hohphqw dqg wkhq wudqvsrvh +ru ylfh yhuvd,1

Gh�qlwlrq ;1617 D vtxduh pdwul{ � lv fdoohg xqlwdu| li �M� ' ��M ' U1

Uhpdun ;1616 D xqlwdu| pdwul{ lv d pdwul{ zlwk ruwkrjrqdo froxpqv ri qrup

rqh1

Uhpdun ;1617 Wkh lqyhuvh ri d xqlwdu| pdwul{ � lv mxvw wkh Khuplwldq wudqvsrvh

�M1

Uhpdun ;1618 D xqlwdu| pdwul{ lv wkh srodu rssrvlwh ri d vlqjxodu pdwul{1 Zkloh

dwwhpswv wr lqyhuw vlqjxodu dqg forvh0wr0vlqjxodu pdwulfhv zuhdn kdyrf zlwk qx0

phulfdo fdofxodwlrqv/ xqlwdu| pdwulfhv fdq eh lqyhuwhg txlfno| dqg suhflvho| rq d

frpsxwhu1

Wr vkrz krz pxfk ixq zh fdq kdyh zlwk wkh Khuplwldq wudqvsrvh/ zh qrz

wkurz lq d gh�qlwlrq dqg d uhvxow zklfk lv rwkhuzlvh txlwh xqlpsruwdqw iru rxu

sxusrvhv +exw kxjho| lpsruwdqw lq rwkhu frqwh{wv,1

Gh�qlwlrq ;1618 D vtxduh pdwul{ � vxfk wkdw � ' �M lv fdoohg d Khuplwldq

pdwul{1

Sursrvlwlrq ;1616 Wkh hljhqydoxhv ri d Khuplwldq pdwul{ duh uhdo1

Surri1 Ohw � eh d Khuplwldq pdwul{/ ohw b 5 F eh rqh ri lwv hljhqydoxhv/ dqg ohw

% 5 F? dq dvvrfldwhg hljhqyhfwru1 Wkhq

�% ' b% +;16,
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dqg khqfh

%M�% ' b%M% +;17,

Qrz wkh ohiw kdqg vlgh lv d vfdodu/ dqg vlqfh lw lv htxdo wr lwv frqmxjdwh wudqvsrvh

+zk|B,/ lw lv htxdo wr lwv frpsoh{ frqmxjdwh> khqfh lw lv uhdo1 Phdqzkloh/ %M% lv

uhdo dqg vwulfwo| srvlwlyh vlqfh % 9' w1 Khqfh b lv wkh udwlr ri d uhdo qxpehu dqg

d srvlwlyh uhdo qxpehu1

Jhwwlqj edfn rq wudfn/ zh qrz gh�qh xqlwdu| vlplodulw|/ zklfk lv lpsruwdqw

iru rxu sxusrvhv1

Gh�qlwlrq ;1619 Wzr pdwulfhv � dqg � duh vdlg wr eh xqlwdulo| vlplodu wr hdfk

rwkhu li wkhuh lv d xqlwdu| pdwul{ ' vxfk wkdw

� ' '�'M � +;18,

Zh qrz frph wr wkh prvw lpsruwdqw frqfuhwh h{dpsohv ri vlplodulw| wudqv0

irupv1

;1616 Wkh hljhqydoxh2hljhqyhfwru ghfrpsrvlwlrq

Gh�qlwlrq ;161: D pdwul{ � lv vdlg wr eh gldjrqdol}deoh li lw lv vlplodu wr d

gldjrqdo pdwul{1

Sursrvlwlrq ;1617 Dq ?�? pdwul{ lv gldjrqdol}deoh l� lw kdv d vhw ri ? olqhduo|

lqghshqghqw hljhqyhfwruv1

Uhpdun ;1619 Qrwh wkdw wkh surri lv frqvwuxfwlyh/ vr |rx kdg ehwwhu uhdg lw ru

|rx*oo plvv wkh pdlq srlqw ri wklv vxevhfwlrq1

Uhpdun ;161: Hljhqyhfwruv ri glvwlqfw hljhqydoxhv duh olqhduo| lqghshqghqw/ vr

� kdylqj glvwlqfw hljhqydoxhv lv vx!flhqw wr hqvxuh wkdw � lv gldjrqdol}deoh1 Lw
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lv qrw krzhyhu qhfhvvdu|> frqvlghu iru h{dpsoh � ' U� Exw zkhq hljhqydoxhv

duh uhshdwhg/ fduh pxvw eh wdnhq wr vhohfw olqhduo| lqghshqghqw hljhqydoxhv/ dqg

xqiruwxqdwho| wkdw lw lv qrw dozd|v srvvleoh1

Surri1 Ohw \ eh wkh gldjrqdo pdwul{ wkdw uhvxowv iurp sxwwlqj wkh hljhqydoxhv

ri � rq wkh pdlq gldjrqdo dqg }hurv hovhzkhuh1 Qrz fuhdwh d pdwul{ l e| ohwwlqj

lwv froxpqv eh d vhw ri hljhqyhfwruv ri �/ rughuhg e| wkh dvvrfldwhg hljhqydoxhv lq

wkh rughu wkdw wkh| dsshdu lq \1 E| k|srwkhvlv/ wkhvh hljhqyhfwruv fdq eh fkrvhq

wr eh olqhduo| lqghshqghqw/ dqg khqfh l lv lqyhuwleoh1 Qrz frqvlghu wkh htxdwlrq

�l ' l\� +;19,

Froxpq e| froxpq/ lw vd|v

�%� ' b�%�( � ' �c 2c ���c ? +;1:,

zkhuh b� lv dq hljhqydoxh/ dqg %� dq dvvrfldwhg hljhqyhfwru1 Khqfh wkh htxdwlrq

pxvw eh wuxh/ e| gh�qlwlrq$ Lqyhuwlqj l/ zh �qg wkdw

� ' l\l3�� +;1;,

Vr � lv vlplodu wr wkh gldjrqdo pdwul{ \/ dqg wkh vlplodulw| wudqvirup lv jlyhq e|

lE�� l3�1

Fruroodu| ;1614 \ dqg l fdq eh frqvwuxfwhg vr wkdw wkh hljhqydoxhv dsshdu lq

dq| rughu dorqj wkh gldjrqdo ri \1

H{dpsoh ;1614 Vdgo|/ krzhyhu/ qrw doo pdwulfhv duh gldjrqdol}deoh1 Dq h{dpsoh

lv wkh iroorzlqj1

� '

597 f �

f f

6:8 +;1<,
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;1617 Vfkxu irup

Vr wkh edg qhzv lv wkdw wkhuh h{lvw qrq0gldjrqdol}deoh +cghihfwlyh*, pdwulfhv1 Exw

wkh jrrg qhzv/ dqg wklv lv zkdw uhdoo| pdwwhuv zkhq zh zdqw wr vroyh g|qdplf

v|vwhpv/ lv wkdw hyhu| vtxduh pdwul{ lv +xqlwdulo|$, vlplodu wr dq xsshu wuldqjxodu

pdwul{1 Wklv uhvxow lv nqrzq dv Vfkxu*v ohppd/ dqg wkh uhvxowlqj idfwrul}dwlrq lv

fdoohg wkh Vfkxu irup1

Wkhruhp ;1614 +Vfkxu*v ohppd, Hyhu| vtxduh pdwul{ � lv xqlwdulo| vlplodu

wr dq xsshu wuldqjxodu pdwul{ A / l1h1 wkhuh h{lvwv dq xsshu wuldqjxodu pdwul{ A

dqg d xqlwdu| pdwul{ ' vxfk wkdw

� ' 'A'M � +;143,

Pruhryhu/ wkh ' dqg A pdwulfhv fdq eh frqvwuxfwhg vr wkdw wkh hljhqydoxhv ri �

dsshdu lq dq| rughu dorqj wkh gldjrqdo ri A 1

Surri1 Vhh ^53` ru ^56`1

Wkhruhp ;1615 Hyhu| vtxduh pdwul{ lv xqlwdulo| vlplodu wr d orzhu wuldqjxodu

pdwul{1

Uhpdun ;161; Wkh idfw wkdw wkh vlplodulw| jxdudqwhhg khuh lv xqlwdu| lv lp0

sruwdqw/ vlqfh wkh lqyhuvlrq ri d xqlwdu| pdwul{ lv d idvw dqg suhflvh qxphulfdo

fdofxodwlrq1

;17 V|psohfwlf pdwulfhv

Gh�qlwlrq ;1714 D 2?� 2? uhdo pdwul{ � lv vdlg wr eh v|psohfwlf li

�Aa� ' a +;144,
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zkhuh

a '

597 f U?

�U? f

6:8 � +;145,

Sursrvlwlrq ;1714 Li � lv v|psohfwlf/ wkhq �A lv vlplodu wr �3� dqg khqfh

wkh hljhqydoxhv ri � dsshdu lq uhflsurfdo sdluv/ l1h1 li b lv dq hljhqydoxh ri � /

wkhq vr lv
�

b
�

Surri1 H{huflvh1

Sursrvlwlrq ;1715 Ohw k eh dq lqyhuwleoh ? � ? uhdo pdwul{ dqg ohw q dqg � eh

?� ? uhdo v|pphwulf pdwulfhv1 Wkhq wkh 2?� 2? pdwul{ � gh�qhg yld

� '

597 k kq

�k k3A n �kq

6:8 +;146,

lv v|psohfwlf1 Qrwh wkdw k3A lv wkh lqyhuvh ri kA �

Surri1 H{huflvh1

;18 Pdwul{ shqflov

;1814 Prwlydwlrq

Vlqjxodu gl�huhqfh htxdwlrqv1 Frqvlghu

�%|n� ' �%| n 5| +;147,

zkhuh � lv srvvleo| vlqjxodu1 Iru ghwdlov/ frqvlghu ^5<`1
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;1815 Edvlf gh�qlwlrqv

Gh�qlwlrq < Ohw � dqg � eh ? � ? pdwulfhv ri frpsoh{ qxpehuv1 Wkhq wkh

ixqfwlrq � E5� ' � � 5� lv fdoohg d pdwul{ shqflo1

Gh�qlwlrq 43 Ohw � � 5� eh d pdwul{ shqflo1 Wklv shqflo lv fdoohg uhjxodu li

wkhuh lv d 5 5 F vxfk wkdw m� � 5�m 9' f1

Gh�qlwlrq 44 Ohw �� 5� eh d pdwul{ shqflo1 Wkhq wkh vhw ri jhqhudol}hg hljhq0

ydoxhv b E�c�� lv gh�qhg yld

b E�c�� ' i5 5 F G m� � 5�m ' fj +;148,

;1816 Jhqhudol}hg Vfkxu irup

Wkhruhp 45 +wkh frpsoh{ jhqhudol}hg Vfkxu irup, Ohw � � 5� eh d uhj0

xodu pdwul{ shqflo1 Wkhq wkhuh h{lvw xqlwdu| ? � ? pdwulfhv ri frpsoh{ qxpehuv

' dqg ~ vxfk wkdw

41 '�~ ' 7 lv orzhu wuldqjxodu/

51 '�~ ' A lv orzhu wuldqjxodu/

61 Iru hdfk �c r�� dqg |�� duh qrw erwk }hur/

71 b E�c�� '

�
|��
r��

G r�� 9' f

�
c

81 Wkh sdluv Er��c |��� c � ' �c ���c ? fdq eh duudqjhg lq dq| rughu1

Surri1 Vhh Jroxe ) ydq Ordq +4<<9,1



Fkdswhu <

G|qdplf v|vwhpv

<14 Ruglqdu| gl�huhqwldo htxdwlrqv +RGHv,

<1414 Wkh sureohp dqg h{lvwhqfh ri d vroxwlrq

<141414 Jhqhudo fdvh

Ohw s G U�U? $ U
? eh d ixqfwlrq dqg frqvlghu wkh �uvw�rughu v|vwhp ri ruglqdu|

gl�huhqwldo htxdwlrqv ;A?A= �% E|� ' s E|c % E|��

% E|f� ' @
+<14,

zkhuh dq ryhugrw ghqrwhv d ghulydwlyh zlwk uhvshfw wr |1 Wklv v|vwhp lv vdlg wr

eh ri �uvw0rughu/ vlqfh wkhuh duh �uvw ghulydwlyhv exw qr kljkhu0rughu ghulydwlyhv1

Lw lv d v|vwhp ri ruglqdu| +dv rssrvhg wr sduwldo, gl�huhqwldo htxdwlrqv vlqfh rqo|

ghulydwlyhv zlwk uhvshfw wr rqh yduldeoh E|� dsshdu1

Htxlydohqwo|/ zh pljkw kdyh zulwwhq

% E|� ' @n

|]
|f

s Erc % Er�� _r� +<15,

Sursrvlwlrq <1414 Wkh ixqfwlrq % G U$ U? vdwlv�hv +<14, l� lw vdwlv�hv +<15,1

464
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Surri1 Ixqgdphqwdo wkhruhp ri fdofxoxv1

\rx pd| zdqw wr srqghu d zkloh derxw wkh vruw ri htxdwlrq zh duh frqvlghulqj1

Lw lv d ixqfwlrqdo htxdwlrq lq wkh vhqvh wkdw d vroxwlrq lv dq hqwluh ixqfwlrq udwkhu

wkdq mxvw d qxpehu ru hyhq d yhfwru1

Zh qrz dvn rxuvhoyhv zkhq rxu v|vwhp pljkw kdyh d xqltxh vroxwlrq1 Yhu|

orrvho| vshdnlqj/ wkhuh vhhpv wr eh krsh= zh kdyh dq lqlwldo srvlwlrq dqg zh kdyh

wkh gluhfwlrq zh*uh khdglqj lq1 Vr li qrwklqj vwudqjh lv jrlqj rq/ zh vkrxog eh

deoh wr �jxuh rxw zkhuh zh*oo eh1

Wr vkrz wklv irupdoo|/ zh pljkw gudz xsrq zkdw zh ohduqhg lq fkdswhu 8

dqg gh�qh d vxlwdeoh vsdfh ri ixqfwlrqv lq zklfk wr vhdufk iru d vroxwlrq/ wkhq

gh�qh dq rshudwru rq wkdw vsdfh lqwr lwvhoi xqghu zklfk wkh vroxwlrq lv d �{hg

srlqw1 Wkh �qdo vwhs zrxog eh wr wdnh dq duelwudu| lqlwldo ixqfwlrq/ dqg dsso|

wkh rshudwru uhshdwhgo| wr frqvwuxfw d vhtxhqfh ri ixqfwlrqv dqg wkhq vkrz wkdw

+jlyhq fhuwdlq dvvxpswlrqv, wklv vhtxhqfh frqyhujhv wr wkh xqltxh vroxwlrq1 Zh

zrq*w jr wkurxjk wklv surjudp khuh +vhh/ iru h{dpsoh/ ^5:` li |rx duh lqwhuhvwhg,1

Lqvwhdg zh zloo mxvw jlyh wkh �qdo uhvxow1

Gh�qlwlrq <1414 D ixqfwlrq s G U�U? $ U? lv vdlg wr eh Olsvfklw} frqwlqxrxv

li wkhuh lv d ixqfwlrq � G U$ Un vxfk wkdw/ iru doo %c + 5 U?/

ns E|c %�� s E|c +�n �� E|� n%� +n +<16,

Uhpdun <1414 Li ? ' � dqg
Ys E|c %�

Y%
lv erxqghg/ wkhq s lv Olsvfklw}1

Wkhruhp <1414 +Fdxfk|0Slfdug, Vxssrvh

41 s lv Olsvfklw} dqg wkdw

51 Wkh� ixqfwlrq lq wkh Olsvfklw} frqglwlrq fdq eh fkrvhq vr wkdw

]
U

� E�� _� 	

4 zkhuh U lv d forvhg lqwhuydo vxfk wkdw |f 5 U1
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Wkhq +<14, kdv d xqltxh vroxwlrq rq U1

Uhpdun <1415 D qdwxudo fdvh wr frqvlghu lv U ' d|fc |�o1 Exw lq idfw wkh srlqw |f

lv doorzhg wr eh lq wkh lqwhulru ri U ru hyhq wr eh wkh xsshu olplw1

Fruroodu| <1414 Li

]
U

� E�� _� 	 4 iru hyhu| erxqghg lqwhuydo U/ wkhq +<14,

kdv d xqltxh vroxwlrq gh�qhg rq wkh zkroh ri U1

Fruroodu| <1415 Li U lv d forvhg lqwhuydo dqg s lv Olsvfklw} rq U � U? zlwk

� E|� '� +frqvwdqw,/ wkhq +<14, kdv d xqltxh vroxwlrq rq U�

Uhpdun <1416 Wkh lqwhjudelolw| frqglwlrq lv wkhuh wr suhyhqw wkh vroxwlrq iurp

h{sorglqj r� lqwr lq�qlw| lq �qlwh wlph1

H{dpsoh <1414 Frqvlghu wkh vfdodu RGH;A?A= �% E|� ' %2 E|�

% E|f� ' @
+<17,

D vroxwlrq/ li lw h{lvwv/ lv hlwkhu lghqwlfdoo| }hur +lq zklfk fdvh zh pxvw kdyh

@ ' f, ru kdv wkh irup

% E|� '
�

�|n |f n @3�
� +<18,

vr wkdw dq| vroxwlrq lv qrw gh�qhg rq U li |f n @3� 5 U1 Krzhyhu/ doo krsh lv qrw

orvw iru wklv htxdwlrq1 Li |f ' �c @ ' � wkhq wkh vroxwlrq % E|� '
�

2� |
lv gh�qhg

iru doo | 5 E�4c 2�1

H{dpsoh <1415 +wdnhq iurp ^5:`,1 Frqvlghu wkh vfdodu RGH;A?A= �% E|� ' �%2*� E|�

% Ef� ' f�
+<19,
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zkhuh/ wr dyrlg frpsoh{ qxpehuv/ zh gh�qh %2*� dv �
s
%21 Wkhq/ iru dq| k � fc

%k E|� '

;AAAA?AAAA=
E|n k�� zkhq | 	 �k
f zkhq � k � | 	 k

E|� k�� zkhq | � k

+<1:,

lv d vroxwlrq1 Khqfh rxu RGH kdv lq�qlwho| pdq| vroxwlrqv1

<141415 Olqhdu v|vwhpv

Frqvlghu wkh v|vwhp ;A?A= �% E|� ' � E|�% E|�

% E|f� ' @�
+<1;,

Wr dsso| Fdxfk|0Slfdug wr wklv/ zh qhhg dqrwkhu gh�qlwlrq1

Gh�qlwlrq <1415 Ohw � eh vtxduh pdwul{1 Wkhq lwv qrup lv gh�qhg yld

n�n ' t�T
% �'f

n�%n
n%n � +<1<,

Uhpdun <1417 Lw pd| ri frxuvh eh frq�uphg wkdw wklv uhdoo| lv d qrup1 Vhh ^4:`1

Zh fdq qrz ghulyh wkh iroorzlqj uhvxow iurp Fdxfk|0Slfdug*v wkhruhp1

Sursrvlwlrq <1415 Li

]
U

n� E|�n _| 	4 iru hdfk erxqghg lqwhuydo U/ wkhq +<1;,

kdv d xqltxh vroxwlrq gh�qhg rq wkh zkroh ri U1

Surri1 E| wkh gh�qlwlrq ri wkh pdwul{ qrup/ zh kdyh/ iru doo %c + 5 U?/

n� E|� %� � E|� +n � n� E|�n n%� +n +<143,

Khqfh wkh Olsvfklw} frqglwlrq lv vdwlv�hg/ dqg wkh rwkhu +lqwhjudelolw|, frqglwlrq

lv vdwlv�hg e| dvvxpswlrq1
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Uhpdun <1418 Li � E|� � �/ wkhq +<1;, kdv d xqltxh vroxwlrq gh�qhg rq wkh

zkroh ri U1

Qrwlfh wkdw wkh xqltxhqhvv ri wkh vroxwlrq uhtxluhv wkdw zh �{ wkh ydoxh

% E|f� ' @1 Rqh xvhixo shuvshfwlyh rq wklv lv wkdw/ iru d olqhdu v|vwhp/ wkh vhw ri

vroxwlrqv +ljqrulqj wkh frqglwlrq % E|f� ' @� lv dq ?�glphqvlrqdo yhfwru vsdfh1
Wkh frqglwlrq % E|f� ' @ wkhq lpsrvhv ? lqghshqghqw olqhdu uhvwulfwlrqv rq wkh

vsdfh ri vroxwlrqv/ dqg khqfh slfnv rxw d xqltxh vroxwlrq1 Wkhuh duh ri frxuvh

rwkhu zd|v ri lpsrvlqj ? olqhdu uhvwulfwlrqv wkdq sxwwlqj % E|f� ' @> zh zloo vhh

rwkhu h{dpsohv ehorz1

H{huflvh <1414 Vkrz wkdw wkh vhw ri vroxwlrqv % E|� wr wkh v|vwhp �% E|� ' � E|� % E|�

lv d yhfwru vsdfh/ l1h1 wkdw li k lv d vfdodu dqg % E|� dqg + E|� duh vroxwlrqv/ wkhq

k d% E|� n + E|�o lv dovr d vroxwlrq1

<1415 Vroylqj vfdodu htxdwlrqv lq vshfldo fdvhv

Yhu| ihz gl�huhqwldo htxdwlrqv kdyh h{solflw vroxwlrqv +zkdwhyhu wkdw phdqv h{0

dfwo|,/ vr yhu| riwhq rqh kdv wr uhvruw wr qxphulfdo phwkrgv +vhh ^6:` ru ^69`, ru

vhwwoh iru d txdolwdwlyh fkdudfwhul}dwlrq ri wkh vroxwlrq +vhh vhfwlrq <1416,1 Exw

phuh txdolwdwlyh fkdudfwhul}dwlrq lv riwhq qrw jrrg hqrxjk +dowkrxjk lw lv rffd0

vlrqdoo| lqwhuhvwlqj,/ dqg qxphulfdo whfkqltxhv pd| eh vorz dqg2ru whglrxv wr

lpsohphqw1 Vr ehiruh |rx ghflgh wr xvh rqh ri wkhp/ |rx vkrxog eh dzduh ri dw

ohdvw wkh iroorzlqj edvlf shqflo0dqg0sdshu whfkqltxhv1
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<141514 Vhsdudeoh

Wkh vlpsohvw RGHv duh wkh vhsdudeoh rqhv1 Wkh jhqhudo irupdw lv wkh iroorzlqj1;A?A= �% E|� ' s E|� } E% E|��

% E|f� ' @�
+<144,

Zh zloo prwlydwh wkh vroxwlrq xvlqj d udwkhu zlog dujxphqw/ dqg wkhq fohdq xs

rxu dfw e| frq�uplqj wkdw rxu frqfoxvlrq lv lq idfw fruuhfw lq d vshfldo fdvh1 Xvlqj

Ohleql}*v qrwdwlrq/ wkh RGH fdq eh zulwwhq dv

_%

_|
' s E|� } E% E|�� � +<145,

Qrz vxssrvh iru wkh vdnh ri dujxphqw wkdw _% dqg _| duh qxpehuv +zklfk ri

frxuvh wkh| duh qrw,1 Ljqrulqj wkh srlqwv % ' @� dw zklfk } E%� ' fc zh zulwh

_%

} E% E|��
' s E|� _|� +<146,

Qrz lqwhjudwh erwk vlghv iurp |f wr |1 Zh jhw

%E|�]
%E|f�

_%

} E%�
'

|]
|f

s Er� _r� +<147,

Fdofxodwlqj wkhvh lqwhjudov/ rqh fdq vrphwlphv vroyh iru % E|�/ ru dw ohdvw �qg dq

htxdwlrq wkdw lpsolflwo| gh�qhv % E|�1 Lq dgglwlrq/ vlqfh zh glylghg e| } E% E|��/

zh pljkw kdyh rqh ri wkh +frqvwdqw, vroxwlrqv % E|� ' @� zkhuh wkh @� duh wkh }hurv

ri } +zk|B,1 Exw iru rqh ri wkhvh frqvwdqwv wr eh d vroxwlrq/ zh pxvw ri frxuvh

uhtxluh wkdw @ ' @� iru vrph �1 Dowhuqdwlyho|/ zh pljkw qrw �{ wkh ydoxh ri % dw

dq| sduwlfxodu srlqw |f1 Wkhq doo wkhvh frqvwdqw ixqfwlrqv zrxog eh vroxwlrqv1

H{dpsoh <1416 Frqvlghu ;A?A= �% E|� ' e|% E|�

% E�� ' ��
+<148,
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Xvlqj rxu phwkrg/ zh jhw
%E|�]
�

_%

%
'

|]
�

er_rc +<149,

zklfk lpsolhv

*?% E|� ' e| � e� +<14:,

Khqfh wkh vroxwlrq lv

% E|� ' i T
�
e| � e

�
c

dqg lw lv qrw kdug wr frq�up +gr wkdw$, wkdw wklv uhdoo| lv d vroxwlrq wr +<148,1

<141515 Olqhdu

Frqvlghu wkh vfdodu gl�huhqwldo htxdwlrq;A?A= �% E|� ' @ E|�% E|� n K E|�

% E|f� jlyhq
+<14;,

Wr vroyh wklv/ zh xvh d udwkhu lqjhqlrxv wulfn1 Iluvw uhvkx"h wkh htxdwlrq vr wkdw

zh kdyh

�% E|�� @ E|� % E|� ' K E|� +<14<,

Wkhq pxowlso| hdfk vlgh e| i T

;?=�
|]
|f

@ Er� _r

<@> � Wklv ohdgv wr dq htxlydohqw

h{suhvvlrq/ vlqfh i T E%� 9' f iru dq| +uhdo ru frpsoh{, %� Wkh uhvxow lv

i T

;?=�
|]
|f

@ Er� _r

<@> �% E|�� i T

;?=�
|]
|f

@ Er� _r

<@> @ E|� % E|� '

' i T

;?=�
|]
|f

@ Er� _r

<@> K E|� �

+<153,

Qrz zh qrwh wkdw wkh ohiw kdqg vlgh lv
_

_|

57i T
;?=�

|]
|f

@ Er� _r

<@>% E|�

681 Qrz zh
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zdqw wr lqwhjudwh erwk vlghv ri wkh htxdwlrq iurp |f wr | zlwk uhvshfw wr |1 Wklv

grhvq*w txlwh pdnh vhqvh/ exw li |rx uhsodfh | e| � dqg lqwhjudwh iurp |f wr | zlwk

uhvshfw wr �/ zh jhw

i T

;?=�
|]
|f

@ Er� _r

<@>% E|�� % E|f� '

|]
|f

i T

;?=�
r]
|f

@ E�� _�

<@> K Er� _r +<154,

Frqvhtxhqwo|

% E|� ' i T

;?=
|]
|f

@ Er� _r

<@>% E|f�n

n i T

;?=
|]
|f

@ Er� _r

<@> |U
|f

i T

;?=�
r]
|f

@ E�� _�

<@> K Er� _r

+<155,

ru/ wlg|lqj xs d elw/

% E|� ' i T

;?=
|]
|f

@ Er� _r

<@>% E|f� n

|]
|f

i T

;?=
|]
r

@ E�� _�

<@> K Er� _r� +<156,

Jlyhq wkdw zh zrq*w glvfxvv wkh fdvh zkhuh % E|� lv d yhfwru dqg @ E|� ' � E|�

lv d pdwul{0ydoxhg ixqfwlrq ri | +h{fhsw zkhq � E|� � �( vhh ehorz,/ lw pd| eh ri

vrph lqwhuhvw wr nqrz wkdw wklv vroxwlrq lv ydolg lq wkdw fdvh dv zhoo/ surylghg zh

lqwhusuhw i T dv wkh pdwul{ h{srqhqwldo ixqfwlrq +vhh vhfwlrq <141714,1

Dgylfh1 Li |rx �qg wkh vroxwlrq +<156, kdug wr uhphpehu/ phprul}h wkh ghulyd0

wlrq lqvwhdg$

H{dpsoh <1417 Frqvlghu;A?A=
�% E|� '

�

|
% E|� n |( | 9' f

% E�� ' ��
+<157,



<141 RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV +RGHV, 46<

Wkh �uvw vwhs lv wr �jxuh rxw

|]
�

�

r
_r ' *? |1 Wkh uhvw lv hdv|1 Zh jhw

% E|� ' | � � n
|]
�

i T E*? |� *? r� r_r '

' |n |

|]
�

r

r
_r ' |n | E|� �� �

+<158,

H{huflvh <1415 Fkhfn wkdw +<156, uhdoo| vroyhv +<14;,$ Klqw= Hlwkhu xvh Ohleql}*

uxoh ru uhfdoo wkh shqxowlpdwh yhuvlrq ri wkh vroxwlrq/ l1h1 qrwh wkdw
|U
r

@ Er� _r '

|U
|f

@ Er� _r �
rU
|f

@ Er� _r dqg idfwru rxw i T

+
|U

|f

@ Er� _r

,
iurp wkh vhfrqg lqwhjudo1

Wkhq xvh wkh surgxfw uxoh dqg wkh ixqgdphqwdo wkhruhp ri fdofxoxv1

H{huflvh <1416 Frqvlghu +<14<, dqg vxssrvh zh duh lqwhuhvwhg lq d vroxwlrq gh0

�qhg rq wkh forvhg lqwhuydo d|fc |�o � Vxssrvh wkh lqlwldo ydoxh % E|f� lv xqnqrzq exw

wkdw wkh hqgsrlqw ydoxh % E|�� lv nqrzq1 Ghulyh wkh vroxwlrq lq whupv ri % E|��1

<141516 Ehuqrxool

Frqvlghu

�% E|� ' @ E|�% E|� n K E|�%k E|� +<159,

zkhuh k lv dq duelwudu| uhdo qxpehu1 Li k ' �c wkhq zh kdyh d vhsdudeoh gl�huhqwldo

htxdwlrq1 Vr ohw*v dvvxph wkdw k 9' � +wkhq zh fdq glylgh e| E�� k� odwhu rq,�

Dovr/ ohw*v frqvlghu rqo| vroxwlrq sdwkv vxfk wkdw % E|� : f +rwkhuzlvh zh jhw lqwr

wurxeoh zlwk wkh %k E|� whup,� Qrz glylgh e| %k E|� +zklfk lv qrq0}hur e| rxu

dvvxpswlrq,1 Zh jhw

%3k E|� �% E|� ' @ E|�%�3k E|� n K E|� +<15:,
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dqg gh�qh

5 E|� ' %�3k E|� � +<15;,

Lw iroorzv wkdw

�5 E|� ' E�� k�%3k E|� �% E|� � +<15<,

Khqfh

�5 E|� ' E�� k� @ E|� 5 E|� n E�� k� K E|� � +<163,

Exw wklv lv d olqhdu RGH dqg zh nqrz krz wr vroyh wkdw$

H{dpsoh <1418 +iurp Pdfur 4,1 Frqvlghu d frqwlqxrxv0wlph yhuvlrq ri Vrorz*v

jurzwk prgho1 ;A?A=
�& E|� ' r&k E|�� B& E|�

& Ef� ' &f�
+<164,

Wklv lv d Ehuqrxool gl�huhqwldo htxdwlrq1 Vr gh�qh 5 E|� ' &�3k E|�1 Wkhq 3 vroyhv

;A?A= �5 E|� n E�� k� B5 E|� ' r E�� k�

5 Ef� ' &�3kf

+<165,

Qrz pxowlso| e| eE�3k�B| dqg zh jhw

_

_|

�
eE�3k�B|5 E|�

�
' r E�� k� eE�3k�B| +<166,

Lqwhjudwlqj iurp f wr |/ zh jhw

eE�3k�B|5 E|�� &�3kf ' r E�� k�

|]
f

eE�3k�Br_r '

'
r

B

�
eE�3k�B| � �

�
�

+<167,

Khqfh

5 E|� '
r

B
n e3E�3k�B|

�
&�3kf � r

B

�
� +<168,
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Frqvhtxhqwo|

& E|� '
kr
B
n e3E�3k�B|

�
&�3kf � r

B

�l �

�3k

� +<169,

Qrwlfh wkdw li zh vhw wkh lqlwldo ydoxh wr &f '
�r
B

� �

�3k

c wkhq & E|� uhpdlqv dw wklv

ohyho iru doo | � f1 Dovr/ li f 	 k 	 � wkhq & E|�$
�r
B

� �

�3k

dv |$ n4 zkdwhyhu

wkh lqlwldo ydoxh &f1

Txdolwdwlyh surshuwlhv ri wkh vroxwlrq +olnh wkh deryh frqyhujhqfh surshuw|,

fdq vrphwlphv eh ghwhuplqhg zlwkrxw vroylqj wkh RGH h{solflwo|1 Zkhq zh fdq*w

vroyh wkh RGH h{solflwo| wklv txdolwdwlyh dqdo|vlv ehfrphv lpsruwdqw1

<1416 Lqwurgxfwlrq wr txdolwdwlyh dqdo|vlv

Lq wklv vhfwlrq/ zh zloo dozd|v kdyh lq wkh edfnjurxqg wkh iroorzlqj wlph0lqghshqghqw

v|vwhp ri gl�huhqwldo htxdwlrqv zlwkrxw lqlwldo ru hqgsrlqw frqglwlrqv1

�% E|� ' s E% E|�� � +<16:,

Zh qrz gh�qh d vwhdg| vwdwh dqg dovr zkdw zh phdq e| vwdelolw|1

Gh�qlwlrq <1416 D vwhdg| vwdwh ri +<16:, lv d srlqw %W dw zklfk s E%W� ' f1

Sursrvlwlrq <1416 Ohw %W eh d vwhdg| vwdwh ri +<16:, dqg ohw +<16:, kdyh d xqltxh

vroxwlrq1 Wkhq wkh xqltxh vroxwlrq wr +<16:, zlwk wkh frqglwlrq % E|f� ' %W lv wkh

frqvwdqw ixqfwlrq % E|� ' %W1

Surri1 Reylrxv1

Gh�qlwlrq <1417 D vwhdg| vwdwh %W ri +<16:, lv vdlg wr eh vwdeoh li iru hdfk 0 : f

wkhuh lv d B0 vxfk wkdw hyhu| vroxwlrq sdwk % E|� zlwk n% Ef�� %Wn 	 B0 vdwlv�hv

n% E|�� %Wn 	 0 iru doo | � f1
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Gh�qlwlrq <1418 D vwhdg| vwdwh %W ri +<16:, lv vdlg wr eh dv|pswrwlfdoo| vwd0

eoh li lw lv vwdeoh dqg wkhuh lv d B : f vxfk wkdw hyhu| vroxwlrq sdwk % E|� zlwk

n% Ef�� %Wn 	 B frqyhujhv wr %W dv |$ n41

Lq zrugv/ li |rx vwduw dw d vwhdg| vwdwh/ |rx vwd| wkhuh iruhyhu1 Li wkh vwhdg|

vwdwh lv vwdeoh/ wkhq li |rx vwduw forvh wr lw/ |rx vwd| forvh wr lw1 Li lw lv dv|pswrw0

lfdoo| vwdeoh/ wkhq li |rx vwduw forvh wr lw/ |rx frqyhujh wr lw1

Qrwlfh wkdw rxu gh�qlwlrqv ri vwdelolw| duh orfdo lq wkh vhqvh wkdw wkh| rqo| kdyh

vrphwklqj wr vd| derxw wkh ehkdylru ri wkh v|vwhp zkhq |rx ehjlq forvh wr wkh

vwhdg| vwdwh lq txhvwlrq1 Lq wkh olqhdu +zlwk frqvwdqw frh!flhqwv, fdvh/ exw qrw lq

jhqhudo/ li wkhuh lv d xqltxh vwhdg| vwdwh/ wkhq orfdo dv|pswrwlf vwdelolw| lpsolhv

joredo dv|pswrwlf vwdelolw| lq wkh vhqvh wkdw zh zloo frqyhujh wr wkh xqltxh vwhdg|

vwdwh zkhuhyhu zh vwduw rxw1 +Wklv fodlp zloo eh mxvwl�hg lq wkh qh{w vhfwlrq1,

Zh qrz zdqw wr fkdudfwhul}h d +orfdoo|, vwdeoh vwhdg| vwdwh/ dqg wkh lghd lv wr

olqhdul}h wkh v|vwhp durxqg d vwhdg| vwdwh dqg krsh wkdw wkh orfdo g|qdplfv ri wkh

dfwxdo v|vwhp duh zhoo dssur{lpdwhg lq vrph vhqvh e| wkh olqhdul}hg v|vwhp1 +Wklv

krsh wxuqv rxw wr eh vxevwdqwldwhg e| O|dsxqry*v wkhruhp1, Zh wkhq dqdo|}h

wkh vwdelolw| ri wkh olqhdu v|vwhp1 Vr khuh lw vhhpv dssursuldwh wr sdxvh iru d

udwkhu orqj gljuhvvlrq rq olqhdu v|vwhpv/ zklfk duh lq dq| fdvh yhu| lpsruwdqw lq

wkhpvhoyhv1

<1417 Iluvw0rughu olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv

Lq wklv vhfwlrq zh frqvlghu v|vwhpv ri wkh irup

;A?A= �% E|� ' �% E|� n K

% Ef� ' %f

+<16;,
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Zh zloo qrw wuhdw olqhdu v|vwhpv zlwk yduldeoh frh!flhqwv khuh1 Vhh ^47` lq0

vwhdg1 Zh zloo dovr +lqlwldoo| dw ohdvw, dvvxph � wr eh lqyhuwleoh> wklv lv htxlydohqw

wr wkhuh ehlqj d xqltxh vwhdg| vwdwh1 Wkhq zh fdq frqvlghu wkh g|qdplfv ri wkh

ghyldwlrq iurp wkh vwhdg| vwdwh %W ' ��3�K1 Gh�qlqj + E|� ' % E|� � %W/ + E|�

vroyhv ;A?A= �+ E|� ' �+ E|�

+ Ef� ' +f

+<16<,

zkhuh/ ri frxuvh/ +f ' %f � %W� Vxfk d v|vwhp lv fdoohg krprjhqhrxv/ dqg wr wkh

dqdo|vlv ri vxfk v|vwhpv zh qrz wxuq1 Lqvsluhg e| wkh vfdodu fdvh/ lw lv whpswlqj

wr vd| wkdw wkh vroxwlrq lv

+ E|� ' i T E�|� � +f +<173,

Exw zkdw grhv lw phdq wr wdnh wkh h{srqhqwldo ri d pdwul{B Wkdw txhvwlrq lv

dqvzhuhg lq wkh iroorzlqj vhfwlrq1

Q1E1 Lq wkh iroorzlqj vhfwlrqv/ zh zloo eh wdonlqj derxw krprjhqhrxv v|vwhpv/

dqg gh�qlwlrqv dqg uhvxowv zloo eh vwdwhg wkdw dsso| irupdoo| rqo| wr wkhp1

Exw ri frxuvh zh fdq hdvlo| h{whqg +e| orrnlqj dw ghyldwlrqv iurp wkh vwhdg|

vwdwh, doo wkh uhvxowv wr qrq0krprjhqhrxv v|vwhpv zlwk d xqltxh vwhdg|

vwdwh1 Nhhs wkdw lq plqg dv |rx uhdg rq1

<141714 Wkh pdwul{ h{srqhqwldo ixqfwlrq

Djdlq lqvsluhg e| wkh vfdodu fdvh/ zh r�hu wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq <1419 Ohw � eh d vtxduh pdwul{1 Wkhq

i T E�� '
"[
&'f

�&

&-
+<174,

zkhuh wkh frqyhqwlrq lv wkdw �f ' U iru hyhu| vtxduh pdwul{ �1
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Uhpdun <1419 Lw pd| ri frxuvh eh frq�uphg wkdw wklv vhulhv frqyhujhv +xql0

irupo|, iru hyhu| vtxduh pdwul{ �1

Zduqlqj1 Lw pd| kdsshq wkdw

i T E�� i T E�� 9' i T E�n�� � +<175,

Krzhyhu/ zh gr kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq <1417 Li �� ' �� wkhq i T E�� i T E�� ' i T E�n�� �

