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Abstract

Previous literature has shown that price dividend ratios are volatile
if dividend growth rates are positively correlated also when discount
rates are constant. However, it has been argued that to produce em-
pirically observed volatilities, an autocorrelation unreasonably close to
one is required. In this note, we show that to account for the observed
volatility, a much lower autocorrelation, within the range of reason-
ableness, is needed.
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1 Introduction

The papers by Shiller (1981) and Leroy and Porter (1981) have shown that
the volatility of stock prices grossly exceeds the volatility of ex-post divi-
dends or earnings. Although these �ndings were initially interpreted as a
failure of the stock market model of rational expectations, criticism by Klei-
don (1986) and others led to the understanding that such �ndings do not
contradict this model if dividends or earning are serially correlated and non-
stationary. In a response to some of the criticism Shiller (1983) claimed that
another variable that is excessively volatile is the price to dividend, or price
to earning ratio, which should be constant in the non-stationary case when
log dividends follow a random walk with drift and the discount rate is con-
stant. Since then there have been a number of studies trying to �nd under
what conditions the price-dividend ratio should present volatility similar to
that in the data. Unless the discount rate is highly volatile, a volatile price
dividend ratio requires some persistence in dividend growth so that a small
change in dividends today signi�es large changes in future dividends. So far
studies have found that the degree of persistence must be quite high. Barsky
and DeLong (1993) �nd that if the rate of growth of dividends has a unit
root, then volatility of the price dividend ratio is close to that observed in
the data. In a recent paper, that also incorporates risk aversion, Bansal and
Yaron (2004) �nd that persistence of 0.98, which is close to 1, is su¢ cient to
get the right volatility. In this note we show that a much lower persistence
is required to get a high variability of the price-dividend ratio even by using
the simplest model of stock price valuation with risk neutrality and a �xed
required rate of return.

2 The model

We use the simplest model of stock prices. Time is discrete and in each
period stocks are traded before dividends are paid. Hence buying a stock
entitles to current and future dividends. It is assumed that stock holders
are risk neutral, that they face a �xed alternative rate of return r, that
expectations are rational, that markets are perfectly competitive and that
bubbles are ruled out. Under these assumptions stock prices should be equal
to the present discounted sum of current and future dividends:

Pt � Et
1X
s=0

(1 + r)�sDt+s; (1)

where Pt is the stock price and Dt are dividends in period t, and Et is
expectation based on information in time t.

We assume dividends follow a stochastic process with high persistence.
More precisely, we assume that the growth rate of dividends follows an AR
process described by:

�dt = ��dt�1 + "t; (2)
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where dt � lnDt is the log of the realized dividend at time t, � is the
�rst-di¤erence operator, � 2 [0; 1] and "t is an i.i.d. shock drawn from a
normal distribution with mean zero and standard deviation �", implying
an unconditional standard deviation of the dividend growth rate given by

��d =
q

�2"
(1��2) :

To �nd the price Pt given the assumed process for dividends we �rst
rewrite (2);

Dt =
D1+�t�1
D�t�2

e"t : (3)

It follows immediately from forward substitution that

Dt+s =
D

1��s+1
1��

t

D
� 1��

s

1��
t�1

e

�Ps
j=1 "t+j

�
1��s+1�j

1��

��
: (4)

Let us now denote the period t price of a claim to the period t + s
dividend by pt;s � EtDt+s

(1+r)s
noting that

Pt =
1X
s=0

pt;s: (5)

Using the fact that for any a and under the distributional assumptions on ",

Eea"t = ea
2 �2

2 ; we get1

pt;s
Dt

=
EtDt+s

(1 + r)sDt
=

1

(1 + r)s

�
Dt
Dt�1

�� 1��s
1��

e�
2
s : (6)

where

�2s �
�2"
2

sX
j=1

�
1� �s+1�j
1� �

�2
:

We should note here that the price dividend ratio pt;s
Dt

is strictly increas-
ing in Dt

Dt�1
if � > 0:2 The analytical expression for pt

Dt
is obviously too

involved to lend itself to interpretations. Therefore, we use a �rst-order
Taylor approximation3 of pt;s around Dt = Dt�1 to construct pt: Hence, we
use

pt;s
Dt

� 1 + �2s
(1 + r)s

�
1 +

1� �s+1
1� �

Dt �Dt�1
Dt�1

�
: (7)

1To ensure bounded prices, we need to impose the condition �2"
2(1��)2 < ln 1+r, implying

that lims!1 Et
Dt+s

(1+r)s
= 0:

2 It is also straightforward to show that the standard deviation of ln pt;s
Dt
, is

�
� 1��

s

1��

�
times the standard deviation of the dividend growth rate. This ratio increases in � and s:

3We have performed simulations that con�rm the appropriateness of the Taylor ap-
proximation. The simulation results are available upon request.
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Summing the RHS over s, we get,

Pt
Dt

�
1X
s=1

1 + �2s
(1 + r)s

�
1 +

� (1� �s)
1� �

�
Dt �Dt�1
Dt�1

��
(8)

