Hamilton/Lindgren Regime Switching
Models

|dea: The parameters of a stochastic process shift abruptly when an
underlying state variable shifts. Example: 1. Recession-recovery
represents the two states. In recession expected growth is higher. 2,
High and Low volatility on stock market. These states are exogenous
to the stock market and represent shiftsin the flow of information.
(The exogeneity can be relaxed). Expected volatility is higher in one
of the states.
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Markov Chains

L et s, be a stochastic variable that can take on integer valuesin the
finiteset Q = {0,1,...,N}. Furthermore, assume that the probability
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seen fromtimet-1that s, =1 [ Q is determined only by the current

valueof s.;. So P{s =ils_1 = j} = P{s =ils-1=j,..,S-5,O-1}-
Call the probability P{s =i|s_; = j} = pj;. Such (state) variableis
defined as a (first order) Markov chain.

Transition matrix

Assume that we know the probability P{s_; =i|©;_;} for alli. Then
clearly

P{s = i[©-1} = P, P{s-1 :]J@t—l}"‘---"‘p,\,j P{§-1= N[O}

If we collect the probabilitiesp;; in a matrix we can definethe N x N
matrix

Pz - PNz

o
Il

Pn - P

which is called the transition matrix. Note that the columns but not
the rows have to sum to unity. Now stack the

probabilitiesP{s_; =i|©;_;} inaN x 1 vector defined as &; y;.; as
we can write in vector notation

Cregt = Pey
and
Ctemt = Pm‘it\t

Isthefirst order assumption restrictive?

Above we assumed that the probability that the state variable takes
some valuei next period only depends on the current state. Thisis not
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restrictive since we can redefine the states so that thisis satisfied. For
example, assume that s;is 0 or 1 and that

(P ifs =1L§;=1
Pop1 ifs =1s,=0
P{s,; =106;} =< _ (5)
(20 =100 =) s =05, =1

[Pz Ifs=05-,=0
This definition of the states violates that (first order) Markov

assumption. But now consider the following redefinition of the state
variable

0 ifg =1s,=1
1 ifg=15,=0
2 ifs =0s_4,=1
3 if§=08,=0

(6)

i
i

We can now write the transition matrix for ss

Pr11 Po11 0 0
0 0
p= P101 Poo1 (7)
1-p11 1-ponn 0 0
| 0 0 1-Por 1~ Poos |

This “super state” variable satisfies the Markov conditions.
Absorbing state

If we by relabeling different states can wittas

p=|? P 8
-5 o ®
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whereA isaK x K matrix and Oisa (N-K x K ) matrix. Then if the

state variable takes any of the first k states it can never return to states

K+1to N. Thefirst states then an absorbing set of statesand P is
reducible.

Ergodicity

To call the Markov chain to be ergodic we want the importance of the

current state for future state probabilities to die away as the horizon
goesto infinity. Using (4), we want

E=limPTE,,

T o

to be the same for any &y Thislimit isthen the unconditional

expected state probabilities, or the ergodic state probabilities. This
vector satisfies

¢=P¢g

which we understand from (9). (10) together with the obvious
requirement 1'¢=1 gives us sufficient information to solve for the
unconditional state probabilities.

A sufficient condition for P to produce an ergodic Markov chainis
that one eigenvalue is unity and the others are inside the unit circle.

The Simplest Regime Switching M od€l

Now let us consider a stochastic process y; which is arandom walk
with a drift term that depends on an unobservable state s, whichiis
Zero or unity.

Yi+1 = Qo T A1§+1 W HEn

with € isi.i.d. N(0,02) sequence. The state has a transition matrix
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_[ p 1-q
P—L } (12)

The Recursive Hamilton Filter

Assume we have a sequence of observationsony; for tLI{0,T). We
now want to calculate the likelihood of these observations as a

function of the parameter vector 0 = {ao, aq, o2, p,q,} and the

sequence of state probabilities P{s =0y;,...,Y0;8,P(s-1 =1} for
t=0,...T.

First denote the vectc{lP(s[ = qyt ,...,yo), P(s[ = ﬂyt ,...,yo)} by
P(s[‘yt ) and let P(s,tJ,l,s,[‘yt ) denote the 4 x 1 vector

{P(3+2=05 = 0¥ Y0). P81 =28 =0V o1 Yo ).

For the purpose we construct a filter takes as

input P(S(—l‘yt—l) (13)
and produces as

output P(st‘yt) and f (V;|Yi-1,---» Yo) - (14)
The filter is constructed in five steps.