Surri1 H{huflvh1

Fruroodu| <1416 Iru doo vtxduh pdwulfhv � dqg doo vfdoduv rc |/ zh kdyh

i T E�r� i T E�|� ' i T E� Ern |��

Fruroodu| <1417 Iru dq| vtxduh pdwul{ �c wkh pdwul{ i T E�� lv qrq0vlqjxodu

zlwk lqyhuvh i T E��� �

Sursrvlwlrq <1418 Iru dq| vtxduh pdwul{ �c

_

_|
i T E�|� ' � i T E�|� � +<176,

Surri1 Frs| wkh surri ri wkh vfdodu fdvh1

Uhpdun <141: Wklv vkrzv wkdw +<173, uhdoo| vroyhv +<16<,$

Uhpdun <141; Qrwh wkdw zkhq zh gl�huhqwldwh d pdwul{ zlwk uhvshfw wr d vfdodu/

zh grq*w erwkhu wr yhfwrul}h lw1
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Sursrvlwlrq <1419 Li � ' _�@} Eb�c b2c ���c b?� lv d gldjrqdo pdwul{/ wkhq

i T E�|� '

599999997

eb�|

eb2|

1 1 1

eb?|

6:::::::8
+<177,

zkhuh wkh eodqn vsdfhv uhsuhvhqw }hurv1

Sursrvlwlrq <141: Li � ' ���3� wkhq

i T E�� ' � i T E���3� +<178,

Surri1 H{huflvh1

H{dpsoh <1419 Frqvlghu;AAAAAAAAAAA?AAAAAAAAAAA=

597 �%� E|�

�%2 E|�

6:8 '

597 f �

f f

6:8
597 %� E|�

%2 E|�

6:8
597 %� Ef�

%2 Ef�

6:8 '

597 @�

@2

6:8
+<179,

Dssduhqwo| � lv qlosrwhqw/ l1h1 �? ' f iru doo ? � 21 Vr zh fdq fdofxodwh wkh

pdwul{ h{srqhqwldo h{solflwo|$ Zh jhw

i T E�|� '
"[
&'f

�&|&

&-
' U n�|n f n ��� '

597 � |

f �

6:8 +<17:,

dqg khqfh wkh xqltxh vroxwlrq lv597 %� E|�

%2 E|�

6:8 '

597 @� n @2|

@2

6:8 +<17;,
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<141715 Xqfrxsolqj e| gldjrqdol}dwlrq

Zh kdyh mxvw vroyhg rxu v|vwhp +<173,1 Zh irxqg wkdw

+ E|� ' i T E�|� +f +<17<,

dqg frqvhtxhqwo| wkh vroxwlrq wr wkh fruuhvsrqglqj qrq0krprjhqhrxv v|vwhp lv

% E|� ' %W n i T E�|� E%f � %W� � +<183,

Exw zkhq � lvq*w qlosrwhqw/ wklv xvxdoo| lvq*w h{solflw hqrxjk1 Zh nqrz zh frxog

eh pruh h{solflw li � zhuh gldjrqdo1 Exw lw lv mxvw dv jrrg li � lv gldjrqdol}deoh$

Vr vxssrvh � lv gldjrqdol}deoh/ dqg ohw � ' l\l3� eh dq hljhqydoxh2hljhqyhfwru

ghfrpsrvlwlrq1 Wkhq/ ri frxuvh

% E|� ' %W nli T E\|�l3� E%f � %W� +<184,

l1h1

% E|� ' %W nl

599999997

eb�|

eb2|

1 1 1

eb?|

6:::::::8
l3� E%f � %W� � +<185,

Fdoolqj l3� E%f � %W� ' S dqg zulwlqj l '

�
r� r2 � � � r?

�
zkhuh wkh r� duh

wkh froxpqv ri l +dqg khqfh wkh hljhqyhfwruv ri �$, zh �qg wkdw

% E|� ' %W n

?[
&'�

S&e
b&|r&� +<186,

Wklv htxdwlrq looxvwudwhv dq lpsruwdqw idfw derxw wkh vroxwlrqv wr RGHv= wkh|

duh wkh vwhdg| vwdwh soxv duelwudu| olqhdu frpelqdwlrqv ri edvlv vroxwlrqv eb&|r&

wr wkh fruuhvsrqglqj krprjhqhrxv v|vwhp/ zklfk duh olqhduo| lqghshqghqw dqg

khqfh vsdq wkh zkroh vsdfh ri vroxwlrqv1 +Uhfdoo wkdw wkh vhw ri vroxwlrqv wr
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wkh krprjhqhrxv v|vwhp lv d yhfwru vsdfh$, Qrwh wkdw wkh froxpqv ri i T E�|�

dozd|v irup d vhw ri olqhduo| lqghshqghqw vroxwlrqv/ vlqfh i T E�|� lv d qrq0vlqjxodu

pdwul{1 Wr vhh wkdw wkh edvlv vroxwlrqv eb&|r& duh olqhduo| lqghshqghqw/ uhfdoo rxu

dvvxpswlrq wkdw l '

�
r� r2 � � � r?

�
lv qrq0vlqjxodu1

<141716 Lqlwldo ydoxhv dqg hqgsrlqwv

Dv zh kdyh vhhq/ hdfk lqlwldo ydoxh +&cf lpsrvhv rqh olqhdu uhvwulfwlrq rq wkh

?�glphqvlrqdo vsdfh ri vroxwlrqv1 +Khuh +&c| lv wkh ydoxh ri wkh &wk hohphqw ri

wkh yhfwru +|�, Lq wkh fdvh ri olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv/ �{lqj wkh

hqwluh yhfwru +f slqv grzq wkh vroxwlrq h{dfwo|1 Exw/ dowhuqdwlyho|/ zh frxog �{

hqgsrlqw ydoxhv +&cA lqvwhdg1 Ru zh fdq frpelqh lqlwldo dqg hqgsrlqw ydoxhv1

Wkhuh lv olwwoh wr vd| wkhruhwlfdoo| derxw wklv h{fhsw wkdw lw zrunv dv vrrq dv |rx

�{ dv pdq| srlqwv dv wkhuh duh yduldeohv lq wkh v|vwhp1

H{huflvh <1417 Ohw 597 % E|�

+ E|�

6:8 ' S�e
|

597 f

�

6:8n S2e
3|

597 �

f

6:8 +<187,

eh d uhsuhvhqwdwlrq ri wkh ixoo vhw ri vroxwlrqv wr d wzr0glphqvlrqdo olqhdu v|vwhp

ri RGHv1 Ghwhuplqh S� dqg S2 wr hqvxuh wkdw % Ef� ' @ dqg + E�� ' K1

H{huflvh <1418 Frqvlghu wkh g|qdplf v|vwhp597 �% E|�

�b E|�

6:8 ' �

597 % E|�

b E|�

6:8 +<188,

zkhuh % E|� dqg b E|� duh yhfwruv ri wkh vdph glphqvlrq1 Ohw

i T E�|� '

597 H�� E|� H�2 E|�
H2� E|� H22 E|�

6:8 +<189,

eh d sduwlwlrq lqwr htxdo sduwv1 Vxssrvh % Ef� ' %f dqg % EA � ' %A � Ilqg b Ef� �

Gr |rx qhhg wr pdnh dq| lqyhuwlelolw| dvvxpswlrqvB
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<141717 Frpsoh{ hljhqydoxhv dqg uhdo rvfloodwru| vroxwlrqv

Vrph ru doo ri wkh hljhqydoxhv pd| eh frpsoh{/ vr wkdw wkh uhsuhvhqwdwlrq +<186,

ri wkh vhw ri vroxwlrqv pd| hdvlo| surgxfh frpsoh{ vroxwlrqv hyhq li |rx uhvwulfw

wkh S yhfwru wr kdyh uhdo hqwulhv1 Wkxv li |rx zdqw wr orrn rqo| dw wkh uhdo

vroxwlrqv/ wkh uhsuhvhqwdwlrq +<186, lv qrw frqyhqlhqw1 Zkdw zh zrxog olnh lv d

uhsuhvhqwdwlrq vr wkdw dq| uhdo0ydoxhg vroxwlrq lv d uhdo0olqhdu frpelqdwlrq ri d

vhw ri uhdo0ydoxhg edvlv ixqfwlrqv1 +E| d uhdo0olqhdu frpelqdwlrq L phdq d olqhdu

frpelqdwlrq zlwk uhdo vfdoduv1,

Ehiruh zh jr rq wr wkh vroxwlrq ri wklv sureohp/ zh qrwh wkdw wkhuh lv dfwxdoo|

d yhu| hdv| zd| iruzdug khuh= wdnh d uhdo lqlwldo ydoxh +f( wkh vroxwlrq wkhq vwd|v

uhdo1 Exw vxfk dq dssurdfk plvvhv wkh lpsruwdqw frqfhswxdo srlqw wkdw frpsoh{

hljhqydoxhv/ hyhq li zh irfxv rqo| rq wkh uhdo vroxwlrqv/ jlyh ulvh wr rvfloodwru|

ehkdylru1 Wkh hvvhqwldo uhdvrq iru wklv lv Hxohu*v irupxod1 Sxwwlqj b� ' k� n �q�/

Hxohu*v irupxod vd|v wkdw eb&| ' ek&| EULtq&|n � t�?q&|�1 Vr dv vrrq dv q& 9' f

zh jhw rvfloodwru| ehkdylru/ hlwkhu lq wkh irup ri gdpshg +k& 	 f, ru h{sorvlyh

+k& : f, f|fohv1

Lq dq| fdvh/ khuh frphv wkh jhqhudo vroxwlrq dqg dq h{sodqdwlrq +exw qrw

txlwh d surri,1 Vxssrvh � kdv uhdo hqwulhv vr wkdw wkh frpsoh{ hljhqydoxhv dqg

hljhqyhfwruv frph lq frpsoh{ frqmxjdwh sdluv1 Ohw b& eh dq hljhqydoxh zlwk

d qrq0}hur lpdjlqdu| sduw dqg frqvlghu wkh sdlu ri hljhqydoxhv b&c b& dqg wkh

dvvrfldwhg hljhqyhfwruv r& dqg r&1 Zh qrz sdxvh wr vwdwh d xvhixo ohppd zklfk

vd|v wkdw li d frpsoh{0ydoxhg ixqfwlrq vroyhv d v|vwhp ri RGHv/ wkhq wkhlu uhdo

dqg lpdjlqdu| sduwv gr/ wrr1

Wkhruhp <1415 Ohw + E|� ' � E|� n �� E|� vdwlvi| �+ E|� ' �+ E|�/ zkhuh � E|� dqg

� E|� duh uhdo0ydoxhg ixqfwlrqv1 Wkhq vr gr � E|� dqg � E|� �
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Surri1 Zh duh wrog wkdw + E|� vdwlv�hv �+ E|� ' �+ E|�1 Exw wkhq �� E|� n � �� E|� '

�� E|� n ��� E|� � Exw wklv fdq rqo| eh wuxh li �� E|� ' �� E|� dqg �� E|� ' �� E|�1

Jhwwlqj edfn rq wudfn/ dssduhqwo| wzr olqhduo| lqghshqghqw vroxwlrqv wr rxu

krprjhqhrxv v|vwhp ri RGHv duh

+& E|� ' eb&|r& +<18:,

dqg

+&n� E|� ' eb&|r&� +<18;,

+Khuh wkh yhfwru +& E|� lv wkh ydoxh dw | ri wkh &wk edvlv vroxwlrq1, Qrz wdnh wkh

uhdo dqg lpdjlqdu| sduwv ri/ vd|/ wkh �uvw vroxwlrq +& E|�1 Zulwlqj wkh hljhqydoxh

b& dqg hljhqyhfwru r& lq Fduwhvldq irup zlwk b& ' k& n �q& dqg r& ' @& n �K&c

dqg xvlqj Hxohu*v irupxod/ zh jhw

+& E|� ' ek&| E@& ULt Eq&|�� K& t�? Eq&|��n

n�ek&| E@& t�? Eq&|� n K& ULt Eq&|��

+<18<,

Zulwlqj +& E|� ' �& E|� n ��& E|� dqg lqyrnlqj Wkhruhp <1415/ zh kdyh wkh

iroorzlqj fdqglgdwh edvlv vroxwlrqv1

�& E|� ' ek&| E@& ULt Eq&|�� K& t�? Eq&|�� +<193,

�& E|� ' ek&| E@& t�? Eq&|� n K& ULt Eq&|�� +<194,

dqg wkhvh fdq eh vkrzq wr eh olqhduo| lqghshqghqw1

Wklv prwlydwhv wkh iroorzlqj jhqhudo uhsuhvhqwdwlrq ri wkh ixoo vhw ri uhdo vr0

oxwlrqv wr +<173,1 Duudqjh wkh hljhqydoxhv lq dq rughu vr wkdw frpsoh{ frqmxjdwh

sdluv duh mx{wdsrvhg1 Jr wkurxjk wkh hljhqydoxhv lq rughu iurp & ' � wr ?1 Iru

hdfk uhdo hljhqydoxh b& dqg hljhqyhfwru r&/ wkh fruuhvsrqglqj edvlv vroxwlrq lv

mxvw

)& E|� ' eb&|r&� +<195,



483 FKDSWHU <1 G\QDPLF V\VWHPV

Iru hdfk frpsoh{ hljhqydoxh b& dqg hljhqyhfwru r&/ frqvwuxfw �& E|� dqg �& E|� dv

deryh dqg vhw ;A?A= )& E|� ' �& E|�

)&n� E|� ' �& E|� �
+<196,

Iru hyhu| frpsoh{ hljhqydoxh b& |rx hqfrxqwhu/ ljqruh wkh frqmxjdwh hljhqydoxh

b&n� ' b&1 Qrz wkh ixoo vhw ri vroxwlrqv pd| eh uhsuhvhqwhg dv

+ E|� '

?[
&'�

S&)& E|� +<197,

Qrwh wkdw lw lv hvvhqwldo iru wklv uhvxow wkdw � kdyh uhdo hqwulhv dqg khqfh wkdw

wkh hljhqydoxhv dqg hljhqyhfwruv frph lq uhflsurfdo sdluv1 Rwkhuzlvh zh frxog

qrw d�rug wr ljqruh rqh rxw ri hyhu| wzr frpsoh{ hljhqydoxhv1 \rx pd| zdqw

wr fkhfn wkdw/ lq rxu fdvh/ orrnlqj dw b& dqg b& |lhogv h{dfwo| wkh vdph vsdfh ri

vroxwlrqv1

H{huflvh <1419 Vroyh wkh iroorzlqj v|vwhp ri RGHv1;AAAAAAAAAAA?AAAAAAAAAAA=

�% E|� '

597 f ��
� f

6:8% E|�

% Ef� '

597 �

f

6:8
+<198,

H{suhvv |rx dqvzhu lq whupv ri vlqhv dqg frvlqhv rqo| +qr frpsoh{ h{srqhqwldov,1

Looxvwudwh wkh vroxwlrq sdwk lq d slfwxuh1 Klqw= Wkh vroxwlrq % E|� jrhv urxqg dqg

urxqg wkh xqlw flufoh1

<141718 Vwdelolw|

\rx pd| douhdg| kdyh jxhvvhg wkdw wkh vwdelolw| ri d v|vwhp ri RGHv lv lqwlpdwho|

frqqhfwhg zlwk wkh hljhqydoxhv ri wkh frh!flhqw pdwul{�1 Wkh qrwlrq ri wkh qrup
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ri d pdwul{ wxuqv rxw dovr wr eh lpsruwdqw/ dqg/ zkdw lv pruh/ wkh hljhqydoxhv

wxuq rxw wr eh forvho| uhodwhg wr wkh pdwul{ qrup1 Pruh suhflvho|/ zh kdyh wkh

iroorzlqj gh�qlwlrqv dqg sursrvlwlrqv1

Gh�qlwlrq <141: Ohw � eh d vtxduh pdwul{1 Wkhq lwv vshfwuxp b E�� lv gh�qhg

yld

b E�� ' ib 5 F G _i| E� � bU� ' fj +<199,

l1h1 b E�� lv wkh vhw ri hljhqydoxhv ri �1

Sursrvlwlrq <141; Ohw � eh d vtxduh pdwul{1 Wkhq

n�n ' 4@ 
bMbE�A��

s
mbm� +<19:,

Fruroodu| <1418 Ohw � eh d vtxduh v|pphwulf pdwul{1 Wkhq

n�n ' 4@ 
bMbE��

mbm � +<19;,

Surri1 Vhh ^53`1

Sursrvlwlrq <141< Ohw � dqg � eh vtxduh pdwulfhv1 Wkhq

n��n � n�n n�n +<19<,

Surri1 Vhh ^4:`1

Gh�qlwlrq <141; Ohw � eh d vtxduh lqyhuwleoh pdwul{1 Wkhq lwv frqglwlrq qxpehu

lv gh�qhg yld

S E�� ' n�n���3�
�� �

Qrz ohw*v wdnh d orrn dw wkh vroxwlrq + E|� ri rxu krprjhqhrxv v|vwhp dqg vhh

xqghu zkdw flufxpvwdqfhv lw lv vwdeoh dqg2ru frqyhujhv wr }hur1 Uhfdoo wkdw

+ E|� ' li T E\|� l3�+f� +<1:3,
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E| wkh gh�qlwlrq ri wkh pdwul{ qrup/

n+ E|�n � ��li T E\|�l3�
�� n+fn +<1:4,

E| Sursrvlwlrqv <141< dqg <141;/ dqg wkh idfw wkdw wkh h{srqhqwldo ixqfwlrq lv

qrq0ghfuhdvlqj/

nli T E\|�l3�n � nli T E\|�n nl3�n �

� nln ni T E\|�n nl3�n ' S El� ni T E\|�n '

' S El� 4@ 
bMbE��

��eb|�� �
+<1:5,

Khqfh

n+ E|�n � S El� 4@ 
bMbE��

��eb|�� n+fn � +<1:6,

Qrz uhsuhvhqw wkh pd{lpl}lqj hljhqydoxh b4@ lq Fduwhvldq irup1 Wkhq b4@ '

%n +� zkhuh % ' +i Eb4@ � dqg + ' W4 Eb4@ � duh uhdo qxpehuv dqg

n+ E|�n � S El�
��e%|�� ��e+�|�� n+fn ' ��e%|�� S El� n+fn �

Doo wklv vxjjhvwv +dqg suryhv iru gldjrqdol}deoh pdwulfhv$, wkh iroorzlqj wkhruhp1

Wkhruhp <1416 Vxssrvh wkh vtxduh pdwul{ � lv vxfk wkdw doo wkh hljhqydoxhv ri

� kdyh vwulfwo| qhjdwlyh uhdo sduwv1 Wkhq/ dqg rqo| wkhq/ wkh v|vwhp +<173, lv

joredoo| dv|pswrwlfdoo| vwdeoh1

Surri1 Li + lv d uhdo qxpehu/ wkhq me�+|m ' � iru doo |/ dqg li % lv d qhjdwlyh uhdo

qxpehu/ wkhq me%|m $ f prqrwrqlfdoo| dv | $ 41 Qrwh wkdw wkh dvvxpswlrq ri

wkh wkhruhp lpsolhv +zk|B, wkdw � lv lqyhuwleoh/ dqg khqfh wkdw wkhuh lv d xqltxh

vwhdg| vwdwh1 Wkh rqo| jds lq wkh surri lv wkdw zh dvvxph � wr eh gldjrqdol}deoh1

Wkh jhqhudol}dwlrq wr dq| vtxduh pdwul{ lv ohiw wr wkh uhdghu1
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Fruroodu| <1419 Iru d olqhdu v|vwhp zlwk frqvwdqw frh!flhqwv/ orfdo dv|pswrwlf

vwdelolw| ri wkh vwhdg| vwdwh lv htxlydohqw wr joredo dv|pswrwlf vwdelolw|1

<141719 Vdggoh sdwkv

Hyhq li d krprjhqhrxv olqhdu v|vwhp lv qrw joredoo| vwdeoh/ wkhuh pd| eh lqlwldo

ydoxhv iurp zklfk wkh vroxwlrq grhv frqyhujh/ ru/ wr lqfoxgh d erughuolqh fdvh

zklfk zh frxqw dv vwdeoh/ dw ohdvw uhpdlqv erxqghg/ l1h1 wkhuh lv dq � vxfk wkdw

n% E|�n � � iru doo |1 Frqvlghu wkh vhw ri vxfk lqlwldo ydoxhv 7 � U?1 Zh fdoo 7

wkh vdggoh sdwk iru wkh v|vwhp1

Wr fkdudfwhul}h wkh vhw 7 zh duudqjh \ lq d vwdeoh dqg dq xqvwdeoh sduw1 Mxvw

uhduudqjh wkh hljhqydoxhv dqg hljhqyhfwruv vr wkdw wkh ?� xqvwdeoh hljhqydoxhv

+wkh rqhv zlwk srvlwlyh uhdo sduwv, frph �uvw/ dqg wkh uhpdlqlqj ?r vwdeoh rqhv

odvw1 +Zh dvvxph wkdw wkhuh duh qr }hur hljhqydoxhv/ l1h1 wkdw wkhuh lv d xqltxh

vwhdg| vwdwh1, Sduwlwlrqlqj/ zh kdyh

\ '

5997 \�
?�f?�

\2
?rf?r

6::8 � +<1:7,

Zh qrz zdqw wr fkdudfwhul}h wkh vhw ri lqlwldo yhfwruv +f vxfk wkdw

li T E\|� l3�+f $ f� +<1:8,

Wklv lv ri frxuvh wkh vdph vhw +zk|B, dv wkh vhw ri +f vxfk wkdw

i T E\|�l3�+f $ f� +<1:9,

Gh�qlqj

l3� '

597 l�

?�f?

l2

?rf?

6:8 +<1::,
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dqg zulwlqj wkh h{suhvvlrq rxw lq sduwlwlrqhg irup/ wkh uhtxluhphqw lv

597 e\�|

e\2|

6:8
597 l�

l2

6:8 +f $ f� +<1:;,

Iru wklv wr eh wuxh/ zh qhhg wkh frh!flhqwv pxowlso|lqj wkh h{sorvlyh idfwru e\�|

wr eh }hur1 Wklv phdqv wkdw

l�+f ' f� +<1:<,

Vr wkh vdggoh sdwk 7 lv mxvw wkh vhw ri yhfwruv +f 5 U? vxfk wkdw l�+f ' f1

Dssduhqwo| wklv htxdwlrq frqwdlqv ?� +lqghshqghqw$, olqhdu uhvwulfwlrqv1 Wkh

srodu fdvhv duh wkh iroorzlqj1 Li wkhuh duh ?� ' ? xqvwdeoh hljhqydoxhv/ wkhq wkhuh

duh ? lqghshqghqw olqhdu uhvwulfwlrqv> wkxv wkh rqo| fkrlfh lv +f ' f dqg khqfh

7 ' ifj1 Frqyhuvho| li ?� ' fc wkhq 7 ' U?1

Uhpdun <141< \rx pd| zrqghu zkhwkhu vdggoh sdwkv kdyh dq|wklqj wr gr zlwk

wkh vruw ri wklqj wkdw Mrkq Zd|qh xvhg wr vlw rq1 Zhoo/ wkh| gr1 Frqvlghu d

vdggoh/ dqg frqvlghu gursslqj d edoo rq lw dqg vhh zkdw kdsshqv1 W|slfdoo| lw zloo

uroo r�/ exw wkhuh lv d olqh wkdw srlqwv lq wkh vdph gluhfwlrq dv zkhuh wkh kruvh

lv jrlqj vxfk wkdw wkh edoo uroov grzq wr urxjko| zkhuh Zd|qh*v jurlq xvhg wr eh

dqg vwd|v wkhuh1 Wklv olqh lv wkh vdggoh sdwk1

Pruh pdwkhpdwlfdoo|/ frqvlghu wkh judsk ri d ixqfwlrq s G U2 $ U dqg

wklqn ri wkh vhw ri srlqwv V ' iE%c +c 5� 5 U� G s E%c +� ' 5j dv d vxuidfh lq wkuhh0

glphqvlrqdo vsdfh1 Qrz wklqn ri U� dv sk|vlfdo vsdfh dqg V dv/ vd|/ d prxqwdlq

udqjh/ fryhuhg zlwk lfh wr uhpryh wkh iulfwlrq1 Qrz pdnh d vqrzedoo dqg ohw jr ri

lw dw E%c +c s E%��1 Wkhq +zk|B, wkh edoo zloo uroo dzd| lq wkh gluhfwlrq �%s E%c +�
+wkh plqxv vljq vd|v wkdw lw uroov grzq udwkhu wkdq folpev xs,1 Vr/ li zh ljqruh wkh

yhorflw| dqg irfxv rqo| rq wkh gluhfwlrq/ lw lv dv li wkh edoo*v srvlwlrq E% E|� c + E|��
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zhuh jryhuqhg e| wkh g|qdplf v|vwhp

�% E|� ' �%s E%c +� � +<1;3,

Qrz ohw s E%� ' %A E��� % dqg frqvhtxhqwo| �% E|� ' �%s E% E|� c + E|�� ' �% E|�1

Zh qrz kdyh olqhdu v|vwhp ri RGHv1

Iurp hohphqwdu| fdofxoxv/ zh nqrz wkdw li � lv d v|pphwulf pdwul{ zlwk uhdo

hqwulhv/ wkhq li � lv qhjdwlyh gh�qlwh +doo wkh hljhqydoxhv duh uhdo dqg qhjdwlyh,/

wkh ruljlq lv d joredo plqlpxp ri s / dqg li � lv srvlwlyh gh�qlwh +doo wkh hljhq0

ydoxhv duh uhdo dqg srvlwlyh,/ wkhq wkh ruljlq lv d joredo pd{lpxp ri s� Rwkhuzlvh

lw lv d vdggoh srlqw/ zklfk lq wkuhh0glphqvlrqdo vsdfh lv olnh d prxqwdlq sdvv1

H{whqglqj wklv wr qrq0v|pphwulf pdwulfhv zlwk uhdo hljhqydoxhv/ zh frqfoxgh wkdw

li doo wkh ri wkh hljhqydoxhv ri � duh uhdo dqg qhjdwlyh/ s kdv d vlqjoh joredo

plqlpxp dw wkh ruljlq/ dqg rxu edoo dozd|v uroov grzq lqwr wkh ydooh| dqg vwd|v

wkhuh1 Rq wkh rwkhu kdqg/ li wkh wzr hljhqydoxhv duh uhdo dqg kdyh rssrvlwh vljqv/

wkh ruljlq lv d vdggoh srlqw dqg wkh edoo rqo| vhwwohv grzq wkhuh li lw vwduwv iurp

vrphzkhuh rq d fhuwdlq olqh +ylvxdol}h wklv$,1

Lq dq| fdvh/ 7 lv dozd|v dq ?r�glphqvlrqdo vxevsdfh ri U?1 Dfwxdoo|/ zh fdq

fkdudfwhul}h wklv vhw lq d yhu| frqyhqlhqw zd|1 Lw wxuqv rxw wkdw 7 lv wkh vxevsdfh

ri U? vsdqqhg e| wkh vwdeoh hljhqyhfwruv +l1h1 wkh hljhqyhfwruv dvvrfldwhg zlwk

wkh vwdeoh hljhqydoxhv,1 Wr vhh zk|/ gh�qh

l '

�
l�
?f?�

l2
?f?r

�
+<1;4,

vr wkdw l2 lv dq ? � ?r pdwul{ ri olqhduo| lqghshqghqw hljhqyhfwruv dvvrfldwhg

zlwk vwdeoh hljhqydoxhv1 Qrz/ e| wkh gh�qlwlrq ri dq lqyhuvh/

l3�l ' U +<1;5,
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dqg frqvhtxhqwo| 597 l�

l2

6:8� l� l2

�
'

597 U f

f U

6:8 � +<1;6,

Lw iroorzv wkdw l�l2 ' f
?rf?r

dqg khqfh wkdw dq| vwdeoh hljhqyhfwru lv rq wkh

vdggoh sdwk 71 Lqghhg/ ohw +f ' l2� iru dq| yhfwru � 5 U?r� Wkhq l�+f ' f dqg

khqfh dq| olqhdu frpelqdwlrq ri wkh froxpq yhfwruv ri l2 lv rq wkh vdggoh sdwk1

Pruhryhu/ vlqfh l� kdv ixoo udqn +lw frqvlvwv ri olqhduo| lqghshqghqw urzv,/ li d

yhfwru lv qrw d olqhdu frpelqdwlrq ri wkh froxpqv ri l2/ wkhq lw lv qrw rq wkh

vdggoh sdwk1 Frqvhtxhqwo|/ 7 mxvw lv wkh froxpq vsdfh ri wkh pdwul{ l21 Wkh

uhvxow lv wkh iroorzlqj1

Sursrvlwlrq <14143 Ohw 7 eh wkh vdggoh sdwk ri +<173,1 Ohw � eh lqyhuwleoh

dqg gldjrqdol}deoh1 Ohw l2 eh wkh pdwul{ zkrvh froxpqv duh olqhduo| lqghshqghqw

hljhqyhfwruv dvvrfldwhg zlwk wkh ?r vwdeoh hljhqydoxhv ri �1 Wkhq 7 lv wkh froxpq

vsdfh ri l2c l1h1

7 ' i+f 5 U? G +f ' l2� iru vrph � 5 U?rj � +<1;7,

Surri1 Vhh deryh1

Zh qrz zuds xs zlwk d frxsoh ri gh�qlwlrqv1

Gh�qlwlrq <141< Ohw 7 eh wkh vdggoh sdwk ri +<173,1 Ohw � eh lqyhuwleoh vr wkdw

wkh xqltxh vwhdg| vwdwh lv +W ' f1 Li 7 ' ifj wkhq +<173, lv xqvwdeoh +qrw vwdeoh,

dqg wkh vwhdg| vwdwh +W lv vrphwlphv fdoohg dq xqvwdeoh qrgh zkhq wkh hljhqydoxhv

duh uhdo dqg dq xqvwdeoh vsludo li dw ohdvw rqh hljhqydoxh lv frpsoh{1 Frqyhuvho|/

li 7 ' U? wkhq +<173, lv vwdeoh dqg wkh vwhdg| vwdwh +W lv vrphwlphv fdoohg d vwdeoh

qrgh zkhq wkh hljhqydoxhv duh uhdo dqg d vwdeoh vsludo li dw ohdvw rqh hljhqydoxh

lv frpsoh{1
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Lq wkh lqwhuphgldwh fdvh/ wkh whuplqrorj| lv wkh iroorzlqj1

Gh�qlwlrq <14143 Ohw 7 eh wkh vdggoh sdwk ri +<173,1 Ohw � eh lqyhuwleoh vr wkdw

wkh xqltxh vwhdg| vwdwh lv +W ' f1 Vxssrvh ifj 9' 7 9' U?� Wkhq 7 zloo eh fdoohg d

surshu vdggoh sdwk ri +<173, dqg wkh vwhdg| vwdwh +W zloo eh fdoohg d vdggoh srlqw1

Vrphwlphv zh zloo eh vorss| dqg uhihu wr d surshu vdggoh sdwk dv phuho| d vdggoh

sdwk1

Uhpdun <14143 Dffruglqj wr rxu gh�qlwlrq ri vwdelolw|/ d vdggoh srlqw lv xqvwd0

eoh1 Exw/ dv zh kdyh vhhq/ lw lv qhyhuwkhohvv srvvleoh wr irufh wkh vroxwlrq wr eh

erxqghg ru/ li wkh uhdo sduwv ri wkh hljhqydoxhv duh doo qrq0}hur/ frqyhujhqw/ e|

fkrrvlqj wkh lqlwldo ydoxh lq d vxlwdeoh zd|1

<14171: Wzr0glphqvlrqdo fdvh

Wkh wzr0glphqvlrqdo fdvh lv lqvwuxfwlyh vlqfh lw lv hdv| wr gudz/ vr zh zloo vshqg

d orw ri wlph sudfwlflqj rq lw1

Lq wkh wzr0glphqvlrqdo fdvh/ lw vr kdsshqv wkdw zh fdq fkdudfwhul}h wkh xqvwd0

eoh fdvh/ wkh vwdeoh fdvh dqg wkh +surshu, vdggoh sdwk fdvh lq whupv ri wkh wudfh dqg

ghwhuplqdqw ri wkh pdwul{ �1 Ohw b E�� ' ib�c b2j1 Uhfdoo wkdw |h E�� ' b� n b2

dqg _i| E�� ' b�b21 Qrwh wkdw li � kdv uhdo hqwulhv/ erwk wkh wudfh dqg wkh gh0

whuplqdqw duh uhdo qxpehuv1 Zh qrz kdyh wkh iroorzlqj frqglwlrqv iru vwdelolw|1

Sursrvlwlrq <14144 Ohw � eh d 2�2 pdwul{ zlwk uhdo hqwulhv1 Vxssrvh |h E�� 	 f

dqg _i| E�� : f� Wkhq erwk hljhqydoxhv ri � kdyh qhjdwlyh uhdo sduwv/ fruuhvsrqg0

lqj wr d vwdeoh qrgh1

Surri1 Ohw b E�� ' ib�c b2j1 Vlqfh |h E�� lv uhdo/ wkh lpdjlqdu| sduwv ri b� dqg

b2 vxp wr }hur� Vr hlwkhu wkh| duh erwk uhdo ru wkh| duh hdfk rwkhuv* frpsoh{
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frqmxjdwhv1 Khqfh |h E�� lv mxvw wkh vxp ri wkh uhdo sduwv ri b� dqg b2c dqg lw lv

qhjdwlyh/ vr dw ohdvw rqh ri wkh hljhqydoxhv kdv d qhjdwlyh uhdo sduw1 Qrz li erwk

hljhqydoxhv duh uhdo/ wkhq _i| E�� lv mxvw wkh surgxfw ri wkh uhdo sduwv/ dqg vlqfh

lw lv srvlwlyh/ wkh hljhqydoxhv pxvw kdyh wkh vdph vljq1 Dowhuqdwlyho|/ li dw ohdvw

rqh ri wkh hljhqydoxhv lv frpsoh{/ wkhq wkh| duh hdfk rwkhuv* frpsoh{ frqmxjdwhv1