� �P + P̂

�
Dt �Dt�1
Dt�1

�
;

implying that the standard deviation of the price dividend ratio is P̂ times
the standard deviation of the dividend growth rate. The expression for P̂ is
quite involved, namely

P̂ � � (1 + r)

r (1 + r � �)

+ �
�2"
2

1 + r

1� �

�
1

r2
+

�2

(1 + r � �2)

�
2

(1 + r � �) �
�2

(1 + �) (1 + r � �3)

��
� �2�

2
"

2

1 + r

1� �

�
r (1 + �) + (1 + r � �) (2 + �)

(1 + r � �)2 r (1 + �)

�
and

�P � 1

r
+

�2"

2 (1� �)2

�
1 + r

r2
� �

(1� �2)

�
2 + �

r
� 2 (1 + �) �
1 + r � � +

�3

1 + r � �2

��
:

However, as we will shortly demonstrate, when r and �" are of the same
magnitude and � < 1, a very useful approximation is

P̂ � ~P � �

r (1� �) ;

implying that we can approximate the standard deviation of the price
dividend by

P̂ ��d �
�
�
1� �2

�� 1
2

r (1� �) �":

In Figure 1, we plot the coe¢ cient
�(1��2)

� 1
2

r(1��) : As we see, it becomes very
high already for moderate values of �:
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3 Results and conclusion

To calibrate our model, we use monthly data on stock prices and div-
idends for the period 1871 to 19954, published by Robert J. Shiller at
http://www.irrationalexuberance.com/index.htm. The autocorrelation of
monthly log dividend growth in that sample is 0:5214 and the corresponding
value of the �" is 1.301% per month. We use the same yearly interest rate as
Shiller (1981), namely 1

12 ln(1:04:82)=12 per month. Using these numbers,
we �nd that P̂ = 282:51 and ~P = 277:71; implying a standard deviation

of the price dividend ratio of P̂ �
�
1� �2

�� 1
2 �" = 4:307 per month. This

is high, but lower than the value of 6.21, found in Shiller�s data. From the
approximation ~P and the expression for P̂ ��d, we see that higher values of
� increases the volatility of the price dividend ratio and higher r reduces it.
It is therefore interesting to analyze how large the value of � has to be to
yield the observed standard deviation of 6.21.

In Figure 2, we plot the value of � that is consistent with a price dividend
ratio of 6.21, as a function of the yearly interest rate (the solid line). We also
show the results using the approximation ~P (dotted line). As we see, we do
not require very high values of � and/or low values of r to make the model
consistent with data. Speci�cally, at Shiller�s interest rate of 4.82% per year,
the required � is 0.597. Of course, this is higher than in the data. However,
it is substantially lower than the autocorrelation of earnings, which is 0.720.
We believe that a reasonable discount rate should be should de�nitely be in

4The arguably abnormal period between from 1995 is excluded. Below, we report the
results if it is included.
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the range, 3 to 10% per year. As we see, the required � is in the range given
by the autocorrelation of dividend growth and earnings growth for any of
these discount rates.
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The value of � that yields the empirical standard deviation of the price
dividend ratio as a function of yearly discount rates (solid).

Approximation P̂ � �
r(1��) (dotted line).

Let us now, report the results for the full Shiller sample. Due to the sharp
rise and decline of the price dividend ratio in recent year, the standard devi-
ation of is now 12.13. The value of �" is 0.01267, and the autocorrelations of
dividend and earnings growth are 0.522 and 0.735 respectively. The required
value of �; calculated as for Figure 1, is depicted in Figure 2.

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1r

6



The value of � that yields the empirical standard deviation of the price
dividend ratio as a function of yearly discount rates (solid) for the sample

including the recen stock market boom and crash. Approximation
P̂ � �

r(1��) (dotted line).

Finally, we have also analyzed yearly data from Shiller�s data base. Here,
the predictions of our model is less in line with data. Speci�cally, over the pe-
riod until and including 1994, the autocorrelation of dividend growth rates
is only 0.105, producing a P̂ of 2.83. In the data, the ratio of the stan-
dard deviation of the dividend ratio and the standard deviation of dividend
growth rates is 44.3, i.e., an order of magnitude larger. Given the observed
�" = 0:12512 on annual data and a yearly interest rate of 4.82%, the auto-
correlation of dividends would have to be 0.668, to justify the high volatility
of the price-dividend ratio.

We o¤er no explanation of this result. However, one should bear in mind,
that P̂ is a very convex function of �: Taking averages of the autocorrelation
of dividends over long periods of time might then introduce a downward bias
of average P̂ in the case the autocorrelation of dividend growth varies over
time.5 It is, of course, possible that variations in the discount rate are
necessary to explain low frequency movements in the price-dividend ratio.
In any case, our results indicate that such variations are not necessary for
higher frequency movements.

5Of course, a calculation of P̂ when also � follows a stochastic process is substantially
more involved than our calculations above.
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