Step 1

CalculateP(s,-1|Y;-1)- This is done by using the ruk§A and B)=
P(B|A)P(A). So in this case,
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P(S( =1,§-1 = j‘yt—l) = P(s =ilg = j)P(S(—l = j‘yt—l) (15)

Gauss programming suggestion. Element by element multiplication
of P(s( ,5(—1‘)&—1) =p.* P(s(_l‘yt_l) produces a2 x 2 matrix with the
4 elements of (15). This matrix gives the probabilitiesof s;, s;_;

equalling

00 10

[ } (16)
01 11

Step 2

Calculate the joint density f (yt 'S ,3(-1‘)&-1) for the four possible
combinationsof s, and s;_;.

f()’t’sc =1§1 = th—1)= f()’tsc =181 = j’yt—l)P(Sc =1h§-1=] yt—l) (17)

Gauss programming hint. Create a2 x 2 matrix of expected values of
y; for the state sequencesin (16). |.e.,

_[ao"'Yt—l aO+al+yt—1:| (18)

Clagt v aptagtyig
then (2 pi sigma*2)"-.5 *exp( -(1/(2* sigma*2)* (M;-y; ) ) produces the
2 X 2 matrix of f (yt

5 ,q_l,yt_l) for the historiesin (16).

Step 3
Calculate the density f(yt‘yt_l) by summing all elements of
f(yt’S(’S(—l‘yt—l)'
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Gauss programming hint. Sumc(sumc( f (yt 'S ,st_l‘yt_l))). Make
surethisvalueis stored.

Step 4
Now we want to calculate P(s( ,s,[_l‘yt ) . For thiswe use Bayes law
P(A|B)=P(AB)/P(B). So in this case

f(¥e,§ =081 7 iV
f(yt‘yt—l)

Pls =i,s-1= 0w )= (19)

Gauss programming hint. Divide the matrix that came from step 2 by
the number that resulted from step 3.

Step 5

By summing P(s( ,s,(_l‘yt ) over s, we produce P(s{‘yt ) whichis
the output of the filter.

Gauss programming hint. Sumc( P(s( ,s,(_l‘yt )).

By repeating this until from t=1 until T we get a sequence of state
probabilities and a sequence of likelihoods. f(y; [yi.1,--- Yo)- The only

problem is that we need a starting value for the filter Pésg|y,).

The simplest approach is here to use the unconditional (ergodic)
probability which is determined W¥.

Estimation

The parameters of the model is estimated by maximising the log
likelihood function. Note also that we may use the EM algorithm,
which is convenient in some cases.
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Newton-Raphson

Suppose we are looking for an optimum of the function f (x),x OR".

A standard way to do this numerically is to apply the Newton-
Raphson algorithm. If the optimum isinterior and f is differentiable,
it satisfies the necessary first order conditions that the gradient is zero

Df (X' ) =0. (1.20)

Now apply afirst order linear approximation to the gradient from
some initial point x

0=Df (X') = Df (x) + D?f (x)(X -X). (21)
By rearranging terms we get an approximation to x*
X =x-D?f(x)1Df (x). (22)

From this we can construct a search algorithm that hopefully makes
better and better approximations

Xse1 = Xs = D?f (x5) " DF (X). (23)

If we don’t have analytic solutions to the gradient and Hessian we can
use numerical approximations, for example

E
F ) f(X{OD_ f)
- E

&
0
(24)
d|X+| €
0f) &(x)
) _ & X
KoOXq £
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which is called the forward difference method.

One should be very careful with these methods. The first problemis
only local optimawill be found with this method. Secondly, the
method will surely converge only in a neighbourhood of x*. So often
it iscrucial for convergence which starting point is chosen.

.
> Inf(ye¥i-1). (25)
t=1

Smoothed Probabilities

Above we have calculated the probabilities P(s[ ‘yt ) We may often

be interested in also P(s[ ‘yT ) . Since these probabilities use more

information they will generally give better inference about the states.
The smoothed state probabilities are also necessary for the EM
algorithm.

We evaluate this “smoothed” probabilities in the following steps.

First we need the following lemma
P(s = ilst+1=i,yr) = P(s = ils41 =i, 1t) (26)

The past state depends directly only on the current state. The
“opposite” P(s+1 = jls =1,¥1) = P(s+1 = i|s =1,¥) was an explicit
assumption of Markov chains and the lemma seems quite intuitive.
The proof is in Hamilton.

We also need another “lemma”
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P(s = jls+1 =1, %)
P(s = J,8a =i%t)
P(S41 =il%t)
P(s = i[%)P(s+ =ils = 1)
P(s41 =il%t)
_ P(s = .’yt)pji
P(S41 =il%t)

Now we start from the next to last period.
P(ST—l =],Sr = i‘YT)
= P(sr-1 = ilsr =1,yr)P(sr =i[yr)
Now use the first lemma
P(sr-1 = .St =ilyr)
= P(sr—1 = i[sr =i, y7r-1)P(sr =ilyr).
Then we use the second lemma
P(ST—l =],Sr = i‘YT)

P(sr_1 = ilyr-1)Pj; P(
P(sr =ilyr_1)
The RHS of (30) we calculated when going through the 5 steps

above. Then to get the smoothed probability for T-1 we just sum
equation (30) over the statesin T.