Exw wkhq wkh uhdo sduwv duh wkh vdph/ dqg khqfh/ d iruwlrul/ wkh| kdyh wkh vdph

vljq1 Vr wkh uhdo sduwv kdyh wkh vdph vljq/ dqg dw ohdvw rqh ri wkhp lv qhjdwlyh1

Khqfh wkh| duh erwk qhjdwlyh1

Sursrvlwlrq <14145 Ohw � eh d 2�2 pdwul{ zlwk uhdo hqwulhv1 Vxssrvh _i| E�� 	

f� Wkhq wkh hljhqydoxhv ri � duh uhdo dqg kdyh rssrvlwh vljqv/ fruuhvsrqglqj wr d

surshu vdggoh sdwk1

Surri1 H{huflvh1

Sursrvlwlrq <14146 Ohw � eh d 2�2 pdwul{ zlwk uhdo hqwulhv1 Vxssrvh |h E�� : f

dqg _i| E�� : f� Wkhq erwk hljhqydoxhv ri � kdyh srvlwlyh uhdo sduwv/ fruuhvsrqg0

lqj wr dq xqvwdeoh qrgh1

Surri1 H{huflvh1

Dsso|lqj rxu jhqhudo uhvxow/ zh qrwh wkdw/ lq wkh 2 � 2 surshu vdggoh sdwk

fdvh/ wkh vdggoh sdwk lv mxvw d olqh wkurxjk wkh ruljlq lq wkh gluhfwlrq ri d vwdeoh

hljhqyhfwru1

H{huflvh <141: Vkrz wkdw wkh vdggoh sdwk 7 ri d krprjhqhrxv olqhdu v|vwhp ri

RGHv uhdoo| lv d vxevsdfh/ l1h1 wkdw iru dq| %c + 5 7 dqg dq| vfdodu k/ zh kdyh

k E%n +� 5 71
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<14171; Zkhq � lv qrw gldjrqdol}deoh

Zkhq wkh � pdwul{ lv qrw gldjrqdol}deoh/ zh fdq vwloo xvh wkh Vfkxu irup1 Wkh

ghwdlov ri wklv dssurdfk fdq eh irxqg lq wkh vhfwlrq rq olqhdu v|vwhpv ri gl�huhqfh

htxdwlrqv1

<14171< Zkhq � lv vlqjxodu

Zkhq � lv vlqjxodu/ lw kdv d qrq0wulyldo qxoovsdfh dqg khqfh wkhuh duh lql�qlwho|

pdq| vwhdg| vwdwhv1 Exw zh fdq vwloo vroyh wkh v|vwhp1 Wkh vroxwlrq lv

% E|� ' i T E�|� %f n

] |

f

i T E�r� K_r� +<1;8,

<1418 Uhgxflqj d Rwk rughu v|vwhp wr d �uvw0rughu rqh

Rffdvlrqdoo| zh zdqw wr vroyh krprjhqhrxv olqhdu v|vwhpv ri kljkhu wkdq �uvw

rughu/ l1h1 v|vwhpv ri wkh irup

%ER� E|� '

R3�[
&'f

�&%
E&� E|� � +<1;9,

zkhuh %E&� lv wkh &wk ghulydwlyh ri % E|� zlwk uhvshfw wr |1 Wklv ?�glphqvlrqdo
Rwk rughu v|vwhp fdq eh uhgxfhg wr dq ?R�glphqvlrqdo �uvw0rughu v|vwhp lq wkh

iroorzlqj zd|1 Gh�qh

h% E|� '
599999997

%ER3�� E|�

%ER32� E|�

111

% E|�

6:::::::8
� +<1;:,

Zh qrz zulwh grzq dq ?R� ?R �uvw0rughu olqhdu v|vwhp iru wkh ?R�glphqvlrqdo
yhfwru ixqfwlrq h% E|� Wkh �uvw urz zloo vwdwh rxu ruljlqdo v|vwhp> wkh rwkhuv zloo

vwdwh wkh uhodwlrqvklsv ehwzhhq wkh hohphqwv lq h% E|� dqg �

�% E|� jlyhq rxu gh�qlwlrq
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ri h% E|� � Zh kdyh599999997

%ER� E|�

%ER3�� E|�

111

�% E|�

6:::::::8
'

599999997

�R3� �R32 � � � �f

U

1 1 1

U

6:::::::8

599999997

%ER3�� E|�

%ER32� E|�

111

% E|�

6:::::::8
� +<1;;,

Gh�qlqj h� lq wkh reylrxv zd|/ zh kdyh

�

�% E|� ' h�h% E|� � +<1;<,

Qrwh wkdw wkh vsdfh ri vroxwlrqv kdv glphqvlrq ?R1

<141814 D txlfn wulfn

Lq rughu wr duulyh idvwhu dw wkh vroxwlrq/ zh pd| surfhhg dv iroorzv1 Vxssrvh % E|�

lv vfdodu1 Lw fdq wkhq eh vkrzq wkdw wkh vroxwlrq kdv wkh irup

% E|� '

?[
&'�

S&e
b&|� +<1<3,

Lqghhg/ dq| ixqfwlrq % E|� ' eb| lv d vroxwlrq surylghg b lv fkrvhq dprqj wkh

uhohydqw hljhqydoxhv1 Lq rughu wr fkdudfwhul}h wkhvh hljhqydoxhv/ zh soxj % E|� ' eb|

wklv lqwr +<1;9, zlwk �& ' @& dqg jhw

bReb| '

R3�[
&'f

@&b
&eb|� +<1<4,

Glylglqj e| eb|c zh �qg wkdw b pxvw vdwlvi| wkh sro|qrpldo htxdwlrq

bR �
R3�[
&'f

@&b
& ' f� +<1<5,

H{dpsoh <141: Frqvlghu

�% E|�� % E|� ' f� +<1<6,
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Soxjjlqj lq wkh fdqglgdwh vroxwlrq % E|� ' eb|c zh jhw

b2 � � ' f� +<1<7,

Wkh wzr vroxwlrqv duh b� ' � dqg b2 ' ��� Khqfh wkh hqwluh vhw ri vroxwlrqv fdq

eh zulwwhq dv

% E|� ' S�e
| n S2e

3|� +<1<8,

<1419 O|dsxqry*v wkhruhp

Kdylqj ghdow zlwk olqhdu v|vwhpv dw vrph ohqjwk/ zh fdq qrz vwdwh dqg prwlydwh

d wkhruhp wkdw fkdudfwhul}hv wkh orfdo g|qdplfv ri wkh qrq0olqhdu v|vwhp +<16:,1

Wkhruhp <1417 +O|dsxqry, Frqvlghu wkh g|qdplf v|vwhp +<16:,1 Ohw s eh

gl�huhqwldeoh dw wkh vwhdg| vwdwh %W dqg gh�qh

� ' s � E%W� � +<1<9,

Wkhq %W lv dv|pswrwlfdoo| vwdeoh li wkh hljhqydoxhv ri � duh doo vwdeoh +kdyh qhj0

dwlyh uhdo sduwv,1

Vlploduo|/ li s � E%W� kdv erwk vwdeoh dqg xqvwdeoh hljhqydoxhv/ wkhuh lv d vhqvh

lq zklfk wkh g|qdplfv ri wkh qrq0olqhdu v|vwhp lv orfdoo| zhoo dssur{lpdwhg e| d

olqhdu v|vwhp zlwk d surshu vdggoh sdwk1 Zh zrq*w eh suhflvh derxw wklv/ exw wkh

lghd lv wkdw wkhuh zloo eh d qhljkerukrrg � ri %W lq zklfk wkh vhw ri lqlwldo srlqwv

%f 5 � vxfk wkdw wkh v|vwhp frqyhujhv wr %W lv dq ?r�glphqvlrqdo vxuidfh zkrvh
wdqjhqw dw %W lv wkh k|shusodqh vsdqqhg e| wkh vwdeoh hljhqyhfwruv ri s � E%W�1

Lq wkh wzr0glphqvlrqdo fdvh/ wklv ?r�glphqvlrqdo vxuidfh lv ri frxuvh mxvw d
fxuyh lq U21
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<141: Skdvh gldjudpv

Wkh srlqw ri skdvh gldjudpv lv wr xvh slfwxuhv wr hqdeoh xv wr ylvxdol}h wkh

g|qdplfv ri vroxwlrq sdwkv +fdoohg wudmhfwrulhv, wr v|vwhpv ri RGHv1 Qrwh wkdw

wkhuh lv rqh wudmhfwru| % E|� iru hdfk lqlwldo ydoxh %f1

<141:14 Rqh0glphqvlrqdo fdvh

H{dpsoh <141; Frqvlghu wkh vfdodu RGH

�% E|� ' %2 E|�� e� +<1<:,

Dssduhqwo|/ wkhuh duh wzr vwhdg| vwdwhv/ %W� ' �2 dqg %W2 ' 21 Duh dq| ri wkhp

vwdeoh ru dv|pswrwlfdoo| vwdeohB Wklv lv prvw hdvlo| lqyhvwljdwhg qrw e| xvlqj
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O|dsxqry*v wkhruhp exw e| orrnlqj dw d skdvh gldjudp1 Vhh Iljxuh <141:141

Iljxuh <141:14

−3 −2 −1 0 1 2 3
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<141:15 Wzr0glphqvlrqdo fdvh

Vwhs 41 Fkdudfwhul}h wkh vwhdg| vwdwh1 W|slfdoo|/ wkhuh zloo eh wzr htxdwlrqv

zklfk wrjhwkhu ghwhuplqh wkh vwhdg| vwdwh/ dqg wkh vwhdg| vwdwh zloo eh wkh srlqw

ri lqwhuvhfwlrq ehwzhhq wzr fxuyhv1 Wkh �uvw fxuyh lv wkh orfxv ri srlqwv lq wkh

% � + sodqh vxfk wkdw �% ' f dqg wkh vhfrqg lv wkh orfxv ri srlqwv lq wkh % � +

sodqh vxfk wkdw �+ ' f� Gudz wkhvh orfl1

Vwhs 51 Fkhfn zkdw kdsshqv wr wkh udwh ri fkdqjh ri wkh wzr yduldeohv zkhq

|rx duh qrw rq hlwkhu ri wkhvh orfl1 Fkhfn wkh irxu gl�huhqw duhdv vhsdudwhg e| wkh

wzr orfl1 Li wkh udwhv ri fkdqjh duh ghwhuplqdwh lq vljq/ gudz duurzv lqglfdwlqj
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wkh vljq ri wkh udwh ri fkdqjh lq hdfk duhd +wkh rswlrqv duh qruwkhdvw/ qruwkzhvw/

vrxwkhdvw dqg vrxwkzhvw,1

Vwhs 61 Li |rxu v|vwhp zdv qrw olqhdu wr ehjlq zlwk/ olqhdul}h durxqg wkh vwhdg|

vwdwh1 Xvh wkh wudfh dqg ghwhuplqdqw frqglwlrqv wr fkhfn li |rx duh ghdolqj zlwk

d vwdeoh qrgh/ dq xqvwdeoh qrgh/ d surshu vdggoh sdwk/ dq xqvwdeoh vsludo ru d

vwdeoh vsludo1 Vhh li wklv djuhhv zlwk wkh duurzv |rx*yh gudzq1

Vwhs 71 Gudz dv|pswrwhv2vdggoh sdwkv/ l1h1 wkh sdwkv vsdqqhg e| wkh hljhq0

yhfwruv1 ^H{sodlq lq pruh ghwdlo1`

Vwhs 71 Gudz wudmhfwrulhv/ l1h1 vroxwlrq sdwkv iru gl�huhqw lqlwldo ydoxhv1 Qrwh

wkdw wkh wudmhfwrulhv furvv wkh �% ' f orfxv yhuwlfdoo| dqg wkh �+ ' f orfxv krul0

}rqwdoo|1 Lq wkh surshu vdggoh sdwk fdvh/ gudz d vdggoh sdwk1 Gudz wudmhfwrulhv

rq dqg r� wkh vdggoh sdwk zlwk duurzv wr lqglfdwh lq zkdw gluhfwlrq wkh udwh ri

fkdqjh lv dv | lqfuhdvhv1 Qrwh wkdw +zk|B, li zh ehjlq rq wkh vdggoh sdwk ru dq

dv|pswrwh/ zh qhyhu ohdyh lw1

H{dpsoh <141< +vwdeoh vsludo,1 Frqvlghu wkh 2�glphqvlrqdo krprjhqhrxv olqhdu

v|vwhp ;AAAAAAAAAAA?AAAAAAAAAAA=

597 �% E|�

�+ E|�

6:8 '

597 �f�� �

�� �f��

6:8
597 % E|�

+ E|�

6:8
597 % Ef�

+ Ef�

6:8 '

597 f

�

6:8 �
+<1<;,

Dssduhqwo| wkh xqltxh vwhdg| vwdwh lv wkh ruljlq1 Orrnlqj dw wkh hljhqydoxhv/

zh vhh wkdw wkh| duh vwdeoh dqg frpsoh{1 Vr wkh vroxwlrq wudmhfwru| lv d frqyhujhqw

vsludo1 Iljxuh <141:151d ghslfwv d vlqjoh wudmhfwru| vwduwlqj dw E�c f�1 Lq wklv fdvh/

lw lv dv li zh duh jrlqj urxqg dq hyhu vkulqnlqj flufoh1 Iru pdq| rwkhu ydoxhv ri

wkh frh!flhqwv lq �/ zh jr durxqg d vkulqnlqj ru jurzlqj hoolsvh1
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Iljxuh <141:151d1

−5 −4 −3 −2 −1 0 1 2 3 4 5

−3

−2

−1

0

1

2

3



499 FKDSWHU <1 G\QDPLF V\VWHPV

H{dpsoh <14143 +surshu vdggoh sdwk,1 Frqvlghu wkh 50glphqvlrqdo krprjhqhrxv

olqhdu v|vwhp ;AAAAAAAAAAA?AAAAAAAAAAA=

597 �% E|�

�+ E|�

6:8 '

597 2 �

�� �2

6:8
597 % E|�

+ E|�

6:8
597 % Ef�

+ Ef�

6:8 '

597 f

�

6:8 �
+<1<<,

Zh �qg wkdw wkh hljhqydoxhv duh uhdo dqg ri rssrvlwh vljqv/ vr zh kdyh d surshu

vdggoh sdwk1 Iljxuh <141:151e frqwdlqv d skdvh gldjudp iru wkh v|vwhp1 Lw frqwdlqv

hyhu|wklqj wkdw |rx duh uhtxluhg wr gr zkhq dvnhg wr gudz d skdvh gldjudp1
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Iljxuh <141:151e
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<15 Gl�huhqfh htxdwlrqv

<1514 Gh�qlwlrq ri sureohp dqg h{lvwhqfh ri vroxwlrq

Lq wklv vhfwlrq wlph lv glvfuhwh/ l1h1 | ' fc �c ��� Jhqhudoo| vshdnlqj/ zh zrxog olnh

wr eh deoh wr vroyh v|vwhpv ri wkh irup s E|c %|c %|n�� ' f( | ' fc �c ��� Xowlpdwho|

lw zrxog eh yhu| qlfh lqghhg wr eh deoh wr ghdo zlwk vxfk v|vwhpv lq jhqhudo1 Exw

dv dq lqwurgxfwlrq/ zh zloo eh frqvlghulqj wlph0lqyduldqw g|qdplf v|vwhpv ri wkh

irup ;A?A= %|n� ' s E%|c 5|�

%f jlyhq1
+<1433,

zkhuh k5|l"|'f lv dq h{rjhqrxvo| jlyhq vhtxhqfh11 H{lvwhqfh dqg xqltxhqhvv ri wkh

vroxwlrq lv fohduo| qr sureohp1 Mxvw �{ %f dqg wkh jlyhq vhtxhqfh k5|l"|'f dqg nhhs
rq dsso|lqj wkh ixqfwlrq s 1 Lqghhg/ wklv lv d frqvwuxfwlyh surri vr wkhuh vhhpv

olwwoh hovh wr vd| derxw gl�huhqfh htxdwlrqv1 Zhoo/ dfwxdoo|/ wkhuh lv pruh1 Mxvw

dv lq wkh frqwlqxrxv wlph fdvh/ zh fdq wdon derxw dqg fkdudfwhul}h vwdelolw|1 Dqg

lq wkh olqhdu fdvh zh zloo eh deoh wr vroyh iru %| lq whupv ri | dqg wkh h{rjhqrxv

vhtxhqfh k5|l1 Qhyhuwkhohvv/ iru qxphulfdo sxusrvhv/ lw lv riwhq frqyhqlhqw wr vwlfn
wr wkh lwhudwlyh whfkqltxh ri mxvw dsso|lqj s uhshdwhgo| vr zh zloo uhfrpphqg lw

zkhqhyhu dssursuldwh1

Zh zloo qrw eh h{sorulqj wkh qrq0olqhdu fdvh lq dq| ghwdlo1 Vr li |rx kdyh d

qrq0olqhdu v|vwhp dqg zdqw wr dsso| wkh phwkrgv ri wklv vhfwlrq/ olqhdul}h durxqg

d vwhdg| vwdwh dqg lqyhvwljdwh wkh g|qdplfv ri wkh uhvxowlqj olqhdu v|vwhp1 Qrwh

wkdw zlwk dq h{rjhqrxv vhtxhqfh k5|l"|'f/ wkh qrwlrq ri d vwhdg| vwdwh lv w|slfdoo|

qrw zhoo0gh�qhg1 Krzhyhu/ li 5| � 5c wkhq wkh vwhdg| vwdwh %W vroyhv

% ' s E%c 5� � +<1434,
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<1515 Vfdodu olqhdu gl�huhqfh htxdwlrqv zlwk dq h{rjhqrxv

gulylqj vhtxhqfh

Frqvlghu

%|n� ' @%| n 5|( | ' fc �c 2c ��� +<1435,

zkhuh k5|l"|'f lv d jlyhq vhtxhqfh1

Krzhyhu/ ohw*v vxssrvh %f lv qrw jlyhq vr wkdw zh kdyh d zkroh �0glphqvlrqdo

vsdfh ri vroxwlrqv1 Vxssrvh dovr iru wkh vdnh ri dujxphqw wkdw @ 9' f +zh qhhg

wklv dvvxpswlrq gxulqj wkh ghulydwlrqv exw fdq gurs lw dw wkh hqg,1 Wr �qg d

uhsuhvhqwdwlrq ri wkh hqwluh fodvv ri vroxwlrqv/ zh xvh wkh iroorzlqj lqjhqlrxv wulfn1

Lqwurgxfh d qhz vhtxhqfh k�|l gh�qhg yld

%| ' @|�|� +<1436,

+Wklv gh�qhv �| xqltxho| vlqfh @ 9' f1, Lw iroorzv wkdw

@|n��|n� ' @|n��| n 5|� +<1437,

Khqfh

�|n� � �| ' @3|3�5|� +<1438,

Qrz vxp erwk vlghv iurp f wr |� �1 Zh jhw

|3�[
&'f

E�&n� � �&� '
|3�[
&'f

@3&3�5& +<1439,

Qrz qrwlfh wkdw

|3�[
&'f

E�&n� � �&� ' �| � �|3� n �|3� � �|32 n � � � � �f ' �| � �f� +<143:,

Khqfh

�| ' �f n

|3�[
&'f

@3&3�5& +<143;,
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dqg lw iroorzv wkdw +wklqn derxw wkh odvw vwhs$,

%| ' @|%f n @|
|3�[
&'f

@3&3�5& ' @|%f n
|3�[
&'f

@&5|3&3� +<143<,

dqg qrwh wkdw wklv uhsuhvhqwv wkh zkroh fodvv ri vroxwlrqv dv %f udqjhv ryhu doo wkh

uhdo qxpehuv1 Iru wklv wr pdnh vhqvh zkhq | ' fc lqwurgxfh wkh frqyhqwlrq

3�[
&'f

�& '
f[

&'�

�& ' fc +<1443,

dqg iru lw wr pdnh vhqvh +dqg jlyh wkh uljkw dqvzhu$, zkhq @ ' fc sxw ff ' ��

Zh fdoo +<143<, wkh �qlwh vxp uhsuhvhqwdwlrq ri wkh fodvv ri doo vroxwlrqv1

Zh qrz lqyhvwljdwh vwdelolw|1 Iluvw zh gh�qh lw1

Gh�qlwlrq <1514 D vhtxhqfh ri frpsoh{ qxpehuv k%|l"|'f lv vdlg wr eh vwdeoh li

lw lv erxqghg/ l1h1 li wkhuh lv dq � � f vxfk wkdw m%|m �� iru hdfk | ' fc �c ���

Zkhq m@m 	 � wkh survshfwv iru wkh h{lvwhqfh ri d vwdeoh vroxwlrq vhhp sdu0

wlfxoduo| jrrg1 Vr vxssrvh m@m 	 � dqg ohw k5|l"|'f eh erxqghg1 Lv wklv hqrxjk

wr jxdudqwhh wkdw k%|l"|'f lv vwdeohB Ohw*v vhh li zh suryh wkdw e| frqvwuxfwlqj dq

xsshu erxqg iru m%|m � Ohw � eh dq xsshu erxqg iru m5|m � Wkhq

m%|m '
�����@|%f n

|3�[
&'f

@&5|3&3�

����� � m@m| m%fmn
|3�[
&'f

m@m& m5|3&3�m �

� m%fmn
|3�[
&'f

m@m&� � m%fmn
"[
&'f

m@m&� ' m%fmn �

�� m@m�

+<1444,

Wkxv li m@m 	 �c dq| vroxwlrq wr +<1435, lv erxqghg1 Vr wkhuh lv d rqh0glphqvlrqdo

vhw ri vwdeoh vroxwlrqv1

Rq wkh rwkhu kdqg/ vxssrvh m@m : � exw pdlqwdlq wkh dvvxpswlrq wkdw k5|l
lv erxqghg1 Wkhq k%|l zloo idlo wr h{sorgh jhrphwulfdoo| rqo| iru d yhu| vshfldo

ydoxh ri %f +wkh vdggoh vsdfh lv }hur0glphqvlrqdo dqg khqfh frqwdlqv d vlqjoh srlqw
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rqo|,1 Wkh hdvlhvw zd| wr vhh zkdw wkdw ydoxh lv lv wr uhsuhvhqw wkh hqwluh fodvv

ri vroxwlrqv lq d qhz zd| 0 wkh iruzdug uhsuhvhqwdwlrq1 Wkh lghd lv wr jr edfn wr

wkh vwdjh zkhq zh qrwhg wkdw

�| ' �f n
|3�[
&'f

@3&3�5& +<1445,

zkhuh �f zdv dq duelwudu| qxpehu1 Vlqfh lw lv duelwudu|/ zh fdq dgg dq| frqvwdqw

wr wkh uhsuhvhqwdwlrq dqg vwloo uhsuhvhqw wkh vdph fodvv ri vroxwlrqv1 Vr ohw*v dgg

�
"[
&'f

@3&3�5& zklfk zh kdyh mxvw dvvxphg lv d frqyhujhqw vxp dqg khqfh d uhdo

qxpehu1 Zh jhw

�| ' S�
"[
&'|

@3&3�5& +<1446,

zkhuh S lv d qhz duelwudu| frqvwdqw1 Zh fdq qrz ghulyh wkh vr0fdoohg iruzdug

uhsuhvhqwdwlrq ri wkh fodvv ri vroxwlrqv dv

%| ' @|S� @|
"[
&'|

@3&3�5& ' @|S�
"[
&'f

@3&3�5|n&� +<1447,

Qrz li m@m : � lw lv hdv| wr vhh wkdw wr dyrlg k%|l ehlqj xqvwdeoh/ zh pxvw vhw
S ' f lq zklfk fdvh

%f ' �
"[
&'f

@3&3�5& +<1448,

dqg/ pruh jhqhudoo|/

%| ' �
"[
&'f

@3&3�5|n&� +<1449,

Zh pd| frq�up wkdw wklv gh�qhv d vwdeoh vroxwlrq li k5|l lv vwdeoh1 Wkh frq�upd0
wlrq wkdw +<1449, gh�qhv d vroxwlrq lv ohiw wr wkh uhdghu1 Wkdw lw lv vwdeoh iroorzv

iurp wkh iroorzlqj dujxphqw1

Ohw � eh dq xsshu erxqg iru k5|l"|'f � Wkhq

m%|m '
�����
"[
&'f

@3&3�5|n&

����� �
"[
&'f

m@m3&3� m5|n&m �
"[
&'f

m@m3&3�� '
�

m@m � �
��
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Qrwlfh wkdw wkhuh lv d xqltxh vwdeoh vroxwlrq zkhq m@m : �( lq wklv fdvh wkh

vwdelolw| uhtxluhphqw uhsodfhv �{lqj wkh lqlwldo ydoxh lq slqqlqj grzq wkh vroxwlrq1

Qrwlfh dovr wkdw lq wklv fdvh %| ghshqgv rqo| rq wkh cixwxuh* ri k5|l1 Lw lv ehfdxvh
hfrqrplvwv +4, uhtxluh qrq0h{sorvlyhqhvv dqg +5, frqvlghu htxdwlrqv zlwk m@m : �

+zh zloo vhh odwhu zk| zh vr riwhq gr$, wkdw zh wklqn wkdw +h{shfwdwlrqv ri, wkh

ixwxuh duh lpsruwdqw$

H{huflvh <1514 Frqvlghu

%|n� ' 2%| n |4| +<144:,

zkhuh m4m 	 �� Ilqg wkh hqwluh rqh0glphqvlrqdo vsdfh ri vroxwlrqv1 Zkdw lv wkh

xqltxh vwdeoh vroxwlrqB Klqw= Zkhq m4m 	 �c
"[
|'f

|4| '
4

E�� 4�2
1

<1516 Vdujhqw*v phwulf vsdfh dssurdfk wr vfdodu olqhdu gli0

ihuhqfh htxdwlrqv

^Rplwwhg lq wklv yhuvlrq1`

<1517 Iluvw0rughu olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv

Frqvlghu wkh �uvw0rughu krprjhqhrxv olqhdu v|vwhp;A?A= +|n� ' �+|

+f jlyhq�
+<144;,

Lq wklv vhfwlrq/ zh vwxg| wkh vroxwlrqv wr krprjhqhrxv v|vwhpv1 Wr d yhu| odujh

h{whqw/ zh zloo eh deoh wr frs| wkh uhvxowv irup wkh fruuhvsrqglqj vhfwlrq rq

krprjhqhrxv olqhdu v|vwhpv ri RGHv/ dqg/ mxvw dv iru RGHv/ wkh h{whqvlrq wr

v|vwhpv %|n� ' �%| n K zlwk d xqltxh vwhdg| vwdwh lv wulyldo1 Qrwh wkdw lq wklv

fdvh wkh vwhdg| vwdwh lv %W ' EU � ��3� K1
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Wkh pdlq gl�huhqfh dv frpsduhg zlwk wkh frqwlqxrxv wlph fdvh zloo eh wkh

gh�qlwlrq ri d vwdeoh hljhqydoxh1 Lq glvfuhwh wlph/ dq hljhqydoxh b lv fdoohg vwdeoh

li mbm 	 �/ erughuolqh vwdeoh li mbm � � dqg xqvwdeoh li lw lv qrw vwdeoh ru erughu0

olqh vwdeoh1 Zh zloo vhh +li |rx kdyh qrw douhdg| jxhvvhg, zk| wklv gh�qlwlrq lv

dssursuldwh1

Qrw vxusulvlqjo|/ wkh xqltxh vroxwlrq +<144;, lv jlyhq e|

+| ' �|+f +<144<,

dqg dv ehiruh zh xqfrxsoh wkh g|qdplfv e| idfwrul}lqj �1 Vr vxssrvh � lv

gldjrqdol}deoh/ dqg ohw � ' l\l3� eh dq hljhqydoxh2hljhqyhfwru ghfrpsrvlwlrq

ri �1 Qrwh wkdw �| ' l\|l3� dqg wkdw

\| '

599999997

b|�

b|2
1 1 1

b|?

6:::::::8
+<1453,

Khqfh rxu vroxwlrq fdq eh zulwwhq dv

+| '
?[

&'�

S&b
|
�r& +<1454,

zkhuh S ' l3�+f 5 F? lv duelwudu| dqg l '

�
r� r2 � � � r?

�
�

Wr vhh zk| wkh vwdelolw| ri wkh vroxwlrq lv jryhuqhg e| zkhwkhu wkh hljhqydoxhv

b& duh lqvlgh ru rxwvlgh wkh xqlw flufoh +l1h1 zkhwkhu mb&m � � ru qrw,/ zh qrwh

wkdw +zk|B,
��b|&�� ' mb&m| � Zh fdq qrz frqfoxgh wkdw wkh vroxwlrq frqyhujhv wr

wkh ruljlq iru dq| lqlwldo ydoxh +f li doo wkh hljhqydoxhv duh vwulfwo| lqvlgh wkh xqlw

flufoh lq wkh frpsoh{ sodqh1 Hyhq li qrw/ wkhuh zloo eh d vhw ri lqlwldo ydoxhv iurp

zklfk wkh vroxwlrqv gr frqyhujh/ dqg djdlq zh zloo fdoo wklv wkh vdggoh sdwk1 Dqg

djdlq lw wxuqv rxw wr eh wkh fdvh wkdw wkh vdggoh sdwk lv vsdqqhg e| wkh vwdeoh

hljhqyhfwruv1
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Vrphwlphv zh zloo zdqw wr xvh wkh uhtxluhphqw ri +erughuolqh, vwdelolw| ri

wkh vroxwlrq lq frqmxqfwlrq zlwk lqlwldo ydoxhv wr slq grzq d xqltxh +erughuolqh,

vwdeoh vroxwlrq1 Wkh lghd lv wkdw vwdelolw| dqg lqlwldo ydoxhv wrjhwkhu zloo lpsrvh

? olqhdu uhvwulfwlrqv rq wkh vroxwlrq vr wkdw d vlqjoh rqh lv slfnhg rxw1 Wklv lghd

lv fduulhg rxw lq vhfwlrq <15181

<151714 Frpsoh{ hljhqydoxhv dqg uhdo rvfloodwru| vroxwlrqv

Iru vrph sxusrvhv/ zh zdqw wr uhsuhvhqw wkh zkroh fodvv ri vroxwlrqv dv dq duel0

wudu| uhdo0olqhdu frpelqdwlrq ri uhdo0ydoxhg ixqfwlrqv1 Qrwh wkdw wklv lv ri olwwoh

sudfwlfdo lpsruwdqfh/ vlqfh li wkh frh!flhqw pdwul{ � dqg wkh lqlwldo yhfwru +f

kdv uhdo hqwulhv/ wkhq +zk|B, wkh vroxwlrq uhpdlqv uhdo dv wlph jrhv rq1 Exw

wkh surmhfw vwloo kdv uhohydqfh lq wkdw lw hqkdqfhv wkh frqfhswxdo xqghuvwdqglqj

ri wkh rvfloodwru| +qrq0prqrwrqh, ehkdylru lqwurgxfhg e| qhjdwlyh dqg frpsoh{

hljhqydoxhv1

Djdlq zh qrwh wkdw/ li � kdv uhdo hqwulhv/ wkh frpsoh{ hljhqydoxhv +wkrvh zlwk

d qrq0}hur lpdjlqdu| sduw, dqg hljhqyhfwruv dsshdu lq frpsoh{ frqmxjdwh sdluv1

+Iru frqyhqlhqfh/ duudqjh wkh frpsoh{ hljhqydoxhv vr wkdw b&n� ' b&1, Dfwxdoo|/

wkh uhdo exw qhjdwlyh hljhqydoxhv dovr jlyh ulvh wr rvfloodwru| ehkdylru/ vr zh zloo

qhhg d wuhdwphqw ri wkhp dv zhoo1 Lq zkdw iroorzv lw zloo eh lpsruwdqw wr eh

deoh wr uhzulwh d frpsoh{ qxpehu 5 iurp Fduwhvldq irup % n �+ wr srodu irup

oe�w1 Li |rx duh xqvxuh ri krz wr gr wklv/ uhdg vhfwlrq 61518 fduhixoo|1 Qrwh wkdw

rvfloodwru| ehkdylru dulvhv dv vrrq dv wkh dujxphqw w lv qrq0}hur/ zklfk lqfoxghv

wkh fdvh ri 5 ehlqj uhdo exw qhjdwlyh1

Ohw*v ehjlq zlwk wkh uhdo qhjdwlyh hljhqydoxhv1 Ohw wkh hljhqydoxh b& eh uhdo

dqg qhjdwlyh dqg ohw r& eh wkh fruuhvsrqglqj hljhqyhfwru/ zklfk +zk|B, lv dovr

uhdo vlqfh � lv1 Wkhq +zk|B, b& ' o&e
�Z ' o& ULtZ| dqg frqvhtxhqwo| b|& '
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o|& ULtZ| ' o|& E���| � Qrwh wkdw lw lv fuxfldo khuh wkdw | ' fc �c 2c ��� lv dq lqwhjhu1

Vr li b& lv uhdo dqg qhjdwlyh/ rqh ri wkh uhdo0ydoxhg edvlv ixqfwlrqv vsdqqlqj wkh

vsdfh ri uhdo0ydoxhg vroxwlrqv zloo hylghqwo| eh

)&c| ' o|& ULt Z| ' o|& E���| r&�

Qrz frqvlghu wkh frpsoh{ hljhqydoxhv1 Ohw b& ' o&e
�w& eh frpsoh{1 Wkhq wkh

fruuhvsrqglqj frpsoh{0ydoxhg edvlv ixqfwlrq lv/ dv zh nqrz/

�&c| ' b|&r&� +<1455,

Zulwlqj r& ' �& n ��& dqg xvlqj Hxohu*v irupxod/ zh �qg wkdw wkh uhdo dqg

lpdjlqdu| sduwv ri wklv edvlv vroxwlrq duh

)&c| ' o|& dULt Ew&|� �& � t�? Ew&|� �&o +<1456,

dqg

)&n�c| ' o|& dt�? Ew&|� �& n ULt Ew&|� �&o � +<1457,

dqg wkhvh ixqfwlrqv duh dovr +zk|B, vroxwlrqv ri rxu olqhdu v|vwhp/ dqg lq idfw

wkh| duh olqhduo| lqghshqghqw vr zh fdq xvh wkhp dv edvlv ixqfwlrqv iru rxu vhw

ri uhdo0ydoxhg vroxwlrqv1 Zh fdq ljqruh +zk|B, wkh edvlv vroxwlrqv b
|

&r&�

Qrz frqvwuxfw ? edvlv ixqfwlrqv lq wklv zd|1 Zkhq b& lv uhdo dqg srvlwlyh/

mxvw vhw )&c| ' b|&r&�Zkhq lw lv qhjdwlyh/ vhw )&c| ' o|& E���| r&� Ilqdoo|/ zkhq b& lv
frpsoh{/ vhw )&c| ' o|& dULt Ew&|��& � t�? Ew&|� �&o dqg )&n�c| dt�? Ew&|��& n ULt Ew&|� �&o1

Ljqruh b&n� ' b&� Zh fdq qrz zulwh dq| vroxwlrq dv

+| '

?[
&'�

S&)&c| +<1458,

zkhuh wkh uhdo0ydoxhg ixqfwlrqv )& vsdq wkh vhw ri uhdo0ydoxhg vroxwlrqv wr +|n� '

�+|�
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H{huflvh <1515 Frqvlghu wkh 2� 2 v|vwhp597 %�c|n�

%2c|n�

6:8 '

597 f ��

e

� f

6:8
597 %�c|

%2c|

6:8 � +<1459,

Ilqg d edvlv
�
)�c|c )2c|

�
ri uhdo0ydoxhg ixqfwlrqv iru wkh uhdo0ydoxhg vroxwlrqv ri

wklv v|vwhp1

<1518 Olqhdu v|vwhpv zlwk frqvwdqw frh!flhqwv dqg dq h{0

rjhqrxv gulylqj vhtxhqfh

Frqvlghu wkh ?�glphqvlrqdo v|vwhp

%|n� ' �%| n 5|� +<145:,

Lw lv qrw kdug wr eholhyh wkdw wkh fodvv ri doo vroxwlrqv fdq eh uhsuhvhqwhg dv

%| ' �|%f n
|3�[
&'f

�&5|3&3�� +<145;,

Zh qrz kdyh vhyhudo rswlrqv li zh zdqw d xqltxh vroxwlrq1 Hlwkhu �{ doo hohphqwv

ri %f ru �{ vrph hohphqwv ri %f dqg vrph hohphqwv ri/ vd|/ %A c pdnlqj vxuh wkdw

|rx kdyh d wrwdo ri ? �{hg ydoxhv1 Dqrwkhu dowhuqdwlyh/ zklfk lw zloo wdnh wkh

uhpdlqghu ri wklv vhfwlrq wr vruw rxw lq ghwdlo/ lv zkhq zh lpsrvh vrph lqlwldo

ydoxhv %&cf dqg wkh uhtxluhphqw wkdw wkh vroxwlrq qrw h{sorgh dv | $ 4 +zh

zloo gh�qh zkdw wklv phdqv h{dfwo| ehorz,1 Lq dxvslflrxv flufxpvwdqfhv/ wklv

uhvwulfwlrq rq wkh ehkdylru ri % dw lq�qlw| fdq sod| wkh vdph uroh dv wkh �{lqj ri

hqgsrlqw ydoxhv %&cA �

Mxvw dv ehiruh/ zh qrz idfwrul}h � wr xqfrxsoh wkh g|qdplfv dqg dqdo|}h vwd0

elolw|1 Vxssrvh iru vlpsolflw| wkdw � lv gldjrqdol}deoh zlwk hljhqydoxh2hljhqyhfwru

idfwrul}dwlrq � ' l\l3�� Wkhq l3�� ' \l3�1 Wr dyrlg foxwwhulqj wkh qrwdwlrq/
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zh qrz lqwurgxfh wkh dx{loldu| vhtxhqfh

+| ' l3�%| +<145<,

dqg qrwlfh wkdw li zh vroyh iru +| zh kdyh vroyhg iru %| vlqfh l3� lv lqyhuwleoh1

Vr dv wr idflolwdwh wkh dqdo|vlv ri vwdelolw|/ duudqjh \ dqg l vr wkdw wkh xqvwdeoh

hljhqydoxhv dqg dvvrfldwhg hljhqyhfwruv frph �uvw1 Qrz suhpxowlso| rxu v|vwhp

e| l3� zklfk fuhdwhv dq htxlydohqw v|vwhp vlqfh l lv lqyhuwleoh1 Zh jhw

l3�%|n� ' \l3�%| nl3�5| +<1463,

dqg khqfh

+|n� ' \+| nl3�5|� +<1464,

Qrwlfh wkdw wklv lv d gldjrqdo v|vwhp$ Lq sulqflsoh/ zh fdq vroyh wklv urz e| urz

dv d vfdodu htxdwlrq$ Exw zh zrq*w gr wkdw khuh1 Lqvwhdg zh zloo surfhhg eorfn

e| eorfn/ wu|lqj wr slfn rxw wkh vwdeoh +erxqghg, vroxwlrq+v, dv zh jr dorqj1

Dvvxplqj wkdw k5|l lv vwdeoh/ lw lv qrw kdug wr eholhyh wkdw wkh vroxwlrq %| ' l+|

lv vwdeoh iru dq| %f surylghg doo wkh hljhqydoxhv ri� duh vwdeoh ru erughuolqh vwdeoh/

l1h1 mb&m � � iru doo & ' �c 2c ���c ?� Pruh jhqhudoo|/ zh kdyh hljhqydoxhv rq erwk

vlghv ri wkh xqlw flufoh lq wkh frpsoh{ sodqh/ l1h1 zh kdyh d vdggoh sdwk1 Wr

vhh zkdw uhvwulfwlrqv zh qhhg wr lpsrvh wr hqvxuh d vwdeoh vroxwlrq/ zh sduwlwlrq

wkh v|vwhp dffruglqj wr wkh devroxwh pdjqlwxgh ri wkh hljhqydoxhv/ sxwwlqj wkh

xqvwdeoh +qrw erughuolqh vwdeoh, rqhv �uvw1 +Qrwlfh wkdw wklv uhtxluhv wkdw l wr

eh duudqjhg vr wkdw wkh xqvwdeoh hljhqyhfwruv dsshdu �uvw dovr1,597 +�c|n�

+2c|n�

6:8 '

5997 \�
?�f?�

\2
?rf?r

6::8
597 +�c|

+2c|

6:8nl3�5| +<1465,

Frqvlghu wkh �uvw urz dqg vroyh iruzdug iru +�c|1 Wr hqvxuh vwdelolw|/ zh pxvw vhw

+�c| ' �
"[
&'f

\3&3�� l3�5|n&� +<1466,
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Dv lq wkh frqwlqxrxv wlph fdvh/ wkh vwdelolw| frqglwlrq lpsrvhv ?� olqhdu uh0

vwulfwlrqv rq wkh vroxwlrq/ zkhuh ?� lv wkh qxpehu ri xqvwdeoh hljhqydoxhv1 Ohw

? � ?� ' ?r eh wkh qxpehu ri vwdeoh +ru erughuolqh vwdeoh, hljhqydoxhv1 Zh duh

qrz ohiw zlwk dq ?r�glphqvlrqdo vsdfh ri vwdeoh vroxwlrqv 0 wkh vdggoh vsdfh1
Wr uhgxfh wkh vroxwlrq wr d vlqjohwrq vhw/ zh qhhg wr lpsrvh dqrwkhu ?r lqgh0

shqghqw uhvwulfwlrqv1 Lghdoo|/ zh zrxog olnh wklv wr eh grqh e| �{lqj lqlwldo ydoxhv

ri d fhuwdlq suhgh�qhg vxevhw ri wkh yduldeohv lq %|1 Vr ohw*v vxssrvh wkdw %| lv

duudqjhg lq vxfk d zd| wkdw wkh lqlwldo ydoxhv ri wkh odvw ?& yduldeohv kdyh jlyhq

lqlwldo ydoxhv %2cf 5 U?& � D qhfhvvdu| frqglwlrq iru wkhvh lqlwldo ydoxhv wrjhwkhu

zlwk wkh vwdelolw| frqglwlrq wr slq grzq h{dfwo| rqh vroxwlrq lv wkdw ?& ' ?rc

l1h1 wkdw wkh qxpehu ri yduldeohv zlwk jlyhq lqlwldo ydoxhv htxdo wkh qxpehu ri

vwdeoh hljhqydoxhv1 Li ?& : ?r wkhuh lv qr vwdeoh vroxwlrq/ dqg li ?& 	 ?r wkhuh duh

lq�qlwho| pdq|1

Qrz li zh zhuh dvvljqlqj lqlwldo ydoxhv wr yduldeohv lq +|/ ru frxog dvvljq

lqlwldo ydoxhv wr dq| hohphqwv ri %| +qrw qhfhvvdulo| lq wkh suhgh�qhg vxevhw,/

?& ' ?r zrxog eh vx!flhqw iru wkhuh wr eh d xqltxh vwdeoh vroxwlrq1 Exw lw lv

pruh uhdvrqdeoh wr vxssrvh wkdw zkdw zh kdyh �{hg lv lqlwldo ydoxhv iru fhuwdlq

vshfl�f hohphqwv ri %|1 Iru wkhvh lqlwldo ydoxhv ri %| wr wudqvodwh lqwr wkh uhtxluhg

lqlwldo ydoxhv ri +| zh qhhg dqrwkhu frqglwlrq1 Wr vhh zkdw zh qhhg zh zloo mxvw

jr erogo| dkhdg dqg wu| wr vroyh iru %|� Zh zloo qhhg wkh gh�qlwlrqdo htxdwlrq iru

+| zklfk lq sduwlwlrqhg irup vd|v597 %�c|

%2c|

6:8 '

5997 l��
?�f?�

l�2
?�f?r

l2�
?rf?�

l22
?rf?r

6::8
597 +�c|

+2c|

6:8 � +<1467,

Wkh dlp qrz zloo eh wr h{suhvv %�c| lq whupv ri +�c| +zklfk zh kdyh mxvw vroyhg iru,

dqg %2c| +zklfk zh zloo eh deoh wr vroyh iru uhfxuvlyho|> vhh ehorz,1 Dvvxph wkdw

l22 lv lqyhuwleoh +wklv dvvxpswlrq fdqqrw eh gursshg/ vhh h{huflvh <1516,1 Wkhq
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pdqlsxodwlrq ri wkh gh�qlwlrq ri %| dqg +| |lhogv

%�c| '
�
l�� � l�2l

3�
22 l2�

�
+�c| nl�2l

3�
22 %2|� +<1468,

Uhfdoo rxu ruljlqdo v|vwhp dqg sduwlwlrq lw1 Zh kdyh597 %�c|n�

%2c|n�

6:8 '

597 ��� ��2

�2� �22

6:8
597 %�c|

%2c|

6:8n

597 5�c|

52c|

6:8 � +<1469,

Zh zloo qrz frqvwuxfw wkh vroxwlrq uhfxuvlyho|1 Zh zrq*w jhw d qlfh irupxod iru

wkh vroxwlrq/ exw zh zloo kdyh d xvhixo dojrulwkp iru vlpxodwlqj wkh vroxwlrq rq d

frpsxwhu1

Uhfdoo wkdw zh duh jlyhq %2cf dqg k5|l"|'f dqg kdyh fdofxodwhg +�c| lq whupv ri

k5|l"|'f1 Vr wdnh %2cf dqg xvh +<1468, wr fdofxodwh %�cf� Wkhq xvh wkh vhfrqg urz ri

+<1469, wr fdofxodwh %2c�� Wkhq xvh +<1468, djdlq wr fdofxodwh %�c�� Dqg vr rq1

H{huflvh <1516 Frqvlghu wkh wzr0glphqvlrqdo v|vwhp;AAAAAAAA?AAAAAAAA=

597 %|n�

+|n�

6:8 '

597 �

2
f

f 2

6:8
597 %|

+|

6:8

+f jlyhq1

+<146:,

41 Wkhuh lv qr vwdeoh vroxwlrq wr wklv v|vwhp1 Zk| qrwB

51 Vxssrvh lqvwhdg wkdw %f lv jlyhq exw wkdw +f lv iuhh1 Zulwh grzq wkh xqltxh

vwdeoh vroxwlrq1

H{huflvh <1517 +gl!fxow, Vkrz wkdw wkh vroxwlrq suhvhqwhg lq wklv vhfwlrq uhdoo|

lv vwdeoh surylghg wkdw k5|l lv1

<1519 Zkdw wr gr zkhq � lv qrw gldjrqdol}deoh

^Rplwwhg lq wklv yhuvlrq1 Wkh lghd lv wr xvh wkh Vfkxu irup1`
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<151: Uhgxflqj d Rwk rughu v|vwhp wr d �uvw rughu v|vwhp

Rffdvlrqdoo| zh zdqw wr vroyh olqhdu v|vwhpv ri kljkhu wkdq �uvw rughu/ l1h1 v|vwhpv

ri wkh irup

%|nR '

R3�[
&'f

�&%|n& n 5|� +<146;,

Wklv ?�glphqvlrqdo Rwk rughu v|vwhp fdq eh uhgxfhg wr dq ?R0glphqvlrqdo �uvw0

rughu v|vwhp lq wkh iroorzlqj zd|1 Gh�qh

h%| '
599999997

%|nR3�

%|nR32
111

%|

6:::::::8
� +<146<,

Zh qrz zulwh grzq dq ?R�glphqvlrqdo �uvw0rughu olqhdu v|vwhp iru wkh ?R�glphqvlrqdo
vhtxhqfh h%| Wkh �uvw urz zloo vwdwh rxu ruljlqdo v|vwhp> wkh rwkhuv zloo vwdwh wkh

uhodwlrqvklsv ehwzhhq wkh hohphqwv lq h%| dqg h%|n� jlyhq rxu gh�qlwlrq ri h%|� Zh

kdyh 599999997

%|nR

%|nR3�
111

%|n�

6:::::::8
'

599999997

�R3� �R32 � � � �f

U

1 1 1

U

6:::::::8

599999997

%|nR3�

%|nR32
111

%|

6:::::::8
n

599999997

5|

f

f

f

6:::::::8
+<1473,

Gh�qlqj h� dqg h5| lq wkh reylrxv zd|/ zh kdyh

h%|n� ' h�h%| n h5|� +<1474,

Qrwh wkdw wkh vsdfh ri vroxwlrqv kdv glphqvlrq ?R1

<151:14 D txlfn wulfn

Lq rughu wr duulyh idvwhu dw wkh vroxwlrq/ zh pd| surfhhg dv iroorzv1 Vxssrvh %|

lv vfdodu dqg wkdw 5| ' f1 +Li 5| lv d frqvwdqw wklv grhv qrw lqyroyh pxfk orvv ri
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jhqhudolw| vlqfh rqh fdq xvxdoo| dqdo|}h wkh ghyldwlrqv iurp wkh vwhdg| vwdwh1, Lw

fdq wkhq eh vkrzq wkdw wkh vroxwlrq kdv wkh irup

%| '

?[
&'�

S&b
|
&� +<1475,

Lqghhg/ dq| ixqfwlrq %| ' b| lv d vroxwlrq surylghg b lv fkrvhq dprqj wkh uhohydqw

hljhqydoxhv1 Lq rughu wr fkdudfwhul}h wkhvh hljhqydoxhv/ zh soxj %| ' b| wklv lqwr

+<146;, zlwk �& ' @& dqg jhw

b|nR '

R3�[
&'f

@&b
|n&� +<1476,

Glylglqj e| b|c zh �qg wkdw b pxvw vdwlvi| wkh sro|qrpldo htxdwlrq

bR �
R3�[
&'f

@&b
& ' f� +<1477,

H{dpsoh <1514 Frqvlghu

%|n2 � %| ' f� +<1478,

Soxjjlqj lq wkh fdqglgdwh vroxwlrq %| ' b|c zh jhw

b2 � � ' f� +<1479,

Wkh wzr vroxwlrqv duh b� ' � dqg b2 ' ��� Khqfh wkh hqwluh vhw ri vroxwlrqv fdq

eh zulwwhq dv

% E|� ' S� n S2 E���| � +<147:,

<151; H{shfwdwlrqdo gl�huhqfh htxdwlrqv1

Ohw ElcI c � � eh d suredelolw| vsdfh/ ohw 1 eh d zklwh qrlvh surfhvv uhodwlyh wr lwv

qdwxudo �owudwlrq I| ' j i1r( r � |j1 Qrz frqvlghu wkh h{shfwdwlrqdo gl�huhqfh

htxdwlrq

. d%|n�m I|o ' �%|� +<147;,
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Li %f zhuh jlyhq h{rjhqrxvo| dqg wkh h{shfwdwlrqv huuru %|n� � . d%|n�m I|o zhuh

dovr jlyhq h{rjhqrxvo|/ wkhq zh zrxog lpphgldwho| kdyh d uhfxuvlyh uhsuhvhq0

wdwlrq ri wkh xqltxh vroxwlrq1 Wklv vroxwlrq zrxog eh vwdeoh li � zhuh d vwdeoh

pdwul{1

Pruh jhqhudoo|/ sduwlwlrq %| yld

%| '

597 b|

&|
?&f�

6:8 +<147<,

zkhuh &f lv jlyhq h{rjhqrxvo| dqg wkh h{shfwdwlrqv huuru &|n��. d&|n�m I|o ' 1|n�

lv dovr jlyhq h{rjhqrxvo|1 Fruuhvsrqglqj wr wkhvh dvvxpswlrqv/ zh qhhg � wr kdyh

dw ohdvw ?& vwdeoh hljhqydoxhv iru wkhuh wr eh d vwdeoh vroxwlrq1 Li � kdv suhflvho|

?& vwdeoh hljhqydoxhv/ wkhuh lv xvxdoo| d xqltxh vwdeoh vroxwlrq +wkh h{fhswlrq lv

wkh sdwkrorjlfdo fdvh lq H{huflvh <1516,1 Vr vxssrvh wkdw � kdv suhflvho| ?& vwdeoh

hljhqydoxhv1

Wr �qg wkh xqltxh vroxwlrq/ zh xvh wkh Vfkxu irup ri wkh pdwul{ �1 Zkdw

zh qhhg lv d xqlwdu| pdwul{ ' dqg d orzhu wuldqjxodu pdwul{ A zlwk gldjrqdo

hqwulhv ri ghvfhqglqj prgxoxv vxfk wkdw '� ' A'� Kdylqj irxqg wkhvh pdwulfhv/

sduwlwlrq ' dqg A frqirupdeo| zlwk wkh sduwlwlrq ri %|1 Gr wkh vdph zlwk 'M c

wkh Khuplwldq wudqvsrvh ri '� Vxssrvh wkh erwwrp uljkw0kdqg eorfn ri 'M lv

lqyhuwleoh1 Fdoo wkdw erwwrp uljkw0kdqg eorfn 'M
221 Gh�qh 'M

�2 vlploduo|1 +Qrwh

wkh dexvh ri qrwdwlrq> 'M
22 lv qrw wkh Khuplwldq wudqvsrvh ri wkh erwwrp uljkw0

kdqg eorfn ri ',1 Wkhq wkh xqltxh vwdeoh vroxwlrq lv jlyhq uhfxuvlyho| e|

b| ' 'M
�2

�
'M

22

�
3�

&| +<1483,

&|n� ' 'M
22A22

�
'M

22

�
3�

&| n 1|n�� +<1484,

H{huflvh <1518 Ghulyh wkh uhvxow lq wklv vhfwlrq1
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<151;14 Vlqjxodu gl�huhqfh htxdwlrqv

^Rplwwhg lq wklv yhuvlrq1 Vhh ^5<`1`
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Fkdswhu 43

G|qdplf rswlpl}dwlrq

4314 Lqwurgxfwru| uhpdunv

Wkh zrug cg|qdplf* lqglfdwhv wkdw zh duh frqfhuqhg zlwk wlph/ dqg wkh yduldeoh

| ehorz zloo lqghhg eh wkrxjkw ri dv wlph/ uh hfwlqj wkh pdfur eldv ri wkh dxwkru1

Exw wkh dssdudwxv zh zloo eh orrnlqj dw fdq eh xvhg pruh jhqhudoo|/ h1j1 lq

frqwudfw wkhru| zkhuh zh rswlpl}h ryhu dq rxwfrph vsdfh udwkhu wkdq ryhu wlph1

Iru h{dpsohv ri wklv/ vhh ^76`1

4315 Frqwlqxrxv wlph

431514 Lqwurgxfwlrq dqg vwdwhphqw ri sureohp

\rx zloo uhfdoo iurp PdwIX L wkdw zkhq zh kdyh d sureohp ri wkh iroorzlqj w|sh

+zkhuh s G U? $ U dqg } G U? $ U
&,

4@ 
%

s E%�

v1w1 } E%� ' f
+4314,

wkhq zh kdyh vrphwklqj olnh wkh iroorzlqj wkhruhp1

4;8



4;9 FKDSWHU 431 G\QDPLF RSWLPL]DWLRQ

Wkhruhp 431514 Gh�qh

u E%c b� ' s E%� n bA} E%� +4315,

dqg ohw %W vroyh +4314,1 +Dovr/ dvvxph vrph uhjxodulw| frqglwlrqv1, Wkhq wkhuh

h{lvwv d bW 5 U? vxfk wkdw

Yu E%Wc bW�

Y%
' f +4316,

Uhpdun 431514 Li s dqg hdfk }� duh frqfdyh dqg wkh bW� duh srvlwlyh/ wkhq/ %W

pd{lpl}hv u1 Wklv zloo eh lqwhuhvwlqj wr xv odwhu1

Qrz frqvlghu d pruh gl!fxow sureohp1

4@ 
�

A]
f

s E|c % E|� c � E|�� _|

v1w1

;AAAAAAA?AAAAAAA=

�% E|� ' } E|c % E|� c � E|��

% Ef� ' @

% EA � ' K

� E|� 5 L � U
& iru doo | 5 dfc A o

+4317,

Uhpdun 431515 Wkh lqlwldo dqg �qdo lqvwdqwv f dqg A duh �{hg1 Lq hqjlqhhulqj

dssolfdwlrqv/ wkhvh duh vrphwlphv iuhh yduldeohv1 H1j1 wdnh ph wr wkh prrq xvlqj

d plqlpdo dprxqw ri ixho/ duulydo wlph xs wr |rx1 Uduh lq hfrqrplfv1

Djdlq lw lv zruwk srqghulqj d zkloh ryhu zkdw zh kdyh mxvw zulwwhq grzq1 Zh

zdqw wr pd{lpl}h d ixqfwlrq zlwk uhvshfw wr d zkroh wudmhfwru|� G dfc A o$ U/ l1h1

zlwk uhvshfw wr dqrwkhu ixqfwlrq1 Vr d vroxwlrq wr wkh sureohp zloo eh dq hqwluh

ixqfwlrq udwkhu wkdq mxvw d qxpehu ru hyhq d yhfwru1 Lq dq devwudfw vhqvh/ wkrxjk/

� pd| eh wkrxjkw ri dv d yhfwru zlwk frpsrqhqwv � E|�1 Exw wkhuh duh fohduo|

lq�qlwho| pdq| vxfk frpsrqhqwv/ dqg wkdw lv zk| zkdw zh duh ghdolqj zlwk uljkw



43151 FRQWLQXRXV WLPH 4;:

qrz lv fdoohg lq�qlwh0glphqvlrqdo rswlpl}dwlrq1 +Lw lv dovr fdoohg frqwuro wkhru|>

vhh ehorz1,

Ri frxuvh/ lq�qlwh0glphqvlrqdo rswlpl}dwlrq lv frqfhswxdoo| d elw wulfnlhu wkdq

�qlwh0glphqvlrqdo rswlpl}dwlrq1 Exw wkh jrrg qhz lv wkdw rxu sureohp lv vljql�0

fdqwo| vlpsol�hg e| wkh dvvxpswlrq wkdw wkh remhfwlyh ixqfwlrq lv d +nlqg ri, vxp

dqg wkdw wkh wlph shulrgv duh wlhg wrjhwkhu lq d vshfldo zd|/ yl}1 e| d +v|vwhp

ri, gl�huhqwldo htxdwlrq+v,1 Rqh qlfh zd| wr wklqn derxw rxu sureohp lv wr vd|

wkdw zh duh ghdolqj zlwk d cfrqwuroohg* gl�huhqwldo htxdwlrq1 Wkh g|qdplfv ri wkh

cvwdwh* % fdq eh d�hfwhg e| wkh cfrqwuro* � yld wkh cvwdwh htxdwlrq* �% ' } E|c %c ��1

Qrwlfh wkdw wkh ixqfwlrq s dqg wkh vwdwh htxdwlrq wrjhwkhu h{suhvv wkh wudgh0r�

wkdw kdv wr eh uhvroyhg zkhq fkdqjlqj � E|�= wkhuh lv rqh lpphgldwh h�hfw rq wkh

sd|r� yld s dqg dq h�hfw rq wkh ixwxuh ydoxh ri % yld }1

Jhwwlqj edfn wr rxu sureohp/ zh qrz zdqw wr nqrz zkhwkhu wkhuh lv dq

lq�qlwh0glphqvlrqdo frxqwhusduw ri
Yu E%Wc bW�

Y%
' f1 Wkh dqvzhu= wkhuh vxuh lv$

Mxvw dv lq �qlwh0glphqvlrqdo rswlpl}dwlrq/ wkh wzr lghdv dw zrun duh

41 Li wkh frqwuro yduldeoh � lv rswlpdo/ wkhq wkh remhfwlyh ixqfwlrq

A]
f

s_|

vkrxog eh vwdwlrqdu| zlwk uhvshfw wr vpdoo fkdqjhv lq �1

51 Lqvwhdg ri fkrrvlqj � dqg ohwwlqj % eh ghwhuplqhg e| wkh frqvwudlqw �% ' }/

zh fkrrvh erwk % dqg � wuhdwlqj �% ' } dv d frqvwudlqw dvvrfldwhg zlwk wkh vkdgrz

sulfh b1 Wkh krsh lv wkdw wklv vkdgrz sulfh zloo wdnh fduh ri wkh csodqqlqj dkhdg*

+zruu|lqj derxw wkh ixwxuh, dvshfw ri rxu sureohp1

Wkh qh{w vhfwlrq xvhv wkhvh lghdv lq dq h{fhhglqjo| vorss| zd| +zh zloo fohdq

xs rxu dfw odwhu,1 Ehiruh zh jr rq/ wkrxjk/ zh vkrxog nqrz zkdw wr h{shfw1 Wkh

lq�qlwh0glphqvlrqdo frxqwhusduw ri wkh frqglwlrq u%u E%Wc bW� ' f zloo wxuq rxw

wr eh d v|vwhp ri RGH=v/ zklfk zh kdyh mxvw ohduqhg vrphwklqj derxw krz wr

vroyh$
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431515 Srqwu|djlq*v pd{lpxp sulqflsoh +SPS,

Lq wklv vhfwlrq/ zh zloo ghqrwh wkh Hxfolghdq lqqhu surgxfw lq U? e| % � + udwkhu

wkdq %A+ vlqfh wkh ohwwhu A zloo kdyh dqrwkhu phdqlqj1 Wklv qrwdwlrq dovr kdv

wkh dgydqwdjh wkdw zkhq |rx uhdg wklv vhfwlrq wkh �uvw wlph/ |rx fdq hdvlo| wklqn

ri wkh vfdodu fdvh dqg ljqruh wkh yhfwru fdofxoxv vr dv wr irfxv rq wkh qhz lghdv

lqyroyhg1 Lq dq| fdvh/ wkh ixqfwlrq s ehorz lv dozd|v uhdo vfdodu0ydoxhg vlqfh lw

pdnhv qr vhqvh wr pd{lpl}h d yhfwru0ydoxhg ixqfwlrq +ru lqghhg d frpsoh{0ydoxhg

ixqfwlrq,1

E| dqdorj| zlwk wkh �qlwh0glphqvlrqdo fdvh/ zh lqwurgxfh d cOdjudqjldq* dv

iroorzv +dvvxplqj iru wkh prphqw wkdwL ' U
& vr wkdw zh fdq ljqruh wkh frqglwlrq

� E|� 5 L,1

u E c�cb� '

A]
f

s E|c % E|� c � E|�� _|n

A]
f

b E|� � d} E|c % E|� c � E|��� �% E|�o _| +4318,

Qrz lqwhjudwh e| sduwv/ dqg zh jhw

u '

A]
f

k
s n b � } n �b � %

l
_|n b EA � �

%EA�

�

K �b EA � �

%Ef�

�

@ 1 +4319,

Nhhslqj lq plqg wkdw rxu fkrlfh yduldeohv duh % E|� iru hdfk | 5 dfc A o dqg � E|�

iru hdfk | 5 dfc A o c lw grhv qrw vhhp xquhdvrqdeoh wkdw d vroxwlrq vkrxog vdwlvi|

�
Yu

Y% E|�
' f* iru hdfk | 5 dfc A o +431:,

dqg

�
Yu

Y� E|�
' f* iru hdfk | 5 dfc A o � +431;,

Qrz lqwurgxfh wkh iroorzlqj phdqlqjohvv exw lqwxlwlyh uxoh ri gl�huhqwldwlqj dq

lqwhjudo zlwk uhvshfw wr d vlqjoh ydoxh ri wkh lqwhjudqg1

�
_

_s Er�

A]
f

} Es E|�� _| '
_} Es Er��

_s Er�
_r* +431<,
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Li wklv vhhpv sx}}olqj/ fi1 zkdw zh zrxog gr zlwk d glvfuhwh vxp1 Wkhq

_

_%�

?[
&'�

} E%&�{%& '
_} E%��

_%�
{%�� +43143,

Lq dq| fdvh/ xvlqj wklv cuxoh*/ dqg cglylglqj* e| _r/ zh jhw

Y

Y%
ds n b � }o n �b ' f +43144,

dqg

Y

Y�
ds n b � }o ' f +43145,

Qrz vxssrvh s lv frqfdyh/ wkh hohphqwv ri b duh srvlwlyh dqg wkh }� duh frqfdyh

lq � +ru s lv frqfdyh dqg wkh }� duh olqhdu,1 Wkhq rxu vroxwlrq �W zloo gholyhu

wkh pd{lpxp ri ds n b � }o1 Li wkh frqvwudlqw vhw L 9' U
&/ wkhq lw lv qrw kdug wr

eholhyh wkdw rxu ghulydwlyh frqglwlrq +43145, jhqhudol}hv wr wkh uhtxluhphqw wkdw/

iru hdfk |c � E|� lv wkdw hohphqw ri L zklfk gholyhuv wkh juhdwhvw ydoxh ri s nb � }�

Doo wklv +xvhixo, qrqvhqvh prwlydwhv wkh iroorzlqj wkhruhp1

Wkhruhp 431515 +Srqwu|djlq*v pd{lpxp sulqflsoh, Gh�qh wkh Kdplowrqldq

ixqfwlrq M G U�U?�U&�U? $ U yld

M E|c %c �c b� ' s E|c %c �� n b � } E|c %c �� 1 +43146,

Ohw %W/�W vroyh +4317,1 Wkhq/ jlyhq vrph uhjxodulw| frqglwlrqv dqg d uhdvrqdeoh

gh�qlwlrq ri zkdw frqwuro ixqfwlrqv � duh dgplvvleoh/ wkhuh lv d frqwlqxrxv dqg

slhfhzlvh gl�huhqwldeoh +l1h1 gl�huhqwldeoh h{fhsw srvvleo| dw d �qlwh qxpehu ri

srlqwv, ixqfwlrq b G dfc A o$ U vxfk wkdw

YM E|c %W E|� c �W E|� c b E|��

Y%
n �b E|� ' f +43147,

iru doo | 5 dfc A o dw zklfk � lv frqwlqxrxv dv d ixqfwlrq ri | dqg

M E|c %W E|� c �W E|� c b E|�� ' t�T
�ML

M E|c %W E|� c �c b E|�� +43148,

iru doo | 5 dfc A o �
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Surri1 Vhh ^47`1

Uhpdun 431516 Wkh srlqw ri SPS lv wkdw lw jlyhv xv dq ruglqdu| �qlwh0glphqvlrqdo

pd{lpl}dwlrq sureohp wr vroyh iru hdfk |/ dqg zh nqrz iurp Pdwkhpdwlfv 4 krz

wr gr wkdw$

Uhpdun 431517 Dpd}lqjo|/ rxu udwkhu zlog ghulydwlrqv kdyh ohg xv wr +d voljkwo|

ydjxh yhuvlrq ri, wkh uljkw dqvzhu$

Uhpdun 431518 Lq wklv yhuvlrq ri Srqwu|djlq*v pd{lpxp sulqflsoh/ zh kdyh dv0

vxphg wkdw wkh frqvwudlqw vhw L +iru wkh frqwuro �� lv lqghshqghqw ri wkh vwdwh/ dqg

wkdw wkhuh duh qr uhvwulfwlrqv rq wkh vwdwh yduldeohv %1 Wkhuh duh rwkhu yhuvlrqv ri

SPS wkdw gurs wkhvh dvvxpswlrqv1 Vhh vhfwlrq 43151715 dqg ^43` iru pruh ghwdlov1

Uhpdun 431519 SPS zdv lqyhqwhg lq wkh 4<83v wr ghdo zlwk sureohpv zkhuh

wkh vroxwlrq lv vxfk wkdw � lv vrphwlphv rq wkh erxqgdu| ri L / d skhqrphqrq

wkdw wkh 4;wk fhqwxu| fdofxoxv0ri0yduldwlrqv dssurdfk frxog qrw ghdo zlwk1 Wklv

lv sduwlfxoduo| lpsruwdqw lq vr0fdoohg edqj0edqj sureohpv/ zkhuh lw lv rswlpdo wr

kdyh � rffdvlrqdoo| mxps glvfrqwlqxrxvo| iurp rqh erxqgdu| srlqw riL wr dqrwkhu

+vrphwklqj wkdw wkh fdofxoxv ri yduldwlrqv dssurdfk h{solflwo| iruelgv,1 Qrwh wkdw li

� kdv d glvfrqwlqxlw| dw | wkhq % E|� idlov wr eh gl�huhqwldeoh dw |1 Vr wkh frqglwlrq

�% ' } lv rqo| uhtxluhg wr krog cdoprvw hyhu|zkhuh*> iru h{dpsoh/ lw vx!fhv wkdw lw

krogv hyhu|zkhuh h{fhsw dw frxqwdeo| pdq| srlqwv1 Pruh suhflvho|/ wkh frqvwudlqw

lv/ iru f � | � A /

% E|� ' % Ef� n

|]
f

} Erc % Er� c � Er�� _r� +43149,

\rx zloo kdyh qrwlfhg wkdw rxu vwdwhphqw ri SPS lv qrw txlwh suhflvh/ dqg L

uhihu wkrvh ri |rx zkr |hduq iru suhflvlrq hlwkhu wr ^47` ru wr vhfwlrq 431517/ zkhuh
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zh zloo vwdwh dqg uljrurxvo| suryh d wkhruhp wr wkh h�hfw wkdw d fhuwdlq vhw ri

frqglwlrqv duh vx!flhqw iru d vroxwlrq xqghu vxlwdeoh dvvxpswlrqv1 +Jlyhq wkh

h{lvwhqfh sureohpv> vhh ehorz/ vx!flhqw frqglwlrqv duh lq dq| fdvh pruh xvhixo1,

431516 Vrph uhpdunv derxw h{lvwhqfh

Frpsdfw vhwv/ forvhg edoov lq lq�qlwh0glphqvlrqdo vhwv/ Zhlhuvwudvv qrw dssolfdeoh1

H{dpsoh1

4�?
�

] �

f

%2 E|� _|

v1w

;A?A= �% ' �

% Ef� ' % E�� ' �

+4314:,

Frpsdfwl�fdwlrq e| h{whqglqj wkh qrwlrq ri d ixqfwlrqB

431517 Pdqjdvduldq*v vx!flhqw frqglwlrqv

Grlqj lw wkh hfrqrplf zd|> lqglylgxdo rswlpl}dwlrq dqg pdunhw htxloleulxp1

Duurz0Gheuhx= wudgh lq gdwhg jrrgv wdnhv sodfh lq phwd0wlph1 Uhsuhvhqwdwlyh

djhqw +hyhu|rqh wkh vdph, dqg qr glvwruwlrqv2h{whuqdolwlhv +wkh frpshwlwlyh htxl0

oleulxp lv wkhq d Sduhwr rswlpdo doorfdwlrq, exw wkhvh dvvxpswlrqv fdq eh hdvlo|

jhqhudol}hg1 Zh zloo gurs wkh dvvxpswlrq ri Sduhwr rswlpdolw| lq vhfwlrq 431615

+rq g|qdplf rswlpl}dwlrq lq glvfuhwh wlph,1 +Khwhurjhqhrxv djhqwv duh eh|rqg

wkh vfrsh ri wklv frxuvh/ exw |rx pxvwq*w wklqn wkdw wklv lv dq lpsrvvleoh wrslf/

dowkrxjk lw grhv idfh d ihz qxphulfdo sureohpv1 Mxvw pdnh vxuh hyhu| djhqw rswl0

pl}hv1, Frqvwudlqw vhw srvvleo| ghshqghqw rq wlph +exw qrw wkh vwdwh,1 Lqwhusuhw

wkh gl�huhqwldo htxdwlrq dv dq lqwhjudo htxdwlrq dqg doorz �qlwho| pdq| srlqwv

dw zklfk % lv qrw gl�huhqwldeoh1
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Wr pdnh wkh sureohp hfrqrplf/ zulwh