:i\YT)-

P(sr_1 = ilyr) = ZP Sr-1 = J. St =lyr)
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Doing thisfor all states (31) gives avector of smoothed state
probabilities for T-1.

We can now go through the same steps for T-2 and on.

P(Sr—z =],Sr1 = i‘YT)

= P(sr—2 = i[sr-1 =1, Yr-2) P(Sr-1 =i[yr)- (32)
P(sr—2 = j|lyr-2)Pj; -
= - P(sr_q =1 Y
P(sr-1=ilyr-2) (5r-2 L

where P(s;_; =i|yr) came from the previousiteration.

Diagnostics

The test we are going to perform are based on score tests. First define
the score as

oIt (yfyi-1)

h(t) = B

(33)

evaluated at the true parameters 6 and noting that we condition on the
whole observed sequence of y;_4,... Yo Now it is easy to understand

that the score should be a martingale difference, i.e., it should have a
zero expected value given all information availablelat_oosely
speaking, we would otherwise expect to revise out estimabasaéd

on info available at-1. We can show this formally by noting that
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f f (yt‘yt—l )dYt =1
0

%Iof(yt‘yt—l)dyt =0
]c’ éf(y;‘g/t_l)

—00

© JdIn f _
:f " %‘Yt l)f(yt‘yt—l)dyt

—00

= ofh(t)f(yt\yt_l)dyt

dy;

(34)
= E¢_4h(t)
These scores are easily evaluated numerically and also often
analytically along with the estimation of the Markov model. Based on
(34) we can perform various tests. For example, we could run
ht)=ao+ ajht-D+& (35)
]

for some combinations of i and j. For example, we could use the
transition probability scores as both dependent and independent
variables. Failure to pass this tests generates suspicion that the first
order Markov assumption isinvalid. We could also use transition
probability scores as dependent and mean or standard deviation
scores as independent. Failure here would indicate that the level or
squared level of last periods realisation has a direct impact on the
transition probability.

Using mean or standard deviation scores as dependent variables may
give away to find remaining AR or ARCH effects.
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A problem with these tests is that we cannot expect the € to be
homoschedastic. We thus need to rely on Monte Carlo ssimulations to
get afeel for the proper rejection levels. (See Hamilton, 1996).

The EM algorithm

Here follows an intuitive motivation for and an example of the EM
algorithm in the regime switching model.

Assume we have two statess; [1 {0,1} . And that the innovationsin
the stochastic variable y; are normally distributed. In state O with

mean |, and variance o3 and in state 1 with mean i, and variance
0% . Thelikelihood of an observation in state s, isthus

(Y —Hs)?
2

e 20 (36)

1

f(yls.0)=
270

2
S

Now assume the state was observable and deterministic. We could
then write the lolikelihood function as

L({y:}:8) =

o 1 1 5 (Y= Ho)

~=In2m-=Ingg -~ t—L9%_Ip(s =0 37
tzzl[ 2 2 0 20_% (S( ) ( )
+i —}In27'r—llnc72——(yt_'ul)2 D(s =1
&\ 2 2 . 2(7%

With first order conditions for state O mean and variance
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A({%1:0) (Y - Mo)
o Z[ 2 D(s =0)=0
T
z y;D(s =0) (38)
0= = [
z D(s =0)
{=1
and
({%):0) _ o (% — o)
0"0(2, & | 203 2061 (§=0)=0

and similarly for state 1.

Now the EM algorithm replaces the dummiesin (38) and (39) with
their smoothed probabilities.
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T A _lu’0
Y P =0yr.6)
t=1
i(yt - Ho)? P(s = Olyr ,8)
t=1 :0.12
T A 0
5 s =0vr4
t=1
Z P(S( :0’5(—1:0()’%6)'3(3[ :qu’é)
t=2 — ]
T A - ﬁOO
Z P(S( =0(yT,9) (40)
t=1

and similarly for state 1 parameters. So for an initial guess we get an
updated set of parameter estimates. Then we iterate on this until
convergence.

It can be shown that such iterations always weakly increase the
loglikelihood and that they converge to a maximum.

As you can see these approach reduces computation needs sincein
each iteration we do not need to compute Hessians if we use Newton
Raphson. On the other hand we must compute smoothed
probabilities. It turns out that usually the EM algorithm is much
faster, in particular when analytical solutions to the parameter
estimates are available and the parameter vector islarge.
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Extensions

The recursive estimation of the model is easily extended to allow for,
for example:

Exogenous variables, e.g., dummies, atime trend.

State probabilities that are affected by levels or squared levels of
exogenous or endogenous variables.

Vector processes.

More state variables
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