4@ 
�

A]
f

s E|c % E|� c � E|�� _|

v1w1

;AAAAAAA?AAAAAAA=

�% E|� ' } E|c % E|� c � E|��

% Ef� ' %f

Vrph vxlwdeoh QSJ frqglwlrq

� E|� 5 L � U
& iru doo | 5 dfc A o �

+4314;,

Qrwh wkdw wkh hqgsrlqw frqglwlrq % EA � ' K kdv ehhq uhsodfhg e| wkh vrphzkdw

ydjxh skudvh cvrph vxlwdeoh QSJ frqglwlrq*1 Zh zloo pdnh wklv suhflvh/ exw

�uvw ohw*v prwlydwh wkh suhflvh gh�qlwlrq1 cQSJ frqglwlrq* vwdqgv iru cqr Srq}l0

jdph frqglwlrq*1 D Srq}l jdph lq rxu frqwh{w phdqv jrlqj lqwr ghew zlwkrxw

hyhu sd|lqj edfn/ ru/ lq dq lq�qlwh krul}rq vhwwlqj/ eruurzlqj prqh| wr �qdqfh

wkh lqwhuhvw sd|phqwv rq wkh suhylrxv ordq dqg vr rq dg lq�qlwxp1 Vr dq QSJ

frqglwlrq phdqv wkdw/ dw wkh hqgsrlqw A wkh djhqw vkrxog ohdyh ehklqg d sruwirolr

ri dvvhwv zlwk d qrqqhjdwlyh ydoxh1 Qrwlfh wkdw iru wkh ydoxh ri d sruwirolr wr eh

gh�qhg/ zh qhhg dvvhw sulfhv1 Exw wkhvh duh ghwhuplqhg lq htxloleulxp/ vr wkh

QSJ frqglwlrq fdqqrw eh vwdwhg zkhq orrnlqj phuho| dw rqh djhqw*v sureohp dqg

ljqrulqj wkh pdunhw lqwhudfwlrq1 Lw fdq rqo| eh vwdwhg li zh nqrz wkh sulfhv b�

Jlyhq wkhvh sulfhv/ wkh QSJ frqglwlrq lv

b EA � � % EA � � f� +4314<,

Qrwh wkdw wklv pxvw krog qrw iru dq| sulfhv/ rqo| iru wkh htxloleulxp sulfhvb� \hw

lw pxvw krog iru dq| ihdvleoh +cdgplvvleoh*,  1 Li A ' n4 wkhq wkh dssursuldwh

uhtxluhphqw lv wkdw b E|� � % E|� hyhqwxdoo| vwrs hyhu glsslqj ehorz }hur1 Wkh

pdwkhpdwlfdo vwdwhphqw ri wklv lv

*�4 �?u
|<"

b E|� � % E|� � f� +43153,
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Qrz ohw hyhu| djhqw lq wkh hfrqrp| vroyh +4314;,/ dqg/ wr prwlydwh zk| d frp0

shwlwlyh htxloleulxp lv wkh dssursuldwh vroxwlrq frqfhsw/ vxssrvh hdfk djhqw lv vr

vpdoo wkdw khu ehkdylru fdqqrw lq xhqfh sulfhv1 Zh qrz frqvlghu vx!flhqw frq0

glwlrqv iru wkh sur�oh E Wc�W� wr eh d frpshwlwlyh htxloleulxp doorfdwlrq hqirufhg

e| wkh htxloleulxp sulfhv b1 Wkh vhqvh lq zklfk b lv d vhw ri sulfhv lv wkdw b E|�

zloo wxuq rxw wr eh wkh pdujlqdo ydoxh iurp wkh srlqw ri ylhz ri dq lqglylgxdo ri

lqfuhdvlqj % E|�1 Wklv lghd zloo eh vwdwhg pruh suhflvho| lq vhfwlrq 431517141 Zh

duh qrz uhdg| wr vwdwh +dq hfrqrplf yhuvlrq ri, Pdqjdvduldq*v wkhruhp irupdoo|1

Qrwd ehqh Dv deryh/ zh zloo ghqrwh d ixqfwlrq xvlqj erog w|sh1 Rwkhu v|perov

ghqrwh qxpehuv ru yhfwruv1

Gh�qlwlrq 431514 Dq dgplvvleoh doorfdwlrq E c�� dw pdunhw sulfhv b iru wkh

sureohp +4314;, lv d sdlu ri ixqfwlrqv  G dfc A o $ U
? dqg � G dfc A o $ U

6 vxfk

wkdw

41 � E|� 5 L iru hdfk | 5 dfc A o c

51 % E|� ' %f n

|]
f

} Erc % Er� c � Er�� _r iru hdfk | 5 dfc A o c dqg

61 b EA � � % EA � � f li A 	4 dqg *�4 �?u
|<"

b E|� � % E|� � f li A '4�

Gh�qlwlrq 431515 Wkh sur�oh E Wc�Wcb� lv vdlg wr eh d frpshwlwlyh htxloleulxp

ri wkh hfrqrp| zkhuh doo djhqwv* suhihuhqfhv dqg frqvwudlqwv duh jlyhq e| +4314;,

li �W vroyhv +4314;, dqg wkh sulfhv b fohdu wkh pdunhw iru wkh cdvvhwv*  fohduv lq

hyhu| shulrg/ l1h1 li djhqwv frxog wudgh dvvhwv iuhho| dw sulfhv bc wkhq hdfk djhqw

zrxog ghpdqg wkh txdqwlwlhv  W� Wkh sur�oh E Wc�W� lv wkhq fdoohg d frpshwlwlyh

htxloleulxp doorfdwlrq hqirufhg e| wkh htxloleulxp sulfhv b1
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Uhpdun 43151: Wklv gh�qlwlrq shukdsv vrxqgv d elw orrvh dqg qrq0pdwkhpdwlfdo1

Iru h{dpsoh/ zh kdyh qrw gh�qhg zkdw lw phdqv wr cwudgh iuhho|*1 Exw zh nqrz

wkdw wklv fdq eh grqh uljrurxvo|> vhh ^83`1

Wkhruhp 431516 +Pdqjdvduldq, Ohw E Wc�W� eh dq dgplvvleoh doorfdwlrq ri

+4314;, dw pdunhw sulfhv b1 Ohw b G dfc A o $ U eh d frqwlqxrxv dqg +h{fhsw

srvvleo| dw frxqwdeo| pdq| srlqwv, gl�huhqwldeoh ixqfwlrq1 Pruhryhu/ vxssrvh wkh

vhw L 5 U6 lv frqyh{1 Qrz gh�qh wkh ixqfwlrq M G dfc A o�U?�L �U? $ U yld

M E|c %c �c b� ' s E|c %c �� n b � } E|c %c �� � +43154,

Vxssrvh qrz wkdw M lv frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr % rq lwv hqwluh

grpdlq1 Vxssrvh dovr wkdw M E|c %c �c b E|�� lv frqfdyh lq E%c �� iru hdfk | 5 dfc A o1

Ilqdoo|/ vxssrvh wkdw

41
YM E|c %W E|� c �W E|� c b E|��

Y%
n �b E|� ' f iru doo | 5 dfc A o h{fhsw srvvleo| dw

�qlwho| pdq| srlqwvc

51 �W E|� 5 @h}4@ 
�ML

M E|c %W E|� c �c b E|�� c iru doo | 5 dfc A o dqg

61 b EA � � %W EA � ' f li A 	4 dqg *�4
|<"

b E|� � %W E|� ' f li A '41

Wkhq E Wc�Wcb� lv d frpshwlwlyh htxloleulxp1

Uhpdun 43151; Li doo wkh sulfhv b duh vwulfwo| srvlwlyh/ b EA � � % EA � ' f lpsolhv

% EA � ' f�

Uhpdun 43151< Wkh QSJ frqglwlrq b EA � � % EA � � f ru *�4 �?u
|<"

b E|� � % E|� � f

lv d frqvwudlqw1 Wkh frqglwlrq b EA � �%W EA � ' f ru *�4
|<"

b E|� �%W E|� ' f lv fdoohg d

wudqvyhuvdolw| frqglwlrq/ dqg lv qrw d frqvwudlqw exw dq rswlpdolw| frqglwlrq1 Wkh

lqwxlwlyh phdqlqj ri wkh QSJ frqglwlrq lv c\rx pxvwq*w ohdyh dq| ghew ehklqg*
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dqg wkh lqwxlwlyh phdqlqj ri wkh wudqvyhuvdolw| frqglwlrq lv cVlqfh |rx fdq*w ohdyh

dq| ghew ehklqg/ dqg wkhuh lv qr srlqw lq ohdylqj dvvhwv ehklqg/ vhw wkh qhw zruwk

ri |rxu ehtxhvw wr }hur*1

Ehiruh wkh surri vwduwv/ zh qhhg vrph suholplqdulhv1 Hyhqwxdoo| wkh vwudwhj|

zloo eh wr vkrz wkdw �W vroyhv 4314; e| vkrzlqj wkdw lw gholyhuv d kljkhu ydoxh ri

wkh remhfwlyh wkdq dq| dgplvvleoh dowhuqdwlyh1 Wkhq zh zloo lqyrnh dq hqyhorsh

wkhruhp wr vkrz wkdw b fohduv wkh dvvhw pdunhw1 Exw iru qrz/ zh lqwurgxfh vrph

gh�qlwlrqv dqg uhvxowv wkdw zh*oo qhhg lq wkh surri1

Gh�qlwlrq 431516 Ohw � � U
? eh d frqyh{ vhw1 D ixqfwlrq s G �$ U lv vdlg wr

eh frqfdyh li iru doo %fc %� 5 � dqg doo b 5 dfc �o zh kdyh

s
�
b%f n E�� b� %�

�
� bs E%f� n E�� b� s

�
%�
�
� +43155,

H{dpsoh 431514 Ohw %c %� 5 �� Gh�qh {% ' %� � % dqg vhw b ' ��
�

�
zkhuh

� : f� Wkhq b%n E�� b� %� ' %n
{%

�
dqg li s lv frqfdyh/ wkhq

s

�
%n

{%

�

�
�

�

�
ds E%n{%�� s E%�o � +43156,

Ohppd 431514 +Phdq ydoxh wkhruhp, Ohw %c + 5 U? dqg ohw

� E%c +� ] i5 5 U? G 5 ' b%n E�� b� + iru vrph b 5 Efc ��j � +43157,

Wkhq � E%c +� lv wkh +rshq, olqh vhjphqw ehwzhhq % dqg +1 Ohw s G � E%c +� $ U

eh frqwlqxrxvo| gl�huhqwldeoh1 Wkhq wkhuh lv d � 5 � E%c +� vxfk wkdw

s E%�� s E+� ' us E�� � E%� +� � +43158,

Surri1 Vhh ^:`1
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Ohppd 431515 Ohw M dqg L eh dv lq Wkhruhp +431516,1 Ohw %W dqg b eh duel0

wudu| �{hg yhfwruv lq U? +dqg khqfh qrw ixqfwlrqv,/ ohw | 5 dfc A o eh �{hg dqg ohw

�W eh vxfk wkdw

�W 5 @h}4@ 
�ML

M E|c %Wc �c b� � +43159,

Wkhq iru dq| � 5 L dqg % 5 U? zh kdyh

M E|c %Wc �Wc b��M E|c %c �c b� �
YM E|c %Wc �Wc b�

Y%
� d%W � %o � +4315:,

Surri1 Ohw % 5 U
? dqg � 5 L eh �{hg yhfwruv dqg gh�qh {% ' % � %Wc

{� ' �� �W� Iru hdfk � : f zh kdyh

M

�
|c %W n

{%

�
c �W n

{�

�
c b

�
� ifrqfdylw|$j �

� M E|c %Wc �Wc bW� n
�

�
dM E|c %c �c b��M E|c %Wc �Wc b�o �

�

�
�W 5 @h}4@ 

�ML

M E|c %Wc �c b� dqg

�
�W n

{�

�

�
5 L vlqfh L lv frqyh{

�
�

� M

�
|c %Wc �W n

{�

�
c b

�
n

�

�
dM E|c %c �c b��M E|c %Wc �Wc b�o �

+4315;,

Khqfh

M E|c %Wc �Wc b��M E|c %c �c b� �

��

�
M

�
|c %Wc �W n

{�

�
c b

�
�M

�
|c %W n

{%

�
c�W n

{�

�
c b

��
'

' iPhdq ydoxh wkhruhp$j

' �
Y

Y%
M

�
|c e%� c �W n {�

�
cb

�
�{%

+4315<,
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iru vrph e%� 5 �

�
%Wc %W n

{%

�

�
zkhuh�

�
%Wc %W n

{%

�

�
lv wkh rshq olqh vhjphqw

ehwzhhq %W dqg %W n
{%

�
1 Qrz ohw � $4 dqg lqyrnh wkh frqwlqxlw| ri M%1

Wkh surri fdq qrz ehjlq lq hduqhvw1 Qrwh �uvw wkdw

A]
f

s E|c % E|� c � E|�� _| '

A]
f

dM E|c % E|� c � E|��� b E|� �% E|�o _| +43163,

Qrz frqvlghu wkh fdqglgdwh rswlpdo doorfdwlrq E Wc�W� zklfk e| dvvxpswlrq vdw0

lv�hv �W E|� 5 @h}4@ 
�ML

M E|c %W E|� c �c b E|�� iru hdfk | 5 dfc A o dqg ohw E%c �� eh

dq dgplvvleoh doorfdwlrq1 Zh zloo qrz vkrz wkdw E Wc�W� gholyhuv d ydoxh ri wkh

remhfwlyh ixqfwlrq qr vpdoohu wkdq grhv E c�� �
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A]
f

s E|c %W E|� c �W E|�� _|�

A]
f

s E|c % E|� c � E|�� _| '

'

A]
f

dM E|c %W E|� c �W E|� c b E|���M E|c % E|� c � E|� c b E|��o _|�

A]
f

b E|� � d �%W E|�� �% E|�o _| �

� iOhppd 431515$j �

�

A]
f

iM% E|c %
W E|� c �W E|� c b E|�� � d%W E|�� % E|�oj _|�

A]
f

bW E|� � d �%W E|�� �% E|�o _| '

' iLqwhjudwlrq e| sduwv$j '

'

A]
f

k
M% E|c %

W E|� c �W E|� c b E|�� n �b E|�
l
� d%W E|�� % E|�o _|�

�b EA � d%W EA �� % EA �o n b Ef� d%W Ef�� % Ef�o �

+43164,
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Zkdw zh zdqw wr vkrz/ ri frxuvh/ lv wkdw wkh odvw h{suhvvlrq lv � f xqghu

wkh dvvxpswlrq ri rxu Wkhruhp1 Wkh �uvw whup ydqlvkhv e| wkh M% n �b ' f

frqglwlrq1 Wkh �qdo whup ydqlvkhv vlqfh %W Ef�� % Ef� ' %f +uhfdoo wkdw  dqg  W

duh dgplvvleoh$,� Wklv ohdyhv xv zlwk wkh plggoh whup

b EA �% EA �� b EA �%W EA � �

Frqvlghu wkh fdvh A 	 4 �uvw1 Wkhq wkh dgplvvlelolw| ri % jxdudqwhhv wkdw

b EA �% EA � � f� Phdqzkloh/ wkh wudqvyhuvdolw| frqglwlrq vd|v wkdw b EA �%W EA � '

f1 Wklv �qlvkhv wkh surri wkdw �W lv rswlpdo iru d �qlwh A 1 Rq wkh rwkhu kdqg/ li

A '4/ zh frqvlghu wkh gl�huhqfh

b E|�% E|�� b E|� %W E|� +43165,

dqg ohw | $ 41 E| wkh QSJ frqglwlrq/ b E|� % E|� hyhqwxdoo| vwrsv hyhu glsslqj

ehorz }hur dv | $ 4/ dqg e| wkh wudqvyhuvdolw| frqglwlrq/ b E|�%W E|� $ f dv

| $ 4� Wkh �qdo sduw ri wkh surri vkrzv wkdw wkh sulfhv b uhdoo| fohdu wkh

pdunhw1 Wklv zloo eh wuxh li hdfk djhqw*v pdujlqdo ydoxhv +lq whupv ri khu remhfwlyh

ixqfwlrq, ri wkh dvvhwv  duh htxdo wr wkh pdunhw sulfhv b� Wklv lv wkh Hqyhorsh

Wkhruhp> vhh vhfwlrq 431517141

43151714 Wkh Hqyhorsh Wkhruhp

Wkhruhp 431517 Ohw E Wc�Wcb� vdwlvi| wkh vx!flhqw frqglwlrqv iru ehlqj d frp0

shwlwlyh htxloleulxp ri dq hfrqrp| ghvfulehg e| +4314;,1 Vxssrvh wkh vx!flhqw

frqglwlrqv gh�qh �W xqltxho|1 ^Dgg dqrwkhu whfkqlfdo frqglwlrq khuh> �W E|� lv

orfdoo| erxqghg dv d ixqfwlrq ri %1` Gh�qh wkh ydoxh ixqfwlrq +lqgluhfw xwlolw|
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ixqfwlrq, yld

T E|c %� ' 4@ 
�

A]
|

s Erc % Er� c � Er�� _r

v1w1

;AAAAAAA?AAAAAAA=

�% Er� ' } Erc % Er� c � Er��

% E|� ' %

QSJ +uhodwlyh wr pdunhw fohdulqj sulfhv,

� Er� 5 L � U
& iru doo r 5 d|c A o �

+43166,

Wkhq/ iru doo | ' dfc A � c zh kdyh

YT E|c %W E|��

Y%
' b E|� � +43167,

dqg li zh gh�qh
YT EAc %W EA ��

Y%
' *�4

|<A

YT E|c %W E|��

Y%
wkhq wkh vwdwhphqw irogv iru

| ' A dv zhoo1

Surri1 Vhh ^6`1

Uhpdun 4315143 Wkh htxdwlrq E43167� lv rqo| ydolg dorrqj wkh rswlpdo sdwk  W�

H{dpsoh 431515 Frqvlghu wkh rswlpdo frqvxpswlrq sureohp

4@ 
S

�]
f

*? S E|� _|

v1w1

;AAAA?AAAA=
�& E|� ' �S E|�

& Ef� ' �

QSJ

+43168,

Wkh Kdplowrqldq lv

M E|c % E|� c b E|�� ' *? S E|�� b E|� S E|� +43169,
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Rxu rswlpdolw| frqglwlrqv ehfrph

�b E|� ' f +4316:,

dqg

�

S E|�
' b E|� +4316;,

Khqfh b E|� � b dqg S E|� � S '
�

b
� Dffruglqj wr wkh odz ri prwlrq iru wkh fdslwdo

vwrfn/

& E|� ' ��

|]
f

S_r ' �� |S� +4316<,

Wkh QSJ frqglwlrq qrz ehfrphv

�� S

S
' f� +43173,

Wklv lpsolhv wkdw S ' � dqg zh kdyh vroyhg wkh sureohp1 Qrwh wkdw b ' � dqg

&W E|� ' �� |1 Wr �qg wkh ydoxh ixqfwlrq/ zh qrz vroyh

4@ 
S

�]
|

*? S Er� _r

v1w1

;AAAA?AAAA=
�& Er� ' �S Er�

& E|� ' &

QSJ

+43174,

Lq wklv fdvh/ wkh vroxwlrq lv S E|� � S '
&

�� |
� Khqfh wkh ydoxh ixqfwlrq lv

T E|c &� '

�]
|

*?

�
&

�� |

�
_r ' E�� |� d*? & � *? E�� |�o +43175,

dqg

YT E|c &�

Y&
'

�� |

&
� +43176,
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Frqvhtxhqwo|

YT E|c &W E|��

Y&
'

�� |

�� |
' �� +43177,

dqg zh kdyh frq�uphg wkh hqyhorsh wkhruhp lq d vshfldo fdvh1

43151715 Frqvwudlqwv lqyroylqj wkh vwdwh yduldeohv

Vrphwlphv zh kdyh frqvwudlqwv ri wkh irup � E|c % E|� c � E|�� � f�

Dyrlglqj wkhvh frqvwudlqwv1 Ghdolqj zlwk wkhp li |rx fdq*w1

43151716 Lqwhjudo frqvwudlqwv

Vrphwlphv zh kdyh frqvwudlqwv ri wkh irup

A]
f

& E|c % E|� c � E|�� _| ' g +43178,

Vhh ^6`1

43151717 Hqgsrlqw hydoxdwlrq

Rffdvlrqdoo| rqh frphv dfurvv sureohpv zkhuh wkh pd{lpdqg kdv wkh irup

A]
f

s E|c % E|� c � E|�� _|n � E% EA �� � +43179,

zkhuh % EA � lv iuhh1 Lw lv srvvleoh wr wudqvirup wklv wr d sureohp zlwkrxw hqgsrlqw

hydoxdwlrq/ exw lw lv riwhq hdvlhu qrw wr1 Wkh rswlpxp frqglwlrqv duh wkhq wkh

vdph dv ehiruh h{fhsw wkdw wkh dssursuldwh wudqvyhuvdolw| frqglwlrq lv

Y� E% EA ��

Y%
� b EA � ' f� +4317:,
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431518 Xvlqj wkh vx!flhqw frqglwlrqv wr fdofxodwh wkh vr0

oxwlrq

Gr rxu vx!flhqw frqglwlrqv cxvxdoo|* gholyhu d xqltxh vroxwlrqB ^Vxewohw|= hyhq li

wkh| gr/ wkhuh pd| eh pruh wkdq rqh vroxwlrq wr wkh rswlpl}dwlrq sureohp1` Zhoo/

vxssrvh �W E|� lv lq wkh lqwhulru ri L iru hdfk |1 Wkhq rxu vx!flhqw frqglwlrqv fdq

eh zulwwhq +lq vkruwkdqg qrwdwlrq, dv

41 M% n �b ' f +? gl�huhqwldo htxdwlrqv,

51 �% ' } +? gl�huhqwldo htxdwlrqv,

61 M� ' f +6 dojheudlf htxdwlrqv iru hdfk |,

71 % Ef� ' %f +? lqlwldo frqglwlrqv,1

Qrz lq zhoo0ehkdyhg fdvhv/ zh fdq xvh M� ' f wr vroyh iru wkh 6 hohphqwv ri

� lq whupv ri b dqg %1 Wkdw ohdyhv xv zlwk d 2?0glphqvlrqdo v|vwhp ri gl�huhqwldo

htxdwlrqv zlwk ? lqlwldo frqglwlrqv1 Zh qhhg?pruh olqhdu uhvwulfwlrqv wr slq grzq

wkh vroxwlrq1 Li A 	4 dqg doo wkh sulfhv duh vwulfwo| srvlwlyh/ wkh wudqvyhuvdolw|

frqglwlrq lpsolhv % EA � ' f zklfk jlyhv xv dqrwkhu ? olqhdu uhvwulfwlrqv/ zklfk

lv mxvw zkdw zh qhhg1 Li A ' 4/ wkh frqglwlrq *�4
|<"

b E|�% E|� ' f zloo w|slfdoo|

lpso| wkdw % E|� lv vwdeoh +ru dw ohdvw/ zklfk lv zkdw pdwwhuv/ eh lpsolhg e| % ehlqj

vwdeoh,1 Li wkhuh duh suhflvho| ? xqvwdeoh hljhqydoxhv/ wklv vwdelolw| uhtxluhphqw

lpsrvhv h{dfwo| ? olqhdu uhvwulfwlrqv/ dqg zh kdyh slqqhg grzq wkh vroxwlrq1

Lw pd| vhhp xqolnho| wkdw zh vkrxog kdyh h{dfwo| ? xqvwdeoh hljhqydoxhv/

exw/ lq idfw/ lw lv d pdwkhpdwlfdo wkhruhp wkdw olqhdu0txdgudwlf frqwuro sureohpv

jhqhulfdoo| kdyh wklv surshuw|$ Vhh vhfwlrq 43161;14 iru d glvfxvvlrq ri wkh glvfuhwh

wlph fdvh1 Hfrqrplfv ri h{sorvlyh urrwv= errwvwuds surshuw| ri dvvhw sulflqj> wkh
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kljkhu wkh sulfh ri dq dvvhw wrpruurz/ wkh pruh ydoxdeoh lw lv wrgd|1 Wklv srvlwlyh

ihhgedfn ohdgv wr dq h{sorvlyh hljhqydoxh iru hdfk ri wkh ? cdvvhwv* lq %1

Vr wkh sureohp ri vroylqj d g|qdplf rswlpl}dwlrq sureohp erlov grzq wr

vroylqj d v|vwhp ri RGHv zlwk erxqgdu| ydoxhv1 Vrphwlphv zh*oo eh deoh wr

vroyh wklv v|vwhp h{dfwo|/ exw riwhq zh zrq*w1 Wkhq wkhuh duh pdq| qxphulfdo

phwkrgv ri �qglqj dq dssur{lpdwh vroxwlrq1 Rqh sduwlfxoduo| vlpsoh rqh lv wr

olqhdul}h wkh v|vwhp durxqg lwv vwhdg| vwdwh/ dqg wkhq vroyh wkh uhvxowlqj olqhdu

v|vwhp1 Wkh vroxwlrq zloo wkhq eh dffxudwh forvh wr wkh vwhdg| vwdwh1

Li rxu rqo| remhfwlyh lv wr �qg d txdolwdwlyh fkdudfwhul}dwlrq ri wkh vroxwlrq

+vwhdg| vwdwh/ vwdelolw|, lw dovr pdnhv vhqvh wr olqhdul}h dqg lqyrnh O|dsxqry*v

wkhruhp1 Kdylqj ghulyhg wkh dssur{lpdwh g|qdplfv durxqg d vwhdg| vwdwh/ zh

fdq gudz d urxjk skdvh gldjudp lqglfdwlqj wkh dssur{lpdwh ehkdylru ri wkh

wudmhfwrulhv1

Lq pdq| fdvhv/ krzhyhu/ lw zrq*w eh reylrxv krz wr ghdo zlwk wkh vx!flhqw frq0

glwlrqv1 Lqjhqxlw| lv riwhq uhtxluhg/ dqg lqjhqxlw| fdq rqo| eh dftxluhg wkurxjk

sudfwlfh1

H{dpsoh 431516 Vxssrvh zh kdyh d ehhklyh zklfk lv Gduzlqldqo| vhohfwhg wr

pd{lpl}h wkh qxpehu ri txhhqv dqg gurqhv dw wkh hqg ri wkh vhdvrq1 Ohw % E|�

eh wkh qxpehu ri vwhuloh zrunhuv dqg + E|� wkh qxpehu ri txhhqv dqg gurqhv dw

wlph |� Wkxv wkh pd{lpdqg lv + EA � � ^Zh fdq uhzulwh wklv sureohp zlwkrxw hqg0

srlqw hydoxdwlrq exw lw*v hdvlhu qrw wr1` Phdqzkloh/ vxssrvh wkh ehhklyh idfhv wkh
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iroorzlqj frqvwudlqwv ;AAAAAAAAAAA?AAAAAAAAAAA=

�% E|� ' K� E|�% E|�� �% E|�

�+ E|� ' S E�� � E|��% E|�

% Ef� ' �

+ Ef� ' fc

� E|� 5 dfc �o iru doo | 5 dfc A o

+4317;,

zkhuh K : �� Zh qrz surfhhg wr vroyh wklv sureohp1 Zh zloo wdnh wkh remhfwlyh wr

Zh zloo glvfryhu wkdw wkh vroxwlrq kdv d edqj0edqj qdwxuh1 Wkh Kdplowrqldq lv

M ' � n b E|� dK� E|�% E|�� �% E|�o n > E|� dS E�� � E|��% E|�o +4317<,

zkhuh b E|� dqg > E|� duh wkh vkdgrz sulfhv ri wkh frqvwudlqwv1 Qrwlfh wkdw M lv

olqhdu lq � E|� zlwk vorsh frh!flhqw b E|� K% E|�� S> E|�% E|� � Vlqfh % E|� lv dozd|v

juhdwhu wkdq }hur +wklv iroorzv iurp wkh frqvwudlqwv,/ wkh vljq ri wklv vorsh lv wkh

vdph dv wkdw ri wkh �vzlwfk ixqfwlrq�

j E|� ' Kb E|�� S> E|� � +43183,

Zkhq j E|� : fc wkh Kdplowrqldq lv pd{lpl}hg zkhq � E|� ' �/ dqg zkhq j E|� 	 f

lw lv pd{lpl}hg zkhq � E|� ' f� Zkhq j E|� ' fc lw lv rswlpdo wr vzlwfk iurp f wr

� ru ylfh yhuvd1 Qrwh wkdw SPS jxdudqwhhv wkh frqwlqxlw| ri b E|� dqg > E|� c vr

wkdw wkh rqo| vzlwfk wlphv duh wkrvh vxfk wkdw j E|� ' f�

Qrz zh orrn dw wkh rswlpxp frqglwlrqv1 Uhfdoo wkdw zh kdyh hqgsrlqw hydox0

dwlrq zlwk

� E% EA � c + EA �� ' + EA � +43184,

vr wkdw

�� > EA � ' f
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zklfk lpsolhv wkdw

> EA � ' ��

Vxppdul}lqj/ wkh vx!flhqw frqglwlrqv iru dq rswlpxp duh dv iroorzv1;AAAAAAA?AAAAAAA=

M% ' b E|� dK� E|�� �o n > E|� S E�� � E|�� ' � �b

M+ ' f ' � �>

b EA � ' f

> EA � ' ��

+43185,

Zh pd| lpphgldwho| frqfoxgh wkdw > E|� � � dqg khqfh wkdw wkh vzlwfk ixqfwlrq

fdq eh zulwwhq dv

j E|� ' Kb E|�� S� +43186,

Dovr/ zh fdq qrz uhzulwh wkh gl�huhqwldo htxdwlrq iru b dv;A?A=
�b E|� ' d� � K� E|�ob E|�� S E�� � E|��

b EA � ' f�
+43187,

Zh qrz dvn krz pdq| vzlwfkhv wkhuh zloo eh ehwzhhq f dqg A 1 Wr dqvzhu wkdw/

zh fkhfn wkh vljq ri �j dw j ' f� Zh jhw

�j ' K�b� K2�b� KS E�� �� ' �S� KS�� KSn KS� ' S E� � K� 	 f +43188,

vr wkdw wkhuh lv dw prvw rqh vzlwfk1 Li j hyhu uhdfkhv }hur/ lw iruhyhu vwd|v ehorz

}hur diwhu wkdw1 Wkh vwuxfwxuh ri wkh vroxwlrq/ wkhq lv

� E|� '

;A?A= � zkhq | 5 dfc r�

f zkhq | 5 Erc A o
+43189,

+wkh ydoxh ri � dw | ' r grhvq*w pdwwhu,1 Qrwlfh wkdw zh kdyh qrw h{foxghg wkh

srvvlelolw| r ' f +wkh srvvlelolw| r : A lv dq dznzdug rq zklfk zh*oo ljqruh iru

qrz,� Exw zkdw lv wkh ydoxh ri rB Wr �qg rxw/ zh frqvlghu wkh gl�huhqwldo htxdwlrq
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iru b iurp r wr A / zkhuh zh nqrz wkdw � ' f� Zh jhw

;A?A=
�b E|� ' �b E|�� S

b EA � ' f�
+4318:,

Xvlqj wkh irupxod iru vroylqj d olqhdu RGH +nhhslqj lq plqg wkdw vzlwfklqj

durxqg wkh olplwv ri dq lqwhjudo vzlwfkhv wkh vljq,/ zh jhw

b E|� '

A]
|

i T

;?=
|]
�

�_�

<@> S_� '
S

�

�
�� e�E|3A �

�
� +4318;,

Qrz uhfdoo wkdw wkh wlph r lv gh�qhg yld j Er� ' f dqg khqfh b Er� K ' S� Wklv

phdqv wkdw

S

�

�
�� e�Er3A �

�
K ' S +4318<,

dqg frqvhtxhqwo|

r ' A n
�

�
*?
�
��

�

K

�
� +43193,

Vlqfh K : �c zh kdyh r � A� Wkxv lw lv qhyhu rswlpdo wr vshqg wkh zkroh vhdvrq

mxvw uhdulqj vwhuloh zrunhuv1 Krzhyhu/ wkhuh lv qr jxdudqwhh wkdw r � f� Li r 	 f

dffruglqj wr rxu irupxod/ wkhq ri frxuvh lw lv rswlpdo qhyhu wr vzlwfk dqg vhw

� E|� � f iru doo | 5 dfc A o dqg khqfh ghyrwh wkh hqwluh vhdvrq wr uhdulqj txhhqv

dqg gurqhv1

Dssduhqwo|/ �hog elrorjlvwv kdyh ehhq deoh wr frq�up wkdw wklv lv lqghhg krz

pdq| ehhklyhv ehkdyh1 Lqghhg/ wkhuh kdv hyhq ehhq vrph txdqwlwdwlyh suhglfwlyh

vxffhvv zlwk fdoleudwhg prghov ri wkh nlqg suhvhqwhg khuh1
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431519 Fxuuhqw ydoxh frvwdwh

Vrphwlphv wkh wlph0ghshqghqfh ri d g|qdplf rswlpl}dwlrq sureohp wdnhv wkh

irup ri jhrphwulf glvfrxqwlqj rqo|/ l1h1 zh kdyh d sureohp ri wkh irup

4@ 
�

A]
f

e34|s E% E|� c � E|�� _|

v1w1

;AAAAAAA?AAAAAAA=

�% E|� ' } E% E|� c � E|��

% Ef� ' %f

QSJ

� E|� 5 L � U
& iru doo | 5 dfc A o �

+43194,

Lq wklv fdvh lw lv riwhq xvhixo wr uhgh�qh wkh frvwdwh b E|� dv wkh fxuuhqw udwkhu

wkdq wkh suhvhqw ydoxh ri % E|� +zh*oo vhh lq d prphqw suhflvho| zkdw wklv phdqv,1

Wkh gh�qlwlrq lv

bS E|� ' e4|bR E|� +43195,

zkhuh wkh csuhvhqw ydoxh* frvwdwh bR E|� lv mxvw wkh frvwdwh wkdw zh kdyh ehhq

zrunlqj zlwk vr idu1 Wkh vhqvh lq zklfk wklv lv wkh fxuuhqw ydoxh lv wkdw lw lv wkh

ghulydwlyh ri wkh iroorzlqj cfxuuhqw* ydoxh ixqfwlrq

T E|c %� ' 4@ 
�

A]
|

e4Er3|�s E% Er� c � Er�� _r

v1w1

;AAAAAAA?AAAAAAA=

�% Er� ' } E% Er� c � Er��

% E|� ' %

QSJ

� Er� 5 L � U
& iru doo r 5 d|c A o �

+43196,

Wklv phdqv wkdw bS E|� fdq eh lqwhusuhwhg dv wkh sulfhv dw zklfk wkh dvvhwv %

duh wudghg dw wkh lqvwdqw | lq dfwxdo wlph udwkhu wkdq wkh sulfhv ri % E|� lq wkh

Duurz0Gheuhx pdunhw lq phwd0wlph +ru/ li |rx olnh/ dw wkh lqvwdqw | ' f,1
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Dsduw iurp wkh qlfh lqwhusuhwdwlrq/ wkh fxuuhqw ydoxh dssurdfk kdv ehqh�wv lq

whupv ri fdofxodwlrq1 Rqh wklqj lv wkdw lw pdnhv wkh �uvw rughu frqglwlrqv wlph0

lqghshqghqw/ zklfk lv fuxfldo li zh duh orrnlqj iru d wlph0lqghshqghqw ihhgedfn

uxoh +vhh vhfwlrq 431617,1 Dqrwkhu lv wkdw lv vlpsol�hv wkh fdofxodwlrqv uhjdugohvv

ri krz zh zdqw wr uhsuhvhqw wkh vroxwlrq1

Jlyhq rxu qhz gh�qlwlrq ri wkh frvwdwh/ zh fdq gh�qh qhz rswlpdolw| frq0

glwlrqv lq whupv ri d fxuuhqw ydoxh Kdplowrqldq lq wkh iroorzlqj zd|1 Wkh rog0

idvklrqhg +suhvhqw0ydoxh, Kdplowrqldq dv dssolhg wr rxu glvfrxqwhg fdvh lv ri

frxuvh

MR E|c % E|� c � E|� c b E|�� ' e34|s E% E|� c � E|�� n bR E|� � } E% E|� c � E|�� � +43197,

Uhzulwlqj lq whupv ri wkh fxuuhqw ydoxh/ zh jhw

MR E|c % E|� c � E|� c b E|�� ' e34|s E% E|� c � E|�� n e34|bS E|� � } E% E|� c � E|�� +43198,

dqg pd{lpl}lqj wklv zlwk uhvshfw wr � E|� lv ri frxuvh wkh vdph dv pd{lpl}lqj wkh

fxuuhqw ydoxh Kdplowrqldq

MS E% E|� c � E|� c b E|�� ' s E% E|� c � E|�� n bS E|� � } E% E|� c � E|�� � +43199,

Wkh frqglwlrq M%n �b ' f lv d olwwoh elw wulfnlhu1 Wkh fruuhfw frqglwlrq lv ri frxuvh

MR

%
n �b

R

' f� Vlqfh MR

%
' e34|MS

%
dqg �b

R

' �4e34|bS n e34| �b
S

c wklv frqglwlrq

ehfrphv MS

%
n �b

S

� 4bS lq whupv ri wkh fxuuhqw ydoxh Kdplowrqldq dqg frvwdwh

+zklfk lv lqghshqghqw ri wlph$,1 Lq vxppdu|/ rxu rswlpdolw| frqglwlrqv ehfrph

;AAAAA?AAAAA=

YMS E%W E|� c �W E|� c b E|��

Y%
n �b

S

E|�� 4bS E|� ' f

�W E|� 5 @h}4@ 
�ML

MS E%W E|� c �c b E|��

bS EA � � % EA � ' f li A 	4 dqg *�4
|<"

e34|bS E|� � % E|� ' f li A '4

+4319:,
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zkhuh wkh fxuuhqw ydoxh Kdplowrqldq lv gh�qhg yld

MS E% E|� c � E|� c b E|�� ' s E% E|� c � E|�� n bS E|� � } E% E|� c � E|�� � +4319;,

Surylghg rqh nqrzv zkdw rqh lv grlqj/ wkh qrwdwlrq bS E|� ' b E|� lv shuihfwo|

shuplvvleoh1 Lq dq| fdvh/ wkh xvhixoqhvv ri wkh fxuuhqw ydoxh dssurdfk fdq ehvw eh

ghprqvwudwhg lq h{dpsohv/ dqg wr vxfk dq h{dpsoh zh qrz wxuq1 ^Wr eh zulwwhq1`

H{dpsoh 431517 Lqvwdoodwlrq frvwv1 Iurp odvw |hdu*v sureohp vhwv1

H{dpsoh 431518 Txdolwdwlyh uhdvrqlqj> h{dpsoh iurp E)I/ ss1 45504561

43151: Olqhdu0txdgudwlf frqwuro sureohpv

Wkh vx!flhqw frqglwlrqv duh olqhdu1 Wklv fdvh zloo eh glvfxvvhg lq ghwdlo lq wkh

glvfuhwh wlph fdvh1 Khuh zh zloo mxvw jlyh dq h{dpsoh1

H{dpsoh 431519 Frqvlghu d �up zklfk pd{lpl}hv wkh glvfrxqwhg ydoxh ri suri0

lwv1 Lw pd{lpl}hv

"]
f

e3o|
�
& E|��

�

2
&2 E|�� � E|��

@

2
E� E|�� B& E|��2

�
_| +4319<,

vxemhfw wr

�& E|� ' �B& E|� n � E|� +431:3,

zkhuh zh wklqn ri & E|� �
�

2
&2 E|� dv rxwsxw dqg � E|� n

@

2
E� E|�� B& E|��2 dv wkh

frvwv ri lqyhvwphqw1 Qrwlfh wkdw wkhuh lv d frqyh{ frvw ri fkdqjlqj wkh fdslwdo

vwrfn zkrvh vljql�fdqfh lqfuhdvhv lq @1 Zh dvvxph wkdw @ : f dqg o : f�

Wkh fxuuhqw ydoxh Kdplowrqldq lv

M ' & E|��
�

2
&2 E|�� � E|��

@

2
E� E|�� B& E|��2 n > E|� d�B& E|� n � E|�o +431:4,
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dqg wkh rswlpxp frqglwlrqv duh;A?A= M& n �>� o> ' �� & E|� n @B E� E|�� B& E|��� B> E|� n �> E|�� o> E|� ' f

M� ' ��� @ E� E|�� B& E|�� n > E|� ' f

+431:5,

Xvlqj wkh M� ' f frqglwlrq wr vroyh iru wkh frqwuro � E|� c zh jhw

� E|� ' B& E|� n
�

@
E> E|�� �� +431:6,

Vxevwlwxwlqj lqwr wkh M& n �> � o> ' f frqglwlrq dqg wkh odz ri prwlrq �& E|� '

�B& E|� n � E|� c zh jhw ;A?A= �> E|� ' & E|� n o> E|�� E�� B�

�& E|� '
�

@
E> E|�� ��

+431:7,

ru/ lq pdwul{ irupdw/597 �> E|�

�& E|�

6:8 '

597 o �

�

@
f

6:8
597 > E|�

& E|�

6:8n

597 � E�� B�

�
�

@

6:8 � +431:8,

Iluvw zh �qg wkh vwhdg| vwdwh/ zklfk lv597 >W

&W

6:8 '

597 o �

�

@
f

6:8
3� 597 E�� B�

�

@

6:8 '

597 �

�� B � o

6:8 +431:9,

Qrwlfh wkdw wkh pdujlqdo surgxfw ri fdslwdo lq wkh vwhdg| vwdwh lv o n B1 Wr dq0

do|}h wkh g|qdplfv durxqg wkh vwhdg| vwdwh/ zh lqyhvwljdwh wkh hljhqydoxhv dqg

hljhqyhfwruv ri wkh frh!flhqw pdwul{1 Zh �qg wkdw�������
o �

�

@
f

������� ' �
�

@
	 f +431::,

vr wkdw wkh vroxwlrq lv d vdggoh sdwk1 Ghqrwh wkh vwdeoh +qhjdwlyh, hljhqydoxh e|

b�� Wkh fruuhvsrqglqj hljhqyhfwru % vdwlv�hv
�

@
%� ' b�%2 vr wkdw/ dorqj wkh vdggoh

sdwk/ zh kdyh

> E|�� >W ' @b� E& E|�� &W� � +431:;,
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Lw iroorzv wkdw

� E|� ' B& E|� n b� E& E|�� &W� +431:<,

dqg frqvhtxhqwo|

�& E|� ' b� E& E|�� &W� +431;3,

vr wkdw wkh udwh ri frqyhujhqfh wrzdugv wkh vwhdg| vwdwh lv jlyhq e| wkh vwdeoh

hljhqydoxh1

Rq lqwxlwlyh jurxqgv/ lw vhhpv uhdvrqdeoh wr vxssrvh wkdw dv @ $ fc zh kdyh

lpphgldwh frqyhujhqfh vr wkdw b� $ �41 Frqyhuvho|/ zkhq @ $ 4c fdslwdo

vkrxog eh frqvwdqw vlqfh lw lv lq�qlwho| frvwo| wr fkdqjh lw dqg khqfh b� $ f�

Xvlqj wkh irupxod iru wkh urrwv ri d txdgudwlf htxdwlrq/ lw lv qrw kdug wr frq�up

wkhvh frqmhfwxuhv1 Zh kdyh

b� '
o

2
�

u�o
2

�2
n

�

@
+431;4,

dqg wkh frqmhfwxuhv iroorz doprvw lpphgldwho|1 Lq ehwzhhq wkhvh h{wuhphv/ lw

zrxog eh qlfh wr yhuli| wkdw

Yb�
Y@

: f� +431;5,

Wr vkrz wklv/ qrwh wkdw ;A?A= b� n b2 ' o

b�b2 ' �
�

@

+431;6,

iurp zklfk lw iroorzv wkdw

Yb�
Y@

'
�

@ Eb2 � b��
: f +431;7,

vlqfh/ e| gh�qlwlrq/ b� 	 f 	 b2�
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4316 Glvfuhwh wlph

431614 Gh�qlwlrq ri sureohp

Vwudljkw wr glvwruwhg pdunhw htxloleulxp lq d uhsuhvhqwdwlyh djhqw hfrqrp|1

Ilqlwh krul}rq= zh glg wklv lq PdwIX 4/ lpsolflwo|$ Exw vshfldo irup/ ohw*v

h{sorlw wkdw1

Lq�qlwh krul}rq= zh qhhg wr ohduq pruh1 Udwkhu wkdq jrlqj wkurxjk d Srqwu|djlq0

vw|oh dujxphqw/ zh jr vwudljkw wr wkh vx!flhqw frqglwlrqv1 Zkdw wr h{shfw= d

v|vwhp ri gl�huhqfh htxdwlrqv1

431615 Pdqjdvduldq0vw|oh vx!flhqw frqglwlrqv

Khuh zh zloo frqvlghu d frpshwlwlyh hfrqrp| zlwk lghqwlfdo djhqwv exw +srvvleo|,

zlwk h{whuqdolwlhv1 Irupdoo|/ zh ohw wkh hfrqrp| frqvlvw ri xqfrxqwdeo| pdq|

vpdoo djhqwv/ hdfk ri phdvxuh }hur exw ri wrwdo phdvxuh rqh1 Ohw wkh vhw ri djhqwv

eh d phdvxuh vsdfh EUcI c >� zkhuh > E�� ' f iru hdfk � 5 U exw > E�� ' �� Qrz

ohw/ vd|/ wkh dvvhw kroglqjv ri dq djhqw � dw wlph | eh %� E|� � Zh wkhq gh�qh wkh

djjuhjdwh dvvhw kroglqjv e|

% E|� '

]
U

%� E|� _> E�� 1 +431;8,

dqg vlploduo| iru rwkhu yduldeohv1

Vlqfh doo djhqwv duh vpdoo dqg dolnh lq doo uhvshfwvv +d sklorvrskhu zrxog vd|

ctxdolwdwlyho| lghqwlfdo exw qrw qxphulfdoo| lghqwlfdo* zkhq zh vd| cdolnh lq doo

uhvshfwv*,/ sulfhv ghshqg rqo| rq djjuhjdwh yduldeohv1 Zh prgho wkh h{whuqdolw|

e| vd|lqj wkdw sulfhv duh ghwhuplqhg e| d pdunhw fohdulqj frqglwlrq lqyroylqj

rqo| djjuhjdwh yduldeohv dv iroorzv1

6 E%|c �|c R|� ' f +431;9,
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zkhuh R| 5 U
& lv d yhfwru ri sulfhv +rwkhu wkdq wkh sulfhv ri wkh dvvhwv %,/ 5|

lv dq h{rjhqrxv vhtxhqfh dqg 6 G U? � U
6 � U

& $ U
& lv d yhfwru ri pdunhw

fohdulqj frqglwlrqv dqg djjuhjdwh uhvrxufh frqvwudlqwv1 Dq h{dpsoh ri d pdunhw

fohdulqj frqglwlrq lv wkdw wkh zdjh lv htxdo wr wkh pdujlqdo surgxfw ri oderu1 Dq

h{dpsoh ri dq djjuhjdwh uhvrxufh frqvwudlqw lv wkh JGS lv htxdo wr wkh vxp ri

frqvxpswlrq/ lqyhvwphqw dqg qhw h{sruwv1 Qrz vxssrvh hdfk djhqw � vroyhv

4@ 
�

�

A[
|'f

s E|c %�
|
c ��

|
c R�

|
�

v1w1

;AAAAAAA?AAAAAAA=

%�
|n� ' } E|c %�

|
c ��

|
c R|�

��
|
5 L � U

6

%�f ' @

QSJ

+431;:,

+431;;,

zkhuh srvvleo| A '41 Orrn fduhixoo| dw zkdw zh kdyh doorzhg wr eh lqglylgxdo0

vshfl�f dqg zkdw qrw$ Lq dgglwlrq wr wkh frqvwudlqwv/ wkh djhqw lv dovr dzduh ri wkh

djjuhjdwh frqvwudlqwv 6 E%|c �|c R|� ' f dqg %|n� ' } E|c %|c �|c R|� dqg kdv udwlrqdo

h{shfwdwlrqv derxw wkh suhvhqw dqg ixwxuh ehkdylru ri doo wkh rwkhu djhqwv lq wkh

hfrqrp| +zklfk lq wklv fdvh phdqv shuihfw iruhvljkw,1

Klqw1 Zkhq zulwlqj grzq pdunhw fohdulqj frqglwlrqv/ |rx dozd|v jhw rqh pruh

wkdq |rx qhhg1 E| Zdoudv* odz/ |rx fdq gurs rqh ri wkhp zlwkrxw orvlqj

dq| lqirupdwlrq1

Zh qrz vwdwh vx!flhqw frqglwlrqv iru E Wc�W� wr eh d frpshwlwlyh htxlole0

ulxp doorfdwlrq hqirufhg e| wkh sulfhv EbcT�1 Jlyhq wkh forvh dqdorj| zlwk wkh

frqwlqxrxv fdvh dqg wkh �qlwh0glphqvlrqdo fdvh/ wkh| duh qrw kdug wr eholhyh1
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Wr xqghuvwdqg wkh rswlpxp frqglwlrqv lqwxlwlyho|/ lw lv xvhixo wr wklqn ri wkhuh

ehlqj d vlqjoh Odjudqjldq ri wkh irup

O '
A[
|'f

ds| n b| � E}| � %|n��o +431;<,

Qrwh wkdw/ lq shulrg |/ zh fkrrvh �| dqg %|n�c %| ehlqj jlyhq e| klvwru|1 Qrz �{

d sduwlfxodu | dqg frqvlghu wkh whupv lqyroylqj wkh fkrlfh yduldeohv �| dqg %|n�1

Zh kdyh

s| n b| � d}| � %|n�o n s|n� n b|n� � d}|n� � %|n2o +431<3,

zkhuh wkh whup }|n� lqyroyhv %|n�� Qrz pd{lpl}h wklv iru hdfk |$ Wklv |lhogv

suhflvho| wkh rswlpxp frqglwlrqv ehorz1

Qrwd ehqh1 Dv deryh/ zh zloo ghqrwh d vhtxhqfh xvlqj erog w|sh1 Rwkhu v|perov

ghqrwh qxpehuv ru yhfwruv1

Gh�qlwlrq 431614 Dq dgplvvleoh doorfdwlrq E c�� dw pdunhw sulfhv b dqg T iru

wkh hfrqrp| ghvfulehg e| +431;:, lv d sdlu ri vhtxhqfhv k%|l
An�

|'f
dqg k�|l

A

|'f
vxfk

wkdw

41 �| 5 L iru hdfk | ' fc �c ���c Ac

51 %f ' @

61 %| ' } E|c %|c �|c R|� iru hdfk | ' fc �c ���c Ac

71 6 E%|c �|c R|� ' f iru hdfk | ' fc �c ���c Ac dqg

81 bA%An� ' f li A 	4 dqg *�4
|<"

b|%|n� ' f li A '4

Wkhruhp 431614 Ohw E Wc�W� eh dq dgplvvleoh doorfdwlrq ri wkh hfrqrp| gh0

vfulehg e| +431;:,1 Ohw b ' kb|l
A3�

|'f
eh dq ?�glphqvlrqdo vhtxhqfh1 Pruhryhu/

vxssrvh wkh vhw L 5 U6 lv frqyh{1 Qrz gh�qh wkh ixqfwlrq M yld

M E|c %c �c Rc b� ' s E|c %c �c R� n b � } E|c %c �c R� +431<4,
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iru | ' fc �c ���c A � � dqg/ li A 	4/

M EAc %c �c Rc b� ' s EAc %c �c R� � +431<5,

Vxssrvh qrz wkdw M lv frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr % rq lwv hqwluh

grpdlq1 Vxssrvh dovr wkdw M E|c %c �c R|c b|� lv frqfdyh lq E%c �� iru hdfk | '

fc �c ���c A 1 +Qrwh wkdw wkh frqfdylw| surshuw| rqo| kdv wr krog iru rxu sduwlfxodu

fkrlfh ri Tc dqg bc qrw jhqhudoo|1, Ilqdoo|/ vxssrvh wkdw

41
YM

�
|n �c %W

|n�c �
W

|n�c R|n�c b|n�
�

Y%
� b| ' f iru doo | ' fc �c ���c A � �c

51 �W
|
5 @h}4@ 

�ML

M E|c %W
|
c �c R|c b|� c iru doo | ' fc �c ���c A dqg4

61 bA � %An� ' f li A 	4 dqg *�4
|<"

b| � %|n� ' f li A '41

Wkhq E Wc�WcbcT� lv d frpshwlwlyh htxloleulxp1

Uhpdun 431614 Li doo wkh sulfhv bA duh vwulfwo| srvlwlyh/ bA � %An� ' f lpsolhv

%An� ' f�

Surri1 Vhh ^6`1

Uhpdun 431615 Qrwh wkdw Kdudog dqg Fkrz +dqg qhduo| hyhu|erg| hovh, kdyh

d gl�huhqw wlplqj frqyhqwlrq iru b| wkdq L gr1 Wkh| dvvrfldwh b|n� zlwk wkh

frqvwudlqw %|n� ' }|c zkhuhdv L dvvrfldwh b| zlwk wkdw frqvwudlqw1 Erwk frqyhqwlrqv

kdyh wkhlu surv dqg frqv exw ri frxuvh |lhog wkh vdph vroxwlrq iru  dqg �1 Wkh

dgydqwdjh ri p| frqyhqwlrq lv wkdw �| ehfrphv d ixqfwlrq ri b| udwkhu wkdq b|n�

ru/ lq wkh vwrfkdvwlf fdvh/ . db|n�mI|o � \rx zloo vhh dgydqwdjhv ri Kdudog*v dqg

Fkrz*v frqyhqwlrq ehorz1

4 Lq frqwudvw wr wkh frqwlqxrxv wlph fdvh/ wklv frqglwlrq lv qrw qhfhvvdu|1 Li K lv frqyh{ lq

+{> x,/ wkhuh pd| zhoo eh d vroxwlrq wkdw grhv qrw pd{lpl}h wkh Kdplowrqldq1 Vhh V|gvéwhu hw

do= �Ixuwkhu pdwkhpdwlfv iru hfrqrplf dqdo|vlv1�
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Klqw1 Lw lv pxfk hdvlhu wr uhphpehu pd{lpl}lqj

s| n b| � d}| � %|n�o n s|n� n b|n� � d}|n� � %|n2o +431<6,

wkdq wr phprul}h wkh deryh Wkhruhp1 Wkh lqlwldo dqg erxqgdu| ydoxhv

+wudqvyhuvdolw| frqglwlrqv, duh prvw hdvlo| uhphpehuhg dv %f jlyhq dqg

%An� ' f li A 	 4 dqg E cb� vwdeoh li A ' 41 Qrwlfh dovr wkdw wkh

vljq frqyhqwlrq +zulwlqj s| n b| � d}| � %|n�o ru s| n b| � d%|n� � }|o, lv rqo|

lpsruwdqw li |rx fduh derxw wkh vljq ri b|> xvxdoo| |rx grq*w1

H{dpsoh 431614 Htxloleulxp sulfhv1 �| ' suc|( o| ' sgc|

431616 Wkh hqyhorsh wkhruhp

Wkhruhp 431615 Ohw E Wc�WcbcT�eh d frpshwlwlyh htxloleulxp ri dq hfrqrp|

ghvfulehg e| +431;:,1 ^Dgg whfkqlfdo frqglwlrqv khuh dv lq frqwlqxrxv fdvh1` Gh�qh

wkh ydoxh ixqfwlrq +lqgluhfw xwlolw| ixqfwlrq, yld

T E|c %� ' 4@ 
�

A[
r'|

s Erc %�
r
c ��

r
c Rr�

v1w1

;AAAAAAA?AAAAAAA=

%�
rn�

' } Erc %�
r
c ��

r
c Rr�

��
r
5 L � U

6

%�
|
' %

QSJ +uhodwlyh wr b,

+431<7,

Wkhq/ iru doo | ' fc �c ���c A zh kdyh

YT E|c %W
|
�

Y%
' b|3�� +431<8,

Surri1 Vhh ^6`1
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Uhpdun 431616 Qrwh wkdw zlwk Kdudog*v ru Fkrz*v wlplqj frqyhqwlrq/ wkh Hq0

yhorsh Wkhruhp vd|v

YT E|c %W
|
�

Y%
' b|� +431<9,

431617 Ihhgedfn uhsuhvhqwdwlrq ri wkh vroxwlrq

Riwhq lw lv sudfwlfdo wr uhsuhvhqw wkh vroxwlrq dv �| ' _ E|c %|� � Wklv lv fdoohg

d ihhgedfn/ uhfxuvlyh ru Pdunry uhsuhvhqwdwlrq +ru ghflvlrq uxoh, dqg kdv juhdw

sudfwlfdo ydoxh/ hvshfldoo| lq vwrfkdvwlf sureohpv1 Lq vwrfkdvwlf sureohpv/ wkh vr0

oxwlrq lv d zkroh vwrfkdvwlf surfhvv/ dqg d uhfxuvlyh uhsuhvhqwdwlrq ri wkh vroxwlrq

lv wkh rqo| pdqdjhdeoh dowhuqdwlyh1 Lq sduwlfxoduo| dxvslflrxv flufxpvwdqfhv/ wkh

ghshqghqfh rq | ydqlvkhv/ dqg zh fdq zulwh �| ' _ E%|�1

H{huflvh 431614 Ohw kc q 5 Efc �� dqg frqvlghu wkh frqvxpswlrq2vdylqj sureohp

4@ 
U

A[
|'f

q| *? S|

v1w1

;AAAA?AAAA=
&|n� ' &k

|
� S|

&f jlyhq

QSJ1

+431<:,

Yhuli| wkdw wkh ihhgedfn uxoh

S| '
�� kq

�� Ekq�A3|n�
&k
|

+431<;,

vroyhv rxu sureohp zkhq A 	 41 Yhuli| wkdw wkh +wlph0lqghshqghqw$, ihhgedfn

uxoh

S| ' E�� kq� &k
|

+431<<,

vroyhv wkh sureohp zkhq A '41 Zkdw lv wkh lqwxlwlyh uhdvrq iru wkh wlph lqgh0

shqghqfh ri wkh vroxwlrq zkhq A '4B
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431618 Frqvwudlqwv ri wkh irup � E|c %wc �w� � f

Dyrlglqj wkhvh frqvwudlqwv1 Ghdolqj zlwk wkhp li |rx fdq*w1 Qrw wrr kdug= dvvr0

fldwh wkh frqvwudlqw zlwk d Odjudqjh pxowlsolhu dqg xvh Nxkq0Wxfnhu wr pd{lpl}h

wkh Kdplowrqldq1

431619 Fxuuhqw ydoxh frvwdwh

Frqvlghu wkh glvfrxqwhg frqwuro sureohp1

4@ 
�

"[
|'f

q|s E%|c �|�

v1w1

;AAAA?AAAA=
%|n� ' } E%|c �|�

%f jlyhq

QSJ

+431433,

Lq sureohpv olnh wkhvh/ lw pdnhv vhqvh wr uhgh�qh wkh frvwdwh b lq dq dqdorjrxv

zd| wr zkdw zh glg lq vhfwlrq 4315191 Wkh uhdvrqv iru wklv duh wkh vdph dv zh

glvfxvvhg wkhuh1 Vshfl�fdoo|/ wkh uhgh�qlwlrq lv

bS| ] q3|bR
| � +431434,

Lq sudfwlfh/ wklv phdqv wkdw/ iru hdfk |c zh pd{lpl}h

s| n b| � d}| � %|n�o n qs|n� n qb|n� � d}|n� � %|n2o +431435,

zlwk uhvshfw wr �| dqg %|c nhhslqj lq plqg wkdw wkh wudqvyhuvdolw| frqglwlrq eh0

frphv *�4
|<"

q|b|%|n� ' f zkhq A '41 Qrwlfh wkdw wkh �uvw0rughu frqglwlrqv duh

wlph0lqghshqghqw/ vr wkdw/ li olqhdul}hg/ lw ehfrphv d olqhdu v|vwhp ri htxdwlrqv

zlwk frqvwdqw frh!flhqwv1
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43161: Xvlqj wkh vx!flhqw frqglwlrqv wr �qg wkh vroxwlrq

Lq sulqflsoh/ zh surfhhg dv lq vhfwlrq 431518/ dqg wkh hvvhqwldo wdvn lv ri frxuvh wr

vroyh d v|vwhp ri gl�huhqfh htxdwlrqv1 Xvxdoo|/ ri frxuvh/ wklv lv gl!fxow> pruh

vshfl�fdoo|/ wkh gl!fxow| olhv lq slfnlqj rxw wkh vwdeoh vroxwlrq+v,1 Lq wkh olqhdu

fdvh wklv sureohp lv qrw wrr kdug/ dqg vrphwlphv qrw pxfk suhflvlrq lv orvw e|

olqhdul}lqj kh �uvw rughu frqglwlrqv1 Zh fdq wkhq surfhhg dv lq fkdswhu <1 Lq dq

lqwhuhvwlqj fodvv ri fdvhv wkh vx!flhqw frqglwlrqv dfwxdoo| duh olqhdu/ dqg wr wkdw

fodvv ri fdvhv zh qrz wxuq1

43161; Wkh ghwhuplqlvwlf OT frqwuro sureohp

Lq wklv vhfwlrq/ zh zloo ghqrwh wkh wudqvsrvh ri � e| ��1

Frqvlghu d Sduhwr rswlpdo hfrqrp| zkhuh wkh uhsuhvhqwdwlyh djhqw vroyhv

4@ 
�

+
�

2

A[
|'f

%
�

|'%| n ��|-�|

,

r�|�

;A?A= %|n� ' �%| n��|

%f jlyhq1

+431436,

Wklv lv d olqhdu0txdgudwlf sureohp lq wkh vhqvh wkdw wkh remhfwlyh ixqfwlrq lv

d txdgudwlf irup dqg wkh frqvwudlqw lv d v|vwhp ri olqhdu htxdwlrqv1 Zlwkrxw orvv

ri jhqhudolw| ' dqg - duh v|pphwulf15 Qrwlfh dovr wkdw wkhuh lv qr glvfrxqwlqj

dqg qr furvv0surgxfwv ehwzhhq vwdwhv dqg frqwurov1 Wklv lq idfw lqyroyhv qr orvv

ri jhqhudolw|> zh fdq wudqvirup d sureohp zlwk glvfrxqwlqj dqg furvv0surgxfwv

wr rqh zlwkrxw dq| ri wkhvh> vhh ^8`1 Qhyhuwkhohvv/ wklv wudqvirupdwlrq lv qrw

sudfwlfdo lq frqfuhwh fdvhv> khuh zh h{sorlw lw rqo| wr pdnh d wkhruhwlfdo srlqw1

5
Li/ vd|/ T vkrxog qrw eh v|pphwulf/ mxvw uhsodfh T e|

4

5
+T.T3, dqg zh zrxog kdyh wkh

vdph txdgudwlf irup zlwk wkh v|pphwulf pdwul{
4

5
+T.T3,1
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Li |rx zdqw wr vroyh d sduwlfxodu sureohp/ xvh wkh phwkrgv ghvfulehg lq vhfwlrq

43161<14 lqvwhdg1

Fkhfnlqj frqfdylw| ri Kdplowrqldq1 '/ - qhjdwlyh vhplgh�qlwh1

Qrz wr �qg wkh rswlpdolw| frqglwlrqv/ zh pd{lpl}h/ iru hdfk | ' fc �c ���c A��c

�

2
%

�

|'%| n
�

2
��|-�| n b�| d%|n� ��%| ���|o n

n
�

2
%�|n�'%|n� n

�

2
��|n�-�|n� n b�|n� d%|n2 ��%|n� ���|n�o

+431437,

zlwk uhvshfw wr �| dqg %|n�� Gl�huhqwldwlqj zlwk uhvshfw wr �| +udwkhu wkdq ��|,

dqg %|n� +udwkhu wkdq %
�

|n�,/ zh �qg wkdw wkh �uvw rughu frqglwlrqv duh;A?A= -�| ���b| ' f

b| n'%|n� � ��b|n� ' f
+431438,

Dvvxplqj wkdw - lv lqyhuwleoh/ wkh �uvw eorfn ri htxdwlrqv vd|v wkdw

�| ' -3���b|� +431439,

Qrz vxevwlwxwh wklv lqwr wkh vhfrqg eorfn dqg lqwr wkh frqvwudlqw1 Zh jhw;A?A= ���b|n� n'%|n� ' �b|

%|n� ' �-3���b| n�%|�
+43143:,

Frpelqlqj wkhvh frqglwlrqv/ zh kdyh597 ��� '

f U

6:8
597 b|n�

%|n�

6:8 '

597 �U f

�-3��� �

6:8
597 b|

%|�

6:8 +43143;,

ru

�

597 b|n�

%|n�

6:8 ' �

597 b|

%|

6:8 +43143<,

Qrz li � lv lqyhuwleoh ++, � lv lqyhuwleoh,/ wklv fdq eh vroyhg dv ghvfulehg lq

vhfwlrq <15171 Mxvw xvh wkh jlyhq ydoxh ri %f/ dqg/ li A 	 4/ wkh wudqvyhuvdolw|

frqglwlrq %An� ' f� Li � lv qrw lqyhuwleoh/ xvh wkh phwkrgv ghvfulehg lq vhfwlrq

;181
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43161;14 Xqltxhqhvv ri wkh vroxwlrq zkhq A '4

Sursrvlwlrq 431614 Ohw � eh lqyhuwleoh/ ohw � eh duelwudu|/ ohw 'c- eh v|pphw0

ulf1 Wkhq wkh pdwul{ �3�� gh�qhg yld

�3�� '

597 ��� '

f U

6:8
3� 597 �U f

�-3��� �

6:8 +431443,

kdv wkh vdph hljhqydoxhv dv d v|psohfwlf pdwul{1 Qrwh wkdw zlwk Kdudog*v ru

Fkrz*v wlplqj frqyhqwlrq/ �3�� zrxog kdyh ehhq v|psohfwlf1

Surri1 Xvh wkh irupxod iru wkh lqyhuvh ri d sduwlwlrqhg pdwul{ lq ^58` dqg wkhq

lqyrnh wkh uhohydqw uhvxow lq vhfwlrq ;171

Fruroodu| 431614 Wkh hljhqydoxhv ri �3�� dsshdu lq uhflsurfdo sdluv/ l1h1 li

b& lv dq hljhqydoxh/ vr lv
�

b&
1 Lw iroorzv wkdw wkhuh duh mxvw dv pdq| hljhqydoxhv

lqvlgh wkh xqlw flufoh dv wkhuh duh rxwvlgh1 Jhqhulfdoo|/ kdoi duh vwulfwo| lqvlgh

dqg kdoi duh vwulfwo| rxwvlgh wkh xqlw flufoh +wkh rqo| h{fhswlrq lv li wkhuh duh xqlw

hljhqydoxhv,1

Vr/ jhqhulfdoo|/ wkh v|vwhp ri gl�huhqfh htxdwlrqv wkdw frphv rxw ri dq OT

frqwuro sureohp kdv d xqltxh vwdeoh vroxwlrq$ Lqghhg/ zh fdq vroyh iru wkh ihhgedfn

vroxwlrq lq d uhpdundeo| vlpsoh zd|1 Wkh lghd zloo eh wr xvh wkh idfw wkdw zh duh

dozd|v rq wkh vdggoh sdwk wr ghwhuplqh d uhodwlrqvkls ehwzhhq %| dqg b|� Wkdw

zloo wkhq gh�qh wkh ihhgedfn uxoh$

Ohw �3�� eh gldjrqdol}deoh/ dqg ohw l eh d pdwul{ ri olqhduo| lqghshqghqw

hljhqyhfwruv ri lc rughuhg vr wkdw wkh hljhqyhfwruv dvvrfldwhg zlwk xqvwdeoh hljhq0

ydoxhv frphv �uvw1 Qrz sduwlwlrq wkh 2? � 2? pdwul{ l3� lqwr ? � ? eorfnv dv

iroorzv1

l3� '

597 l�� l�2

l2� l22

6:8 � +431444,
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Zh nqrz +vhh vhfwlrq <141719, wkdw dq| srlqw

597 b|

%|

6:8 rq wkh vdggoh sdwk vdwlv�hv

l��b| nl�2%| ' f� +431445,

Khqfh li l�� lv lqyhuwleoh/ zh kdyh

b| ' �
�
l��
�3�

l�2%| +431446,

dqg khqfh wkh +wlph lqghshqghqw$, ihhgedfn uhsuhvhqwdwlrq ri wkh vroxwlrq wr rxu

g|qdplf rswlpl}dwlrq sureohp lv

�| ' �-3���
�
l��
�3�

l�2%|� +431447,

Qrwh wkdw wklv vroxwlrq fdq eh h{whqghg wr wkh vwrfkdvwlf fdvh dv zhoo1 Lq wkdw

fdvh/ zh zloo xvh voljkwo| gl�huhqw phwkrgv +vhh vhfwlrq 43161<14,/ exw wkh lqwxlwlrq

uhpdlqv wkh vdph= wkh ihhgedfn vroxwlrq frphv iurp wkh uhtxluhphqw ri dozd|v

ehlqj rq wkh vdggoh sdwk/ hyhq zkhq wkdw sdwk mxpsv durxqg dv lw grhv lq wkh

vwrfkdvwlf fdvh1

H{dpsoh 431615 Wklv h{dpsoh vkrzv krz idu lw lv srvvleoh wr jhw zlwkrxw vroylqj

d sureohp h{solflwo|1 Frqvlghu d �up wkdw idfhv d jlyhq �{hg lqwhuhvw udwh o dqg

pd{lpl}hv wkh glvfrxqwhg vxp ri suhvhqw dqg ixwxuh sur�wv1 Vxssrvh lqlwldo fdslwdo

&f lv jlyhq dqg wkdw wkh sureohp ri wkh �up lv wr pd{lpl}h

"[
|'f

E� n o�3| Z| +431448,

zkhuh

Z| ' s E&|�� } E&|c �|� +431449,

dqg

&|n� ' E�� B� &| n �|� +43144:,
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Wkh surgxfwlrq ixqfwlrq s lv gh�qhg yld

s E&� ' & �
�

2
&2� +43144;,

Wklv phdqv wkdw surgxfwlrq shdnv dw & ' �c vr lw lv srlqwohvv wr dffxpxodwh dq|

pruh fdslwdo wkdq wkdw1 Phdqzkloh/ wkh lqyhvwphqw frvw ixqfwlrq } lv jlyhq e|

} E&c �� ' �n
@

2
E�� B&�2 � +43144<,

Wkh vhfrqg whup ri wkh uljkw kdqg vlgh h{suhvvhv wkh dvvxpswlrq wkdw lw lv frvwo|

wr fkdqjh wkh fdslwdo vwrfn/ dqg wkdw wklv frvw lv frqyh{ lq wkh vl}h ri wkh fkdqjh1

Qrwh wkdw wkh h{whqw wr zklfk lw lv frvwo| wr fkdqjh wkh fdslwdo vwrfn lv ghwhuplqhg

e| wkh sdudphwhu @1 Reylrxvo|/ zh dvvxph wkdw @ : f dqg o : f�

Zh zloo qrz lqyhvwljdwh wkh surshuwlhv ri wkh vroxwlrq wr wklv sureohp1 Zh

ehjlq e| pd{lpl}lqj

O| ' Z|n>| dE�� B� &| n �| � &|n�onE� n o�3� Z|n�nE� n o�3� >
|n� dE�� B� &|n� n �|n� � &|n2o �

+431453,

Wkh �uvw rughu frqglwlrqv duh;A?A= �>
|
n E� n o�3�

�
�� &|n� n @B E�|n� � B&|n�� n E�� B�>

|n�

�
' f

��� @ E�| � B&|� n >
|
' f�

+431454,

Wkh vhfrqg urz doorzv xv wr vroyh iru wkh frqwuro �|1 Zh jhw

�| ' B&| n
�

@
E>

|
� �� +431455,

zklfk phdqv wkdw lqyhvwphqw lv htxdo wr uhsodfhphqw soxv E�*@� wlphv wkh ghyldwlrq

ri wkh vkdgrz sulfh ri fdslwdo iurp �1 Vr wkh pdjqlwxgh ri wkh fkdqjh lq wkh

fdslwdo vwrfn ghshqgv qhjdwlyho| rq @/ zklfk h{suhvvhv wkh frvw ri fkdqjlqj wkh

fdslwdo vwrfn1 Pruhryhu/ lqyhvwphqw lv lqfuhdvlqj lq wkh vkdgrz sulfh ri fdslwdo1
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Vxevwlwxwlqj wkh h{suhvvlrq iru �| lqwr wkh �uvw urz dqg lqwr wkh odz ri prwlrq

&|n� ' E�� B� &| n �|c zh jhw/ lq pdwul{ irupdw/597 E� n o�3� � E� n o�3�

f �

6:8
597 >

|n�

&|n�

6:8 '

597 � f

�

@
�

6:8
597 >

|

&|

6:8n
597 � E� n o�3� E�� B�

�
�

@

6:8 �
+431456,

Rxu �uvw jrdo lv wr �qg wkh vwhdg| vwdwh1 Wkh orjlf lv wr gurs wkh wlph vxevfulswv/

qrwlfh wkdw rxu htxdwlrq wkhq kdv wkh irup �% ' �% n K dqg fdofxodwh %W '

E����3� K� Zh jhw597 >W

&W

6:8 '

597 E� n o�3� � � � E� n o�3�

�
�

@
f

6:8
3� 597 � E� n o�3� E�� B�

�
�

@

6:8 '

597 �

�� o � B

6:8 �
+431457,

Lw iroorzv wkdw

�W ' B&W +431458,

vr wkdw lqyhvwphqw lq wkh vwhdg| vwdwh lv mxvw hqrxjk wr pdlqwdlq wkh fdslwdo vwrfn

frqvwdqw1 Dovr/ wkh vwhdg| vwdwh fdslwdo vwrfn &W lv vxfk wkdw s � E&W� ' onB/ zklfk

lv d qdwxudo uhvxow1 Wkh uhzdugv ri vdylqj duh wkhq mxvw htxdo wr wkh frvwv/ o ehlqj

wkh rssruwxqlw| frvw ri rplwwlqj wr ohqg deurdg/ dqg B ehlqj wkh ghsuhfldwlrq udwh1

Wkh qh{w vwhs lv wr dqdo|}h wkh g|qdplfv durxqg wkh vwhdg| vwdwh/ dqg wkrvh

g|qdplfv duh ghwhuplqhg e| wkh pdwul{

� '

597 E� n o�3� � E� n o�3�

f �

6:8
3� 597 � f

�

@
�

6:8 '

597 � n o n
�

@
�

�

@
�

6:8 � +431459,

Zh qrz zdqw wr hvwdeolvk wzr idfwv= +4, wkh vroxwlrq lv d vdggoh sdwk/ dqg +5,/

wkh vshhg ri frqyhujhqfh lv ghfuhdvlqj lq @ +ru/ htxlydohqwo|/ wkh vwdeoh hljhqydoxh

lv lqfuhdvlqj lq @,1

Wkh �uvw vwhs lv wr vkrz wkdw erwk hljhqydoxhv duh uhdo dqg srvlwlyh1 Wr vhh
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wklv/ qrwh wkdw wkh| vroyh wkh fkdudfwhulvwlf htxdwlrq

b2 � |h E�� � bn _i| E�� ' f� +43145:,

Khqfh wkh vroxwlrqv duh erwk uhdo li

|h 2 E��� e _i| E�� : f� +43145;,

Lq rxu fdvh/

|h E�� ' 2 n o n
�

@
+43145<,

dqg

_i| E�� ' � n o� +431463,

Frqvhtxhqwo|

|h 2 E��� e _i| E�� ' o2 n
�

@2
n

e

@
n

2o

@
: f� +431464,

Khqfh rxu hljhqydoxhv duh erwk uhdo1 Wr vhh wkdw wkh| duh srvlwlyh/ qrwh wkdw

b� n b2 ' |h E�� ' 2 n o n
�

@
: f +431465,

dqg

b�b2 ' � n o : f +431466,

vr erwk wkhlu vxp dqg wkhlu surgxfw duh srvlwlyh1 Khqfh wkh| duh erwk srvlwlyh1

Qrz wr vhh wkdw rqh lv vwdeoh dqg rqh xqvwdeoh/ qrwh wkdw li wkh| duh erwk srvlwlyh/

wkh vwdelolw| ri dq hljhqydoxh +zkhwkhu mbm 	 �, lv ghwhuplqhg e| zkhwkhu lw lv

juhdwhu ru ohvv wkdq n�� Wr vkrz wkdw wkh hljhqydoxhv duh rq rssrvlwh vlghv ri n�c

qrwh wkdw

E�� b�� E�� b2� ' �� |h E�� n _i| E�� ' �
�

@
	 f� +431467,

Vr idu/ wkhq/ zh kdyh vkrzq wkdw wkh vroxwlrq lv d vdggoh sdwk1 Wkh �qdo vwhs lv wr

lqyhvwljdwh wkh vshhg ri frqyhujhqfh/ dqg wklv lv ri frxuvh jryhuqhg e| wkh vwdeoh
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hljhqydoxh/ zklfk zh nqrz wr eh ehwzhhq f dqg n�� Ghqrwh wkh vwdeoh hljhqydoxh

e| b� dqg wkh xqvwdeoh hljhqydoxh e| b2� Zh nqrz wkdw;A?A= b� n b2 ' 2 n o n
�

@

b�b2 ' � n o�
+431468,

Lw iroorzv wkdw

Yb�
Y@

'
b�

b2 � b�
�
�

@2
: f +431469,

vr wkdw frqyhujhqfh lv vorzhu wkh juhdwhu wkh frvw ri fkdqjlqj wkh fdslwdo vwrfn lv1

Dovr/ lw lv whpswlqj wr frqmhfwxuh wkdw dv @$ fc frqyhujhqfh lv lpphgldwh/ vr

wkdw &|n� ' f � &| n &W� Vlploduo|/ dv @ $ 4c zh vkrxog kdyh &|n� ' &| n f � &W

vr wkdw wkh fdslwdo vwrfn lv frqvwdqw zkhq lw lv lq�qlwho| frvwo| wr fkdqjh lw1 Lw lv

dfwxdoo| qrw kdug wr frq�up wkhvh frqmhfwxuhv1 Wr gr lw/ zh qrwh wkdw

b� '
2 n o n

�

@
2

�

yxxxxw
3EC2 n o n

�

@
2

4FD
2

� E� n o� +43146:,

Ohwwlqj @$4/ wkh
�

@
whupv glvdsshdu/ dqg zh jhw

*�4
@<"

b� '
2 n o

2
�

v�
2 n o

2

�2
� E� n o� ' �� +43146;,

Frqyhuvho|/ zkhq @$ fc wkh
�

@
whupv ehfrph grplqdqw +dqg xqghu wkh urrw vljq/

wkh
�

@2
whupv ehfrph grplqdqw,1 Khqfh

*�4
@<f

b� '
�*@

2
�

v�
�*@

2

�2
' f� +43146<,

Ilqdoo|/ ohw*v zulwh grzq wkh vroxwlrq lq whupv ri wkh vwdeoh hljhqydoxh1 D vwdeoh

hljhqyhfwru % vdwlv�hv
�

@
%� n %2 ' b�%2� Wkxv/ dorqj d vwdeoh hljhqyhfwru %/ zh

kdyh %� ' �@ E�� b��%2� Khqfh >|�>
W ' �@ E�� b�� E&| � &W� iru doo | ' fc �c ���

Uhfdoolqj wkdw >W ' �c lw iroorzv wkdw

>
|
' �� @ E�� b�� E&| � &W� +431473,
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dqg frqvhtxhqwo|

�| ' B&| � E�� b�� E&| � &W� +431474,

zklfk h{suhvvhv wkh idfw wkdw lqyhvwphqw lv htxdo wr ghsuhfldwlrq soxv d fkdqjh lq

wkh fdslwdo vwrfn lq wkh gluhfwlrq ri wkh vwhdg| vwdwh dqg dw wkh udwh ghwhuplqhg e|

wkh vwdeoh hljhqydoxh1 Wkh htxloleulxp g|qdplfv ri wkh fdslwdo vwrfn qrz ehfrphv

&|n� ' E�� B� &| n B&| � E�� b�� E&| � &W� ' b�&| n E�� b�� &
W +431475,

vr wkdw wkh udwh ri frqyhujhqfh lv jlyhq e| wkh vwdeoh hljhqydoxh1

H{huflvh 431615 Frq�up wkdw li ' dqg - duh qhjdwlyh vhplgh�qlwh/ wkhq wkh

Kdplowrqldq dvvrfldwhg zlwk +431436, lv frqfdyh1

H{huflvh 431616 Yhuli| wkdw/ zlwk Kdudog*v ru Fkrz*v wlplqj frqyhqwlrq iru wkh

frvwdwh/ wkh �uvw0rughu frqglwlrqv ri d glvfuhwh0wlph olqhdu0txdgudwlf g|qdplf rs0

wlpl}dwlrq sureohp zlwkrxw glvfrxqwlqj dqg zlwkrxw furvv0surgxfwv ehwzhhq vwdwhv

dqg frqwurov |lhog d g|qdplf v|vwhp zlwk d v|psohfwlf frh!flhqw pdwul{1

H{huflvh 431617 Frqvlghu

4@ 
�

"[
|'f

�
�
�

e
%2
|
�

�

2
�2
|

�
+431476,

+431477,

v1w1

;AAAA?AAAA=
%|n� ' %| n �|

%f jlyhq

QSJ1

+431478,

Zulwh grzq wkh �uvw rughu frqglwlrqv dv d g|qdplf v|vwhp hlwkhu lq b| dqg %| ru

lq �| dqg %|� Ilqg wkh vdggoh sdwk ri wklv v|vwhp +vsdqqhg e| wkh vwdeoh hljhqyhf0

wru$,1 Khqfh yhuli| wkdw wkh xqltxh vwdeoh vroxwlrq wr wkh �uvw0rughu frqglwlrqv lv

fkdudfwhul}hg e|

�| ' �
�

2
%|� +431479,
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Yhuli| wkdw wklv ihhgedfn uxoh uhdoo| vroyhv wkh sureohp e| fkhfnlqj wkdw lw vdwlv�hv

wkh wudqvyhuvdolw| frqglwlrq1

43161< Vwrfkdvwlf fdvh

Wkh uhpdundeoh wklqj derxw wkh vwrfkdvwlf fdvh lv krz vlpsoh lw lv= doo |rx gr

lv vwlfn lq d frqglwlrqdo h{shfwdwlrq> rwkhuzlvh wkh rswlpdolw| frqglwlrqv duh wkh

vdph1

Ohw
�
lcI /�c kI|l

A

|'f

�
eh d �owhuhg suredelolw| vsdfh/ dqg ohw k5|l

"

|'f
eh dq

dgdswhg vwrfkdvwlf surfhvv rq wklv vsdfh1 Qrz frqvlghu

4@ 
�

.

%
A[
|'f

s E|c %|c �|c 5|�

&

v1w1

;AAAAAAA?AAAAAAA=

%|n� ' } E|c %|c �|c 5|�

�| 5 I|

%f jlyhq

QSJ

+43147:,

Wkhuh duh d frxsoh ri wklqjv wkdw duh qhz khuh1

Lq wkh �uvw sodfh/ wkh pd{lpdqg lv dq xqfrqglwlrqdoo| h{shfwhg ydoxh1 Qrwh

wkdw wdnlqj wkh h{shfwdwlrq phdqv wkdw zh duh pd{lpl}lqj d uhdo0ydoxhg ixqfwlrq1

Zlwkrxw wkh h{shfwdwlrqv rshudwru/ wkh pd{lpdqg zrxog wdnh ydoxhv lq wkh vhw

ri vwrfkdvwlf yduldeohv/ dqg wkh rswlpl}dwlrq sureohp zrxog pdnh qr vhqvh1 Qrwh

wkdw lw lv frqyhqwlrqdo wr pd{lpl}h qrw wkh xqfrqglwlrqdoo| h{shfwhg ydoxh exw wkh

frqglwlrqdoo| h{shfwhg ydoxh.f

%
A[
|'f

s E|c %|c �|c 5|�

&
' .

%
A[
|'f

s E|c %|c �|c 5|� mIf

&
�

Wklv frqyhqwlrq lv voljkwo| vwudqjh/ vlqfh xqohvv If ' i>clj c zh zrxog wkhq eh

wu|lqj wr pd{lpl}h d ixqfwlrq wkdw grhv qrw wdnh ydoxhv lq U1

Wkhuh lv d yhu| lpsruwdqw vhqvh lq zklfk lw grhv pdnh vhqvh wr pd{lpl}h d
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frqglwlrqdoo| h{shfwhg ydoxh/ krzhyhu$ Vxssrvh iru h{dpsoh wkdw rxu lqirupdwlrq

vhw J lv jhqhudwhg e| d �qlwh sduwlwlrq S ' i��c �2c ���c �?j � Ohw ~ eh d udqgrp

yduldeoh1 Wkhq vroylqj wkh pd{lpl}dwlrq sureohp

4@ 
f

. ds Efc~� mJo +43147;,

vkrxog eh lqwhusuhwhg dv vroylqj/ iru hdfk �&c wkh sureohp

4@ 
%&

s E%&c 5&� +43147<,

zkhuh 5& lv fkrvhq vxfk wkdw ~ E/� ' 5& iru hdfk / 5 �&1 Qrwh wkdw wkh vroxwlrq lv

d udqgrp yduldeoh f zklfk lv phdvxudeoh zlwk uhvshfw wr J1 Lq idfw/ wklv udqgrp

yduldeoh vroyhv wkh sureohp

4@ 
fM:

. ds Efc~�o � +431483,

Zh duh qrz lq d srvlwlrq wr gh�qh zkdw lw phdqv wr pd{lpl}h d frqglwlrqdoo|

h{shfwhg ydoxh hyhq zkhq rxu lqirupdwlrq vhw lv qrw jhqhudwhg e| d sduwlwlrq1

Gh�qlwlrq 431615 Ohw J � I eh d j�dojheud dqg frqvlghu wkh pd{lpl}dwlrq

sureohp

4@ . ds Efc~� mJo � +431484,

Wkh vroxwlrq wr wklv sureohp lv gh�qhg dv wkh udqgrp yduldeoh f zklfk vroyhv

4@ 
fM:

. ds Efc~�o � +431485,

Wr looxvwudwh wkh xvhixoqhvv ri wkh odqjxdjh ri pd{lpl}lqj d frqglwlrqdoo|

h{shfwhg ydoxh/ zh qrwh wkdw wklv lv d jrrg ghvfulswlrq ri zkdw zh gr lq sudfwlfh

zkhq zh vroyh sureohpv olnh +431485, dqg J lv jhqhudwhg qrw e| d sduwlwlrq exw

d udqgrp yduldeoh t 1
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Sursrvlwlrq 431615 Ohw t eh d udqgrp yduldeoh dqg ohw J ' j Et �1 Qrz frq0

vlghu wkh pd{lpl}dwlrq sureohp

4@ 
fM:

. ds Efc~�o +431486,

Qrz frqvlghu wkh udqgrp yduldeoh

. ds Efc~� mJo +431487,

Iru hdfk �{hg udqgrp yduldeoh f/ wklv udqgrp yduldeoh lv d ixqfwlrq ri t dorqh1

Khqfh lw lv d ixqfwlrq ri f dqg t dorqh/ dqg zh pd| zulwh . ds Efc~� mJo '

} Efct �1 Vlploduo| f lv d ixqfwlrq ri t dorqh vlqfh lw lv J�phdvxudeoh/ dqg

zh zulwh f ' _ Et �1 Qrz ohw wkh ixqfwlrq _ eh vxfk wkdw/ iru hdfk uhdo qxpehu

+c wkh uhdo qxpehu % ' _ E+� pd{lpl}hv wkh uhdo0ydoxhg ixqfwlrq } E%c +� � Wkhq

f ' _ Et � vroyhv +431486,1

Surri1 Wkdw f lv J0phdvxudeoh lv jxdudqwhhg e| gh�qlwlrq1 Wkh uhpdlqghu ri

wkh surri lv hdv| li t lv vlpsoh +dqg khqfh J lv jhqhudwhg e| d sduwlwlrq, dqg lv

ohiw dv dq h{huflvh1 Wkh fdvh zkhq t lv qrw vlpsoh lv qrw vr hdv| dqg lv rplwwhg

khuh1

Dqrwkhu slhfh ri qhzv lv wkh lqirupdwlrqdo uhvwulfwlrq �| 5 I|� Wkh qrwdwlrq

khuh lv ri frxuvh dexvlyh> irupdoo|/ zh phdq wkdw/ iru hdfk |c �| lv phdvxudeoh zlwk

uhvshfw wr I|c l1h1 wkdw wkh vwrfkdvwlf surfhvv k�|l
A

|'f
lv dgdswhg wr wkh �owudwlrq

kI|l
A

|'f
� Vxevwdqwlyho|/ wklv lv d uhvwulfwlrq wkdw suhyhqwv wkh djhqw iurp edvlqj

khu ghflvlrqv rq wklqjv vkh grhvq*w |hw nqrz/ h1j1 wkh reylrxvo| +B, lqihdvleoh

vwrfn wudglqj vwudwhj| cex| orz/ vhoo kljk*1 Qrwh wkdw wklv uhvwulfwlrq lv xvxdoo|

rplwwhg/ exw wkdw vxfk dq rplvvlrq lv d vhulrxv plvwdnh wkdw grhv qrw ehfrph ohvv

vhulrxv e| ehlqj frpprq sudfwlfh dprqj hfrqrplvwv1

Dovr/ zh qhhg wr vwdwh zkdw zh phdq e| wkh QSJ frqglwlrq1 Fohduo| lw

lv qrw hqrxjk wkdw lw vkrxog krog lq xqfrqglwlrqdo h{shfwdwlrq> wkhuh vkrxogq*w
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eh vwdwhv ri wkh zruog zkhuh zh ohdyh ehklqg ghew1 Lqvwhdg zh uhtxluh wkdw lw

krog hlwkhu doprvw vxuho| ru lq O21 Qrwh wkdw Kdudog lqvwhdg uhtxluhv lw wr krog

lq frqglwlrqdo h{shfwdwlrq zlwk uhvshfw wr I� iru hdfk � 1 Uhtxlulqj lw wr krog

doprvw vxuho| lpsolhv wklv1

Ilqdoo|/ qrwh wkdw wkh sureohp lv vhw xs lq vxfk d zd| wkdw %| lv suhghwhuplqhg

+zk|B,/ l1h1 %f lv jlyhq dqg lwv rqh0shulrg0dkhdg suhglfwlrq huuru%|n��. d%|n�mI|o

lv }hur1

Lw lv qrz wlph wr zulwh grzq wkh vx!flhqw frqglwlrqv iru dq htxloleulxp1

Gh�qlwlrq 431616 Ohw
�
lcI /�c kI|l

A

|'f

�
eh wkh �owhuhg suredelolw| vsdfh dvvrfl0

dwhg zlwk +431;:,1 Dq dgplvvleoh doorfdwlrq E c�� dw pdunhw sulfhv b iru wkh

hfrqrp| ghvfulehg e| +431;:, lv d sdlu ri yhfwru0ydoxhg vwrfkdvwlf surfhvvhv vh0

txhqfhv k%|l
An�

|'f
dqg k�|l

A

|'f
vxfk wkdw

41 �| 5 L iru hdfk | ' fc �c ���c A dqg doo / 5 l�

51 %|n� ' } E|c %|c �|c 5|� iru hdfk | ' fc �c ���c A dqg doo / 5 l�

61 Doprvw vxuho| +� , zh kdyh bA%An� ' f li A 	 4 dqg *�4
|<"

b|%|n� ' f li

A '4�

Wkhruhp 431616 Ohw
�
lcI /�c kI|l

A

|'f

�
eh wkh �owhuhg suredelolw| vsdfh dvvrfl0

dwhg zlwk +431;:,1 Ohw E Wc�W� eh dq dgplvvleoh doorfdwlrq ri wkh hfrqrp| gh0

vfulehg e| +431;:,1 Ohw b ' kb|l
A3�

|'f
eh dq ?�glphqvlrqdo dgdswhg vwrfkdvwlf

surfhvv1 Pruhryhu/ vxssrvh wkh vhw L 5 U
6 lv frqyh{1 Qrz gh�qh wkh ixqfwlrq

M yld

M E|c %c �c 5c b� ' s E|c %c �c 5� n b � } E|c %c �c 5� +431488,

iru | ' fc �c ���c A � � dqg/ li A 	4/

M EAc %c �c 5c b� ' s EAc %c �c 5� � +431489,
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Vxssrvh qrz wkdw M lv frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr % rq lwv hqwluh

grpdlq1 Vxssrvh dovr wkdw M E|c %c �c 5|c b|� lv frqfdyh lq E%c �� iru hdfk | '

fc �c ���c A 1 +Qrwh wkdw wkh frqfdylw| surshuw| rqo| kdv wr krog iru rxu sduwlfxodu

fkrlfh ri 3c dqg bc qrw jhqhudoo|1, Ilqdoo|/ vxssrvh wkdw

41 .

%
YM

�
|n �c %W

|n�c �
W
|n�c R|n�c b|n�

�
Y%

�����I|

&
n b| ' f iru doo | ' fc �c ���c A � �c

51 �W
|
5 @h}4@ 

�ML

M E|c %W
|
c �c 5|c b|� c iru doo | ' fc �c ���c A dqg doo / 5 l dqg

61 Doprvw vxuho| +� ,/ bA � %An� ' f li A 	4 dqg *�4
|<"

b| � %|n� ' f li A '41

Wkhq E Wc�Wc 3cb� lv d frpshwlwlyh htxloleulxp1

Uhpdun 431617 Qrwh wkdw rxu qrwlrq ri frpshwlwlyh htxloleulxp lv wkdw ri Duurz

dqg Gheuhx= wudgh lq jrrgv glvwlqjxlvkhg e| sk|vlfdo surshuwlhv/ gdwh dqg frqwlq0

jhqf| wdnhv sodfh lq phwd0wlph1

Klqw1 Lw lv pxfk hdvlhu wr uhphpehu pd{lpl}lqj

. ds| n b| � d}| � %|n�o n s|n� n b|n� � d}|n� � %|n2om I|o +43148:,

wkdq wr uhphpehu wkh deryh wkhruhp1

Uhpdun 431618 Lq frqfuhwh fdvhv/ zh dozd|v ohw wkh �owudwlrq eh jhqhudwhg e|

wkh gulylqj surfhvv k5|l
A

|'f
� Wklv phdqv wkdw zh fdq fdofxodwh wkh frqglwlrqdo h{0

shfwdwlrq zlwk uhvshfw wr I| e| mxvw wuhdwlqj doo yduldeohv zlwk d vxevfulsw | ru

vpdoohu +dqg %|n�$, dv ghwhuplqlvwlf1

Zkhq fdofxodwlqj wkh vroxwlrq wr d vwrfkdvwlf g|qdplf rswlpl}dwlrq sureohp/

wkh rqo| vhqvleoh zd| ri uhsuhvhqwlqj wkh vroxwlrq lv dv d ihhgedfn uxoh1 Rwkhuzlvh

zh zrxog kdyh wr zulwh grzq qrw mxvw d ixqfwlrq ri | exw ri / dv zhoo1 Krzhyhu/
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vxfk d uhfxuvlyh uhsuhvhqwdwlrq grhv qrw dozd|v h{lvw1 Zk| pljkw vxfk d uhs0

uhvhqwdwlrq idlo wr h{lvwB Zhoo/ ohw*v wdnh d vloo| h{dpsoh1 Ohw l ' i�c 2j c ohw

I ' If ' I�'2
lc ohw � Ei�j� '

�

2
c ohw 5f � f dqg ohw 5� E�� ' � 5� E2� ' f� Qrz

vxssrvh zh zdqw wr vroyh

4@ .
�
� E%� � 5��

2
�

v1w1

;AAAA?AAAA=
%|n� ' �|

%f jlyhq

%2 ' f

+43148;,

Fohduo| wkh vroxwlrq lv �f E�� ' �/ �f E2� ' f dqg �� � f1 Wklv |lhogv d pd{lpdqg

ri }hur1 Exw �| lv qrw d ixqfwlrq ri E|c %|c 5|�1 Lq sduwlfxodu/ �f xvhv wkh lqirupdwlrq

lq If zklfk lv qrw frqwdlqhg lq j E%fc 5f� � Fohduo| wklv nlqg ri sureohp zrxog

glvdsshdu li zh vhw kI|l
A

|'f
wr eh wkh �owudwlrq jhqhudwhg e| wkh +srvvleo| udqgrp,

%f dqg k5|l vr wkdw I| ' j Ei%fc 5fc 5�c ���c 5|j� � Exw lw pd| vwloo eh wkh fdvh wkdw

wkhuh lv qr ihhgedfn uhsuhvhqwdwlrq/ vlqfh zh pd| qhhg lqirupdwlrq derxw wkh

zkroh klvwru| ri 5| wr fdofxodwh wkh frqglwlrqdo h{shfwdwlrq ri ixwxuh ydoxhv ri 5|�

D ihhgedfn uhsuhvhqwdwlrq ri wkh vroxwlrq grhv/ krzhyhu/ h{lvw zkhq kI|l lv

jhqhudwhg e| k5|l dqg k5|l lv d Pdunry surfhvv zlwk uhvshfw wr wklv qdwxudo �o0

wudwlrq1 Wkhq wkh vroxwlrq kdv d uhsuhvhqwdwlrq �| ' _ E|c %|c 5|� � Lq sduwlfxoduo|

dxvslflrxv fdvhv/ zh fdq gurs wkh ghshqghqfh rq |/ dqg li zh dpdojdpdwh %| dqg

5| lqwr d vlqjoh vwdwh yhfwru r|c wkh vroxwlrq fdq eh zulwwhq dv �| ' _ Er|�1 Wklv

zloo kdsshq lq lq�qlwh0krul}rq sureohpv gulyhq e| wlph0krprjhqhrxv Pdunry

surfhvvhv zkhuh wkh wlph ghshqghqfh lq s +li dq|, wdnhv wkh irup ri jhrphw0

ulf glvfrxqwlqj dqg } lv wlph0lqghshqghqw1 D idprxv h{dpsoh lv jlyhq e| wkh

lq�qlwh0krul}rq vwrfkdvwlf OT frqwuro sureohp1
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43161<14 Wkh vwrfkdvwlf OT frqwuro sureohp

Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh1 Ohw 3 eh d vwrfkdvwlf surfhvv dqg

ohw I eh wkh �owudwlrq jhqhudwhg e| 31 Iru vlpsolflw|/ ohw 5f eh ghwhuplqlvwlf vr

wkdw If ' i>clj1 Zh zulwh � 5I wr phdq wkdw � lv dgdswhg wr I � Qrz frqvlghu

4@ 
�M5

.

599997�2
"[
|'f

q|
�
%�
|
��
|
5�
|

�599997
'�� '�2 '��

'�
�2 '22 '2�

'�
�� '�

2� '��

6::::8
599997
%|

�|

5|

6::::8
6::::8

v1w1

;AAAAAAA?AAAAAAA=

%|n� ' �%| n��| n �5|

5|n� ' x5| n 0|n�

%fc 5f jlyhq

QSJ

+43148<,

zkhuh x lv d vwdeoh pdwul{/ 0 lv d yhfwru0ydoxhg pduwlqjdoh gl�huhqfh +zklwh

qrlvh, surfhvv zlwk uhvshfw wr E�cI� dqg %f lv dq h{rjhqrxv ghwhuplqlvwlf yhfwru1

Qrwh wkdw wkh xqfrqglwlrqdo h{shfwhg ydoxh ri 5| lv f( wklv lv zlwkrxw orvv ri

jhqhudolw| vlqfh zh fdq dozd|v frqvlghu lwv ghyldwlrq iurp wkh phdq1 Qrwh wkdw

. d5|n�mI|o ' x5|1

Gh�qlqj b| dv wkh fxuuhqw ydoxh/ wkh rswlpdolw| frqglwlrqv duh

;A?A= '22�| n'�
�2%| n'2�5| n��b| ' f

. d�b| n q'��%|n� n q'�2�|n� n q'��5|n� n q��b|n�mI|o ' f
+431493,

Qrz vxssrvh '22 lv lqyhuwleoh1 Wkhq wkh �uvw urz vd|v

�| ' �'3�
22 d'

�
�2%| n'2�5| n��b|o +431494,

Vxevwlwxwlqj wklv lqwr wkh vhfrqg urz dqg wkh frqvwudlqw/ zh jhw wkh v|vwhp ri
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olqhdu h{shfwdwlrqdo gl�huhqfh htxdwlrqv597 q�� � q'�2'
3�
22 �

� q'�� � q'�2'
3�
22'

�
�2

f U

6:8.
597
597 b|n�

%|n�

6:8
�������I|

6:8 '

'

597 �U f

�'3�
22 �

� �'3�
22'

�
�2 � �

6:8
597 b|

%|

6:8n

597 �q'3�
�2'2�xn q'��x

�'3�
22'2� � �

6:8 5|�
+431495,

ru

�.

597
597 b|n�

%|n�

6:8
�������I|

6:8 ' �

597 b|

%|

6:8n u5| +431496,

dqg surylghg � lv lqyhuwleoh/ wklv fdq eh vroyhg iru wkh xqltxh vwdeoh vroxwlrq

xvlqj wkh +uhfxuvlyh$, phwkrgv lq vhfwlrq <151;1 Zkhq fkhfnlqj wkh wudqvyhuvdolw|

frqglwlrq/ qrwh wkdw b| lv wkh fxuuhqw ydoxh vr wkdw wkh wudqvyhuvdolw| frqglwlrq

ehfrphv *�4
|<"

q|b�
|
%|n� ' f d1v1 +� ,1 Qrz li wkh yhfwru surfhvv

597 b

 

6:8 lv vwdeoh +l1h1

lv erxqghg lq O2,/ wkhq lw lv qrw kdug wr eholhyh wkdw wklv krogv1 Wkh surri orrnv

dw .
���q|b�

|
%|n�

��� ' q|. dmb�
|
%|n�mo c qrwhv wkdw wklv whqgv wr }hur vlqfh . dmb�

|
%|n�mo

lv erxqghg1

Qrwh wkh fhuwdlqw| htxlydohqfh uhvxow= wkh ghflvlrq uxoh lv wkh vdph uhjdugohvv

ri wkh yduldqfh ri 5|1 Wklv phdqv wkdw OT dssur{lpdwlrq2olqhdul}dwlrq ri rswl0

pdolw| frqglwlrqv lv xqvxlwdeoh iru wkh dqdo|vlv ri sureohpv zkhuh wkh srlqw lv wr

dqdo|}h krz ulvn dyhuvlrq d�hfwv ghflvlrq0pdnlqj dqg dvvhw0sulflqj1

Dowhuqdwlyh wr wkh dssurdfk khuh= Gurs 5| dqg ohw %| ' �%| n ��| n �0|n�

zkhuh k0|l lv h{rjhqrxv E�cI��zklwh qrlvh1 Wkhq wkh lqlwldo ydoxh %f lv jlyhq

dqg wkh suhglfwlrq huuru ri %| lv qrw }hur exw h{rjhqrxv/ zklfk lv zkdw pdwwhuv

iru wkhuh wr eh d xqltxh vroxwlrq +vhh ^5<`,1

Li |rx vkrxog uxq lqwr lqyhuwlelolw| ru gldjrqdol}delolw| sureohpv/ vhh ^5<`1
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Lqghhg/ wkh phwkrgv ghvfulehg wkhuh dozd|v zrun/ vr |rx fdq dfwxdoo| ljqruh

vhfwlrq <151; li |rx zdqw1

4316143 Ehoopdq*v dssurdfk

431614314 Lqwurgxfwlrq dqg prwlydwlrq

Wkh rqo| uhohydqfh ri Ehoopdq*v dssurdfk wr g|qdplf rswlpl}dwlrq lv wr xqghu0

vwdqg zkdw rwkhu shrsoh duh grlqj> L grq*w uhfrpphqg hyhu xvlqj lw lq sudfwlfh16

Srvvleo| +exw hyhq wklv lv gxelrxv,/ lw pljkw dovr hqkdqfh frqfhswxdo xqghuvwdqg0

lqj1

Lw lv zlgho| eholhyhg wkdw wkhuh lv d frqfhswxdo olqn ehwzhhq d Pdunry +ihhg0

edfn/ uhfxuvlyh, uhsuhvhqwdwlrq ri wkh vroxwlrq wr d g|qdplf rswlpl}dwlrq sureohp

dqg Ehoopdq*v htxdwlrq +vhh ehorz,1 Krzhyhu/ dv zh kdyh vhhq/ lw lv srvvleoh wr

glvfxvv dqg suryh wkh h{lvwhqfh ri rswlpdo Pdunry ghflvlrq uxohv zlwk qr uhihuhqfh

wr Ehoopdq1

Dssduhqwo| wkh Odjudqjh dssurdfk fdq eh xvhg hyhq lq d fodvv ri fdvhv wkdw wkh

Ehoopdq dssurdfk vhhpv wr eh wdloru0pdgh iru= fdofxodwlqj wkh vxejdph0shuihfw

htxloleulxp ri d g|qdplf jdph1 Qhyhuwkhohvv/ lw vkrxog eh frqfhghg wkdw lq wklv

fdvh wkh Ehoopdq htxdwlrq lv lpsruwdqw frqfhswxdoo| lq wkdw lw lv wkh qdwxudo

odqjxdjh wr xvh zkhq gh�qlqj wkh qrwlrq ri d vxejdph shuihfw htxloleulxp1 G|0

qdplf jdphv duh glvfxvvhg lq ^45`/ ^7` dqg ^44` exw zrq*w eh glvfxvvhg ixuwkhu

khuh1 Zh zloo frq�qh rxuvhoyhv wr frpshwlwlyh hfrqrplhv/ l1h1 hfrqrplhv zkhuh

hdfk rswlpl}lqj djhqw lv vpdoo1

6 Ehoopdqv phwrg sèplqqhu hq kho gho rp Ehoopdqv xsswèj l Ehoopdq0klvwrulhu= ghq çu

ruljlqhoo rfk lqidoovuln/ phq l sudnwlnhq plqguh eud1 Plq ehvwçpgd uhnrpphqgdwlrq çu doowvè

dww kèood vlj wloo iudqvnhqv +Odjudqjhv, phwrg1
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431614315 Wkh sulqflsoh ri rswlpdolw|

43161431514 Jhqhudo fdvh Ohw ElcI c �cI� eh d �owhuhg suredelolw| vsdfh1

Frqvlghu �uvw wkh vwrfkdvwlf g|qdplf rswlpl}dwlrq sureohp

4@ .

%
A[
|'f

s E|c %|c �|c 5|�

&

r�|�

;AAAA?AAAA=
%|n� ' } E|c %|c �|c 5|�

%f jlyhq

QSJ

+431497,

Dv lq wkh Odjudqjh pxowlsolhu dssurdfk/ wkh lghd ehklqg Ehoopdq*v dssurdfk

lv wr vroyh d vhsdudwh orz0glphqvlrqdo sureohp iru hdfk | udwkhu wkdq d vlqjoh

kljk0glphqvlrqdo +ru/ li A '4c lq�qlwh0glphqvlrqdo, sureohp1 Wkh �qdo vwhs/ dv

ehiruh/ lv wr wlh wkhvh sureohpv wrjhwkhu e| d nlqg ri gl�huhqfh htxdwlrq1

Gh�qlwlrq 431617 Gh�qh d vhtxhqfh ri ydoxh ixqfwlrqv kT|l yld

T| E%� ' 4@ 
�

.

%
A[
r'|

s Erc %rc �rc 5r�

�����I|

&

r�|

;A?A= %rn� ' } Erc %rc �r�

%| ' %

+431498,

Uhpdun 4 Zlwk wklv gh�qlwlrq ri wkh ydoxh ixqfwlrq/ zh kdyh wkdw/ iru hdfk �{hg

%c kT| E%�l lv dq I 0dgdswhg vwrfkdvwlf surfhvv1 Li k%|l lv dq I0dgdswhg vwrfkdvwlf

surfhvv/ wkhq kT| E%|�l lv dqrwkhu I0dgdswhg vwrfkdvwlf surfhvv/ dqg

�
Y

Y%
T| E%|�

 
lv |hw dqrwkhu I 0dgdswhg vwrfkdvwlf surfhvv1

Wkhruhp 431617 +Ehoopdq*v sulqflsoh ri rswlpdolw|, Qrwh wkdw/ lq wklv wkh0

ruhp/ %� lv qrw wkh wudqvsrvh ri %/ exw mxvw dqrwkhu yduldeoh1 Frqvlghu wkh sureohp

431497 dqg lwv dvvrfldwhg ydoxh ixqfwlrqv kT|l � Zh kdyh/ iru hdfk | ' fc �c ���c Ac

T| E%� � t�T
�

is E|c %c �c 5|� n. dT|n� E%
�� mI|oj

v1w1 %� ' } E|c %c �c 5|� �

+431499,
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Uhpdun 431619 Ehoopdq*v htxdwlrq lv d ixqfwlrqdo htxdwlrq1 Wkh htxdolw| krogv

iru hdfk %1

Uhpdun 43161: Wklqn derxw zkdw Ehoopdq*v htxdwlrq phdqv lqwxlwlyho| xqwlo

|rx eholhyh lw1

Zh qrz qrwlfh wkdw Ehoopdq*v htxdwlrq vd|v qr pruh wkdq zkdw zh douhdg|

nqrz1 Wr vhh wklv/ frqvlghu wkh uljkw0kdqg0vlgh pd{lpl}dwlrq sureohp1 Wkh IRF

lv

s� E|c %|c �|c 5|� n.

�
Y

Y%�
T|n� E%|n�� � }% E|c %|c �|c 5|� mI|

�
' f� +43149:,

Lqvsluhg e| d vwrfkdvwlf yhuvlrq ri wkh hqyhorsh wkhruhp/ zh zulwh

.

�
Y

Y%�
T|n� E%|n�� mI|

�
' b| +43149;,

dqg wklv IRF ehfrphv

s� E|c %|c �|c 5|� n b| � }% E|c %|c �|c 5|� +43149<,

zklfk lv mxvw zkdw zh hvwdeolvkhg ehiruh +iru dq lqwhulru vroxwlrq,1 Pruhryhu/

vlqfh Ehoopdq*v htxdwlrq lv dq lghqwlw|/ zh fdq gl�huhqwldwh lw zlwk uhvshfw wr %/

dqg lw wkhq uhpdlqv wuxh1 Hydoxdwlqj dw wkh rswlpxp/ zh gurs wkh vxs rshudwru1

Zh jhw/ xvlqj rxu b qrwdwlrq dqg vwhsslqj iruzdug rqh vwhs/

b| ' . ds% E|n �c %|n�c �|n�c 5|n�� n b|n� � }% EE|n �c %|n�c �|n�c 5|n��� mI|o

+4314:3,

zklfk djdlq lv d uhvxow zh kdyh vhhq ehiruh1 Odjudqjh wdnhv wkh hvvhqwldo hohphqw

ri Ehoopdq$ Doo zh qhhg lv wkh ghulydwlyh ri wkh ydoxh ixqfwlrq/ qrw wkh ydoxh

ixqfwlrq lwvhoi$
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43161431515 Pdunry surfhvvhv Ohw 3 eh d Pdunry surfhvv dqg ohw I eh wkh

�owudwlrq jhqhudwhg e| 31 Zh fdq qrz pdnh wkh ydoxh0ixqfwlrq ghwhuplqlvwlf e|

ednlqj doo wkh ghshqghqfh rq fkdqfh lqwr ghshqghqfh rq 5| ' 5�

T| E%c 5� ' 4@ 
�

.

%
A[
r'|

s Erc %rc �rc 5r�

����� 5| ' 5

&

r�|

;A?A= %rn� ' } Erc %rc �rc 5r�

%| ' %

+4314:4,

Lq wklv fdvh/ Ehoopdq*v sulqflsoh ri rswlpdolw| ehfrphv

T| E%c 5� ' t�T
�

is E|c %c �c 5� n. dT|n� E%
�c 5|n�� m5| ' 5oj

v1w1 %� ' } E|c %c �c 5�

+4314:5,

Wkh vroxwlrq zloo qrz eh uhsuhvhqwdeoh e| dPdunry ghflvlrq uxoh1 Wkh htxloleulxp

doorfdwlrq E�W

|
c %W

|
c 5|� ehfrphv d Pdunry surfhvv dv zhoo1

43161431516 Wlph krprjhqhrxvPdunry surfhvvhv Lq�qlwh krul}rq> wlph0

lqghshqghqfh h{fhsw iru jhrphwulf glvfrxqwlqj1 Vwdwlrqdul}lqj ydoxh ixqfwlrq e|

gh�qlqj lw dv wkh fxuuhqw ydoxh1

T E%c 5� ' t�T
�

is E%c �c 5� n q. dT E%�c 5�� m5oj

v1w1 %� ' } E%c �c 5�

+4314:6,

zkhuh wkh voljkwo| fu|swlf qrwdwlrq . dT E%�c 5�� m5o lv wkh frqglwlrqdo h{shfwdwlrq

ri T E%|n�c 5|n�� jlyhq 5| ' 5> wkh uhdvrq iru wkh 5 dqg 5� qrwdwlrq lv wr vwuhvv wkh

idfw wkdw wklv lv wkh vdph ixqfwlrq ri 5 iru hdfk |1

Wlph lqghshqghqw Pdunry ghflvlrq uxohv1 �W

|
' _ E%|c 5|�1 Wkh htxloleulxp

doorfdwlrq E�W

|
c %W

|
c 5|� ehfrphv d wlph krprjhqhrxv Pdunry surfhvv dv zhoo1

H{lvwhqfh ri xqltxh ydoxh ixqfwlrq1 Edqdfk*v wkhruhp dw zrun1
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Vrph qxphulfdo phwkrgv

4414 Vroylqj olqhdu v|vwhpv

Wkh sxusrvh ri wklv vhfwlrq lv wr vd| vrphwklqj derxw krz wr vroyh d v|vwhp ri

htxdwlrqv ri wkh irup

�% ' K� +4414,

Lq sulpdu| vfkrro/ zh ohduqhg krz wr vroyh v|vwhpv ri olqhdu htxdwlrqv e|

xvlqj Jdxvvldq holplqdwlrq1 Odwhu lq olih/ zh ohduqhg krz wr gr lw e| lqyhuwlqj d

pdwul{1 Qxphulfdoo|/ lw lv zruwk jrlqj edfn wr sulpdu| vfkrro ehfdxvh Jdxvvldq

holplqdwlrq lv wkh txlfnhvw dqg prvw suhflvh phwkrg1 Wkh frppdqg lq Pdwode lv

% ' �qK/ dqg lq Jdxvv lw lv % ' K*�1 Dyrlg % ' �?� E���K1 Hyhq zkhq |rx uhdoo|

gr zdqw wr fdofxodwh wkh lqyhuvh ri d pdwul{/ Jdxvvldq holplqdwlrq lv suhihudeoh1

Zulwh �qe+eE?� lq Pdwode dqg vlploduo| lq Jdxvv1

Li � lv forvh wr ehlqj vlqjxodu/ wu|lqj wr vroyh +4414, lv qrw d jrrg lghd1 Qru

lv lw d jrrg lghd wr fkhfn zkhwkhu � lv forvh wr ehlqj vlqjxodu e| fkhfnlqj li

lwv ghwhuplqdqw lv forvh wr }hur1 Iru h{dpsoh/ wkh pdwul{ � ' f��UHf kdv wkh

ulglfxorxvo| vpdoo ghwhuplqdqw �f3Hf� \hw lw fdq +reylrxvo|, eh uholdeo| lqyhuwhg/

574
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vlqfh �3� ' �fUHf� Lqvwhdg/ |rx pljkw fkhfn wkh udqn ri wkh pdwul{ e| xvlqj

wkh ixqfwlrq udqn lq Jdxvv ru Pdwode1 Wklv ixqfwlrq fdofxodwhv wkh qxphulfdo

udqn ri d pdwul{ e| fdofxodwlqj wkh qxpehu ri vr0fdoohg vlqjxodu ydoxhv ri �

zkrvh prgxoxv lv juhdwhu wkdq wkh frpsxwhu*v suhflvlrq +urxjko| �f3��,/ dqg wkh

qxphulfdo udqn ri d pdwul{ lq wklv vhqvh uhdoo| grhv whoo |rx zkhwkhu vroylqj +4414,

lv vrphwklqj wkdw fdq eh uholdeo| grqh1 Jhwwlqj hyhq pruh gluhfwo| wr wkh srlqw/

|rx pljkw fkhfn wkh frqglwlrq qxpehu ri wkh pdwul{ dv gh�qhg lq vhfwlrq <1417181

Lw fdq eh fdofxodwhg e| xvlqj wkh ixqfwlrq frqg lq Pdwode dqg li lw lv odujh +vd|

juhdwhu wkdq �f��,/ wkhq wkh pdwul{ lv forvh wr ehlqj vlqjxodu +lw lv wkhq vdlg wr

eh loo0frqglwlrqhg,1

441414 Vroylqj vsduvh olqhdu v|vwhpv

Riwhq zh zdqw wr vroyh d kljk0glphqvlrqdo olqhdu v|vwhp zkhuh wkh � pdwul{

kdv orwv ri }hurv lq lw1 Zh wkhq vd| wkdw � lv vsduvh/ dqg lw lv lpsruwdqw wr

h{sorlw wklv vsduvhqhvv/ ru |rx*oo zdvwh d orw ri wlph dqg phpru| fdsdflw|1 +Wkh

wkhru| ri wklv lv glvfxvvhg lq ^54`1, Wkh zd| iruzdug lq Pdwode lv wr xvh wkh

frppdqg tT@hti1 Vxssrvh |rxu pdwul{ � kdv ? qrq0}hur frpsrqhqwv dw srvl0

wlrqv kE��c ��� c E�2c �2� c � � � c E�?c �?�l dqg wkdw wkh ydoxhv ri wkrvh frpsrqhqwv duh

kS�c S2c � � � c S?l1 Wkhq fuhdwh � e| zulwlqj

� ' tT@hti E�c �c S� +4415,

dqg vroyh iru % e| zulwlqj % ' �qK1
Dv idu dv L nqrz/ Jdxvv kdv qr jhqhudo zd| wr ghdo zlwk vsduvh pdwulfhv/ exw

|rx zloo �qg d phwkrg wkdw zrunv lq d vshfldo fdvh lq wkh h{huflvhv1

H{huflvh 441414 +Wkh Krgulfn0Suhvfrww +KS, �owhu, Vxssrvh |rx kdyh wkh

hpslulfdo wlph vhulhv k%|lA|'� dqg ohw*v vd| |rx zdqw wr ghfrpsrvh wklv vhulhv lqwr
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d wuhqg dqg f|folfdo frpsrqhqw lq wkh pdqqhu ri Krgulfn dqg Suhvfrww1 Fdoo wkh

KS wuhqg k�%|lA|'�1 E| gh�qlwlrq/ wkh KS wuhqg vroyhv

4�?
'�%|�

A

|'�

+
A[
|'�

E%| � �%|�
2 n b

A3�[
|'2

EE�%|n� � �%|�� E�%| � �%|3���
2

,
� +4416,

Wkh KS �owhu irupdol}hv wkh wudgh0r� ehwzhhq +4, wkh wuhqg �%| wudfnlqj %| forvho|

+lw vkrxog eh wkh wuhqg ri k%|lA|'�/ qrw ri vrph rwkhu vhulhv, dqg +5, �%| ehlqj vprrwk

lq wkh vhqvh ri kdylqj d qhdu0frqvwdqw udwh ri fkdqjh +lw vkrxog eh d wuhqg/ diwhu

doo,1 Wkh sdudphwhu b phdvxuhv wkh uhodwlyh zhljkw dwwdfkhg wr vprrwkqhvv dv

djdlqvw forvh wudfnlqj1

41 Vkrz/ e| zulwlqj grzq wkh �uvw rughu frqglwlrqv iru vroylqj wkh deryh plq0

lpl}dwlrq sureohp/ wkdw wkhvh frqglwlrqv frqvwlwxwh d shqwdgldjrqdo olqhdu

v|vwhp1 +D shqwdgldjrqdo v|vwhp kdv qrq0}hur frh!flhqwv lq �yh dgmdfhqw

gldjrqdo edqgv/ wkh plggoh rqh ehlqj wkh pdlq gldjrqdo1,

51 +Jdxvv ru Pdwode h{huflvh, Wdnh dq duelwudu| wlph vhulhv k%|lA|'� +|rx fdq

gudz udqgrp qxpehuv li |rx zdqw, zlwk A ' Dff� Vhw b ' �Sff� Frpsduh

wkh dprxqw ri wlph lw wdnhv wr vroyh iru wkh KS wuhqg zkhq

+d, |rx h{sorlw wkh vsduvhqhvv ri wkh pdwul{ dqg

+e, |rx grq*w1

Uhsruw |rxu uhvxowv dqg |rxu frgh1

Klqw iru Pdwode xvhuv= \rx fdq grzqordg vsduvhqhvv0h{sorlwlqj frgh iurp

Hoohq PfJudwwdq*v iws vlwh +^7:`,1 Ru mxvw grzqordg wkh �oh kswuhqg51p iurp

p| krphsdjh1

Klqw iru Jdxvv xvhuv= \rx fdq grzqordg vsduvhqhvv0h{sorlwlqj frgh +zulwwhq

e| Vlprq ydq Qrughq, iurp dq iws vlwh dw wkh Xqlyhuvlwì gx Txìehf ã Prqwuìdo1 D

olqn fdq eh irxqg rq ^78`1 Ru mxvw grzqordg wkh �oh ks�owhu1suj iurp p| krphsdjh1
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Klqw iru hyhu|rqh= Rqh zd| ri jhwwlqj frgh wkdw grhv qrw h{sorlw vsduvhqhvv lv

wr prgli| wkh frgh wkdw grhv1

4415 Vroylqj qrq0olqhdu v|vwhpv dqg rswlpl}lqj

Ehlqj deoh wr vroyh s E%� ' f zkhuh s G U? $ U
? lv d qrq0olqhdu ixqfwlrq lv riwhq

xvhixo lq lwvhoi1 Iru h{dpsoh/ wkh vwhdg| vwdwh frqglwlrqv ri d w|slfdo g|qdplf

rswlpl}dwlrq sureohp wxuq rxw wr eh d �qlwh0glphqvlrqdo qrq0olqhdu v|vwhp ri

htxdwlrqv1Lw dovr kdv lqvwuxphqwdo ydoxh zkhq zh zdqw wr vroyh dq rswlpl}dwlrq

sureohp/ vlqfh wkh �uvw0rughu frqglwlrqv ri d qrq0txdgudwlf �qlwh0glphqvlrqdo

rswlpl}dwlrq sureohp ehfrphv d �qlwh0glphqvlrqdo qrq0olqhdu v|vwhp ri wkh irup

s E%� ' f1

Lq dq| fdvh/ wkh prvw srsxodu dssurdfk wr wklv w|sh ri sureohp +exw idu iurp

wkh rqo| rqh, lv wkh Qhzwrq0Ukdsvrq phwkrg1 Lw lv xvhg e| Pdwode*v utL*�i dqg

Jdxvv*v ?*t)t1 Wkh lghd lv wkh iroorzlqj1 Fdoo wkh vroxwlrq %W1 Xvh Wd|oru*v

irupxod dqg zulwh

s E%W� � s E%f� n s � E%f� � E%W � %f� +4417,

zkhuh/ e| gh�qlwlrq/ s � E%f� lv dq ? � ? pdwul{ dqg � lv wkh Hxfolghdq lqqhu

surgxfw lq U?1 Qrwh wkdw wklv irupxod krogv h{dfwo| zkhq %f ' %W1 E| gh�qlwlrq/

s E%W� ' f vr zh pd| zulwh

f � s E%f� n s � E%f� � E%W � %f� � +4418,

Ilggolqj d elw zlwk wkh irupxod/ zh �qg wkdw

%W � %f � � ds � E%f�o
3�

s E%f� +4419,

ru

%W � %f � ds � E%f�o
3�

s E%f� � +441:,



44151 VROYLQJ QRQ0OLQHDU V\VWHPV DQG RSWLPL]LQJ 578

Lqvsluhg e| wklv irupxod/ gh�qh wkh pdsslqj M G U? $ U
? yld

M E%� ' %� ds � E%�o
3�

s E%� +441;,

dqg qrwh wkdw rxu vroxwlrq %W lv d �{hg srlqw ri M1 Li zh duh lq oxfn/ M lv d

frqwudfwlrq/ dqg zh fdq xvh wkh frqvwuxfwlyh surri ri Edqdfk*v �{hg srlqw wkhruhp

wr vxjjhvw d jrrg dojrulwkp iru dssur{lpdwlqj %W1 Vlpso| wdnh dq duelwudu| %f

dqg nhhs rq dsso|lqj wkh ixqfwlrq M1

Zduqlqj1 Wklqjv fdq hdvlo| jr zurqj1 Iru h{dpsoh/ frqvlghu wkh vfdodu fdvh dqg

vxssrvh wkhuh lv d srlqw % ehwzhhq %f dqg %W dw zklfk s � E%� ' f1 Wkhq wkh

Qhzwrq0Ukdsvrq phwkrg fduulhv |rx r� lq wkh zurqj gluhfwlrq1 +Looxvwudwh

jhrphwulfdoo|$, D uhodwhg sureohp lv wkdw zh pd| klw d srlqw % vxfk wkdw

s � E%� lv vlqjxodu dorqj wkh zd|/ vr wkdw wkh fdofxodwlrq ri ds � E%�o3� fudvkhv1

Krzhyhu/ zkhq |rx duh forvh wr d vroxwlrq/ Qhzwrq0Ukdsvrq gholyhuv txdgudwlf

frqyhujhqfh/ l1h1 wkhuh lv d S � f vxfk wkdw

n%&n� � %Wn � S n%& � %Wn2 � +441<,

Prudo1 41 Fkrrvh dq lqlwldo jxhvv dv forvh dv srvvleoh wr wkh vroxwlrq$

51 Li rqh %f ohdgv wr glvdvwhu/ wu| dqrwkhu rqh$

\rx zloo kdyh qrwlfhg wkdw Qhzwrq0Ukdsvrq uhtxluhv |rx wr fdofxodwh wkh

ghulydwlyhv lq wkh pdwul{ s � E%�1 Lqghhg/ vxssrvh |rx duh rswlpl}lqj/ vd| plql0

pl}lqj wkh vfdodu ydoxhg ixqfwlrq } E%� zlwk uhvshfw wr %� Wkhq wkh judglhqw s � E%�

lv wkh Khvvldq }�� E%�1

Pd{lpxp vshhg dqg suhflvlrq lv dfklhyhg li |rx fdofxodwh wkh ghulydwlyhv lq

s � E%� dqdo|wlfdoo|1 Li wkdw lv kdug/ krzhyhu/ |rx pd| zdqw wr dssur{lpdwh s � E%�

e| �qlwh gl�huhqfh txrwlhqwv1 Wkdw lv wkh wrslf ri wkh qh{w vhfwlrq1 Exw ehiruh
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jrlqj rq/ lw lv zruwk lvvxlqj dqrwkhu zduqlqj1 D qdwxudo zd| wr surfhhg lv wr

lwhudwh rq Qhzwrq0Ukdsvrq xqwlo wkh gl�huhqfh

m%|n� � %|m +44143,

idoov ehorz vrph vshfl�hg wrohudqfh ohyho dqg frqfoxgh wkdw zkhq lw kdv/ zh duh

forvh lq vrph vhqvh wr wkh vroxwlrq1 Krzhyhu/ frqvlghu wkh frxqwhuh{dpsoh

�
s
% i T

��%2� ' f� +44144,

Wkh xqltxh vroxwlrq lv %W ' fc dqg wr �qg lw/ Qhzwrq0Ukdsvrq vxjjhvwv lwhudwlqj

rq

%|n� ' %| n
%|

2%2| �
�

�

� +44145,

Krzhyhu/ wklv jhqhudwhv d glyhujhqw vhtxhqfh iru dq| %f 9' f1 \hw wkh lqfuhphqw

%|n� � %| frqyhujhv wr }hur1

H{huflvh 441514 +Vroylqj iru d vwhdg| vwdwh, Frqvlghu wkh g|qdplf rswlpl}d0

wlrq sureohp

4@ 
'S|c�|�

"

|'f

"[
|'f

q| dk *? S| n E�� k� *? E�� �|�o +44146,

vxemhfw wr

S| n &|n� ' E�� B� &| n &w
| �

�3w
| +44147,

dqg d vxlwdeoh qr0Srq}l0vfkhph frqglwlrq1 Ohw &f eh jlyhq1

41 Ghulyh wkh qhfhvvdu|2vx!flhqw frqglwlrqv iru dq rswlpxp1 Gurs wkh | vxe0

vfulswv wr �qg d v|vwhp ri htxdwlrqv fkdudfwhul}lqj d vwhdg| vwdwh1

51 +Jdxvv ru Pdwode h{huflvh, Vhw k ' f��/ q ' f�bb/ B ' f�f2D dqg w ' f��S�

Xvh Jdxvv ru Pdwode wr �qg wkh vwhdg| vwdwh ydoxhv ri S|/ &| dqg �|1

Uhsruw |rxu uhvxowv dqg |rxu frgh1
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4416 Qxphulfdo ghulydwlyhv

Riwhq zh zdqw wr gl�huhqwldwh ixqfwlrqv zklfk duh vr phvv| wkdw shqflo0dqg0sdshu

gl�huhqwldwlrq ri wkhp lv d qljkwpduh1 Vr lqvwhdg zh gr lw qxphulfdoo|1

Wkh lghd lv wr wdnh d vpdoo � : f dqg fdofxodwh udwlrv ri wkh irup

Ys� E%�

Y%�

� s� E%n �e��� s� E%�

�
+44148,

zkhuh e� lv wkh �wk xqlw yhfwru/ l1h1 d yhfwru zlwk }hurv hyhu|zkhuh h{fhsw dw wkh

�wk srvlwlrq/ zkhuh wkhuh lv d rqh1 Wkhvh duh iruzdug gl�huhqfhv1 Li |rx duh uhdoo|

vfuxsxorxv/ |rx pljkw zdqw wr frqvlghu wu|lqj � 	 f +edfnzdug gl�huhqfhv, ru

wkh fhqwudo gl�huhqfh

Ys� E%�

Y%�

� s� E%n �e��� s� E%� �e��

�
+44149,

dqg vhh li lw pdnhv dq| gl�huhqfh +qr sxq lqwhqghg,1

Lq Jdxvv/ xvh wkh ixqfwlrq }h@_T � Lq Pdwode/ grzqordg wkh �oh judg1p iurp

p| krphsdjh dw ^79`1 \rx pd| dovr zdqw wr frqvlghu wkh judglhqw ixqfwlrqv rq

Hoohq PfJudwwdq*v iws vlwh dw ^7:`1

Dv iru qxphulfdo Khvvldqv/ |rx duh vwurqjo| uhfrpphqghg wr dyrlg wkhp li

|rx fdq1 Wkhlu suhflvlrq lv qrw dozd|v uholdeoh1 Krzhyhu/ li |rx fdq*w dyrlg wkhp/

xvh �ittT lq Jdxvv1 Ru li |rx duh lq wkh exvlqhvv ri rswlpl}lqj/ jr vwudljkw iru

wkh Jdxvv ixqfwlrq LT|4�4 zklfk plqlpl}hv d ixqfwlrq e| fdofxodwlqj qxphulfdo

Khvvldqv1 Lq Pdwode/ fkhfn rxw Hoohq PfJudwwdq*v iws vlwh dqg orrn iru wkh �oh

qxpghu1p zklfk fdofxodwhv erwk qxphulfdo judglhqwv dqg qxphulfdo Khvvldqv1 Ru

xvh Hoohq*v plqlpl}dwlrq ixqfwlrq xqfplq1p ru vrphwklqj olnh lw lq wkh Rswlpl}d0

wlrq Wrroer{1

Dfwxdoo|/ vlqfh rswlpl}dwlrq ixqfwlrqv duh riwhq pruh urexvw wr vloo| lqlwldo

jxhvvhv dqg loo0ehkdyhg ixqfwlrqv wkdq mxvw grlqj Qhzwrq0Ukdsvrq rq wkh �uvw0

rughu frqglwlrqv/ |rx pljkw zdqw wr xvh d plqlpl}dwlrq urxwlqh iru vroylqj v|vwhpv
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ri qrq0olqhdu htxdwlrqv/ hyhq li wkh| duh qrw wkh �uvw0rughu frqglwlrqv ri dq|

rswlpl}dwlrq sureohp1 Ru dw ohdvw |rx pljkw li vshhg lv qrw |rxu qxpehu rqh

sulrulw| exw jhwwlqj d uhdvrqdeoh vroxwlrq dw doo lv1 Mxvw plqlpl}h wkh vfdodu0

ydoxhg ixqfwlrq ns E%�n1

H{huflvh 441614 +Jdxvv ru Pdwode h{huflvh, Frqvlghu wkh g|qdplf rswlpl}dwlrq

sureohp

4@ 
'S|�
"

|'f

"[
|'f

q| *? S| +4414:,

vxemhfw wr

S| n &|n� ' E�� B� &| n &w| +4414;,

dqg d vxlwdeoh qr0Srq}l0vfkhph frqglwlrq1 Ohw &f eh jlyhq1 Vhw q ' f�bb/ B '

f�f2D dqg w ' f��S�

+d, Xvh qxphulfdo ghulydwlyhv wr olqhdul}h wkh �uvw rughu frqglwlrqv durxqg wkh

vwhdg| vwdwh1 Wr lpsuryh suhflvlrq/ olqhdul}h durxqg wkh qdwxudo orjdulwkpv ri wkh

yduldeohv/ l1h1 ohw wkh olqhdul}hg v|vwhp eh olqhdu lq wkh ghyldwlrqv ri wkh qdwxudo

orjv iurp wkhlu vwhdg| vwdwhv1

+e, Ilqg wkh hljhqydoxhv dqg hljhqyhfwruv ri wkh uhohydqw pdwul{ qxphulfdoo|1

Vroyh iru dq dssur{lpdwh ghflvlrq uxoh e| orrnlqj dw wkh vdggoh sdwk ri wkh olq0

hdul}hg g|qdplf v|vwhp1

+f, Zkhq B ' � wkhuh lv dq h{dfw vroxwlrq jlyhq e| *? S|�*? SW ' w E*?&| � *? &W� �

Yhuli| wkdw |rxu dojrulwkp frphv forvh wr wklv vroxwlrq zkhq |rx vhw B ' �1



Eleolrjudsk|

^4` Kdudog Odqj= Frpphqwv rq gl�huhqfh htxdwlrqv/

kwws=22zzz1pdwk1nwk1vh2�odqj2

^5` Kdudog Odqj= V|vwhpv ri gl�huhqwldo htxdwlrqv/

kwws=22zzz1pdwk1nwk1vh2�odqj2

^6` Kdudog Odqj= G|qdplf Rswlpl}dwlrq/ kwws=22zzz1pdwk1nwk1vh2�odqj2

^7` Wkrpdv M1 Vdujhqw= G|qdplf pdfurhfrqrplf wkhru|

^8` Oduv Shwhu Kdqvhq dqg Wkrpdv M1 Vdujhqw= Uhfxuvlyh Prghov ri G|qdplf

Olqhdu Hfrqrplhv/ kwws=22ul"h1vwdqirug1hgx2kdqvhq1kwpo1

^9` Nqxw V|gvéwhu= Pdwhpdwlvn Dqdo|vh/ elqg L

^:` Nqxw V|gvéwhu= Pdwhpdwlvn Dqdo|vh/ elqg LL

^;` Nqxw V|gvéwhu +dqg Shwhu Kdpprqg,= Pdwkhpdwlfv iru hfrqrplf dqdo|vlv

^<` Urehuw H1 Oxfdv dqg Qdqf| Vwrnh|= Uhfxuvlyh Phwkrgv lq Hfrqrplf G|0

qdplfv

^43` Dwoh Vhlhuvwdg dqg Nqxw V|gvéwhu= Rswlpdo Frqwuro Wkhru| zlwk Hfrqrplf

Dssolfdwlrqv

^44` Fkrz= G|qdplf Hfrqrplfv

576
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^45` Edvdu ) Rovghu= G|qdplf qrq0frrshudwlyh jdph wkhru|

^46` Doskd Fkldqj= Hohphqwv ri G|qdplf Rswlpl}dwlrq

^47` Ohlwpdqq= Wkh Fdofxoxv ri Yduldwlrqv dqg Rswlpdo Frqwuro

^48` Ndplhq dqg Vfkzdu}= G|qdplf Rswlpl}dwlrq

^49` Oxhqehujhu= Rswlpl}dwlrq e| yhfwru vsdfh phwkrgv

^4:` Zdowhu Uxglq= Sulqflsohv ri Pdwkhpdwlfdo Dqdo|vlv

^4;` Zdowhu Uxglq= Uhdo dqg Frpsoh{ Dqdo|vlv

^4<` Zdowhu Uxglq= Ixqfwlrqdo Dqdo|vlv

^53` Jloehuw Vwudqj= Olqhdu Dojheud dqg lwv Dssolfdwlrqv

^54` Gdwwd= Qxphulfdo Olqhdu Dojheud dqg Dssolfdwlrqv

^55` Qreho dqg Gdqlho= Dssolhg Olqhdu Dojheud

^56` Jroxe ) ydq Ordq= Pdwul{ Frpsxwdwlrqv

^57` Wrpdv Emùun= Vwrndvwlvn ndon|o rfk ndslwdopdunqdgvwhrul

^58` Vxqh Nduovvrq= Pdwulvdojheud

^59` Mdq U1 Pdjqxv dqg Khlq} Qhxghfnhu= Pdwul{ Gl�huhqwldo Fdofxoxv zlwk Ds0

solfdwlrqv lq Vwdwlvwlfv dqg Hfrqrphwulfv

^5:` Dqghuvvrq hw do= Ruglqçud gl�huhqwldohnydwlrqhu

^5;` Er|fh dqg glSulpd= Hohphqwdu| Gl�huhqwldo Htxdwlrqv dqg Erxqgdu| Ydoxh

Sureohpv



ELEOLRJUDSK\ 578

^5<` Nohlq= Xvlqj wkh jhqhudol}hg Vfkxu irup wr vroyh d

v|vwhp ri olqhdu h{shfwdwlrqdo gl�huhqfh htxdwlrqv/

kwws=22zzz1llhv1vx1vh2gdwd2krph2nohlqs2krphsdjh1kwp1

^63` Ndl Odl Fkxqj= D frxuvh lq suredelolw| wkhru|

^64` S1 Eloolqjvoh|= Suredelolw| dqg Phdvxuh

^65` Eurfnzhoo dqg Gdylv= Wlph Vhulhv/ Wkhru| dqg Phwkrgv

^66` J1 U1 Julpphww dqg G1 U1 Vwlu}dnhu= Suredelolw| dqg Udqgrp Surfhvvhv

^67` Gdylg Zlooldpv= Suredelolw| zlwk Pduwlqjdohv

^68` Flqodu= Lqwurgxfwlrq wr vwrfkdvwlf surfhvvhv1

^69` Qxphulfdo uhflshv rqolqh/ kwws=22fidwde1kduydug1hgx2qu2qurqolqh1kwpo

^6:` Exughq ) Idluhv= Qxphulfdo Dqdo|vlv

^6;` Iuhqqhpr hw do= Hohphqwçu dqdo|v l hq glphqvlrq1

^6<` Zxqvfk= Frpsoh{ Dqdo|vlv zlwk Dssolfdwlrqv

^73` Ur|ghq= Uhdo Dqdo|vlv

^74` Vrr Erqj Fkdh= Ohehvjxh Lqwhjudwlrq

^75` Mùujhq Zhlexoo= Ohfwxuh qrwhv rq pdwkhpdwlfv iru hfrqrplfv

^76` Od�rqw ) Wluroh= D Wkhru| ri Lqfhqwlyhv lq Surfxuhphqw dqg Uhjxodwlrq

^77` Gx!h= G|qdplf Dvvhw Sulflqj Wkhru|

^78` Fkulvwldq ]lpphupdq*v frgh sdjh/ kwws=22zzz1hu1xtdp1fd2qreho2u474932uef2frghv1kwpo

^79` Sdxo Nohlq*v krphsdjh/ kwws=22zzz1llhv1vx1vh2gdwd2krph2nohlqs2krphsdjh1kwp
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^7:` HoohqPfJudwwdq*v Pdwode frghv/ iws=22uhv1psov1iue1ihg1xv2sxe2uhvhdufk2pfjudwwdq2p�ohv

^7;` Hoohq PfJudwwdq*v ohfwxuh qrwhv/ ydulrxv srvwvfulsw �ohv xqghu

iws=22uhv1psov1iue1ihg1xv2sxe2uhvhdufk2pfjudwwdq

^7<` Sulhvwoh|= Wkh Vshfwudo Dqdo|vlv ri Wlph Vhulhv

^83` Jìudug Gheuhx= Wkhru| ri Ydoxh



Lqgh{

Edqdfk

�{hg srlqw wkhruhp/ 76

vsdfh/ 78

Ehuqrxool gl�huhqwldo htxdwlrq/ 466

Fdxfk| vhtxhqfh/ 75

Fdxfk|0Slfdug*v wkhruhp/ 459

frpshwlwlyh htxloleulxp/ 4;6/ 4;7/ 4<<

gh�qlwlrq ri/ 4;6

frqwuro wkhru|/ 4::

frxqwdeoh

idplo| ri vhwv/ 97

xqlrq/ 98

gldjrqdol}deoh/ 453/ 485

gl�huhqfh htxdwlrq/ 44:

vlqjxodu/ 456

g|qdplf

rswlpl}dwlrq/ 4:8

v|vwhpv/ 458

hljhqydoxh/ 57/ 448/ 449/ 44;�455/ 46</ 477�479

h{shfwdwlrq

frqglwlrqdo/ ;:/ <;

xqfrqglwlrqdo/ <5/ <7

h{srqhqwldo ixqfwlrq

pdwul{/ 46:

�owudwlrq/ <;

Irxulhu

dqdo|vlv/ 88

frh!flhqwv/ 8;

Ixelql*v wkhruhp/ <3/ <7

Kdplowrqldq/ 4:<

Kloehuw vsdfh/ 63/ 7:

surmhfwlrq wkhruhp/ 84/ <;

Kùoghu

lqhtxdolw|/ ;6

krprjhqhrxv

olqhdu v|vwhpv ri RGHv/ 469

lqglfdwru ixqfwlrq/ :4

lqhtxdolw|

Fdxfk|0Vfkzdu}/ 7:/ 7;

Kùoghu/ ;6

Plqnrzvnl/ ;6

wuldqjoh/ 74/ 77/ 79/ 7:

57:
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lqqhu surgxfw

Hxfolghdq/ 4:;

rq d Kloehuw vsdfh/ 7:

xqlirup frqwlqxlw| ri/ 7<

lqwhjudo/ 8

fdofxodwlqj/ 44

lpsurshu Ulhpdqq/ ;

Ohehvjxh/ :/ 94/ 9:/ :8/ ::/ :<

Ohehvjxh0Vwlhowmhv/ ;;/ <7

olqhdulw| ri/ 43

ryhu U?/ 6;

Ulhpdqq/ 8/ :/ 94/ :<

Ulhpdqq0Vwlhowmhv/ 48

lqwhjudwlrq

rq surgxfw vsdfhv

Ohehvjxh/ ;<

Ohehvjxh/ 95/ :6/ :9

lqwhjudeoh/ :6/ :8

lqwhjudo/ :/ 94/ 9:/ :8/ ::/ :<

lqwhjudwlrq

rq surgxfw vsdfhv/ ;<

phdvxudeoh/ :;

phdvxuh/ :;�;3/ <7

Ohehvjxh0Vwlhowmhv lqwhjudo/ <7

olplw

lqihulru/ :3

vxshulru/ :3

olqhdu0txdgudwlf

frqwuro sureohp/ 4<9/ 536

vwrfkdvwlf/ 546

Olsvfklw}

frqglwlrq/ 45;

frqwlqxrxv/ 459

Pdqjdvduldq*v wkhruhp

lq frqwlqxrxv wlph/ 4;7

lq glvfuhwh wlph/ 4<<

Pdunry

ghflvlrq uxoh/ 534

surfhvv/ 43:

gh�qlwlrq ri/ 43:

phdvxudeoh

ixqfwlrq/ 9:

Ohehvjxh/ :;

vhw/ 99

vsdfh/ 99

phdvxuh

frxqwlqj/ ;6/ ;8

Ohehvjxh/ :;/ ;3/ <7

phwulf/ 74/ 79

gh�qlwlrq ri/ 74

vsdfh/ 74�76/ 79/ ;4

frpsohwh/ 75/ 76/ ;5
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gh�qlwlrq ri/ 74

Plqnrzvnl

lqhtxdolw|/ ;6

Prqrwrqh Frqyhujhqfh Wkhruhp +PFW,/ :7/ :9/ ;;

gh Prujdq*v odzv/ 97

qrup

OR/ ;4

ri d pdwul{/ 45;/ 477/ 478

rq d Edqdfk vsdfh/ 78

rq d Kloehuw vsdfh/ 7:

rq d vsdfh ri vwrfkdvwlf surfhvvhv/ 444

rq d yhfwru vsdfh/ 78

ruwkrjrqdo/ 7;�83/ 87�8;/ 438/ 44<

Srqwu|djlq*v pd{lpxp sulqflsoh/ 4:<

j0dojheud/ 96

vdggoh sdwkv/ 479

Vfkxu irup/ 448/ 454

jhqhudol}hg/ 457

Vfkxu*v ohppd/ 454

vwdelolw|/ 468

vwdeoh/ 468

dv|pswrwlfdoo|/ 468

v|psohfwlf pdwul{/ 536

gh�qlwlrq ri/ 455

surshuwlhv ri/ 455

wuldqjxodu/ 44;/ 454/ 455


