ROBUSTNESS TO UNCERTAINTY"

Sharing Ambiguity

By LARRY G. EPSTEIN

In a version of the Ellsberg Paradox, the represented by the state sp&teThere are two
decision-maker is confronted with two urns, consumers and consumies consumption pro-
each containing 100 balls that are either Red orcess is ¢; _,, ¢;), wherec; _; is deterministic,
Blue. She is told that there are 50 of each colorc; is a random variable of, and each is real-
in the first (“unambiguous”) urn, but no further valued. | consider an endowment economy with
information is provided about the second (“am- aggregate endowmenYy(_,, Y,), whereY, is
biguous”) urn. There is a widely exhibited pref- random. The efficient allocation of this endow-
erence to bet on drawing Red (or Blue) from the ment is usually posed as a problem of efficient
first urn rather than from the second. Thoughrisk-sharing. In particular, it is assumed that
such rankings are intuitive, they are inconsistentconsumers’ beliefs are represented by a com-
with subjective expected utility theory and, mon probability measure. If it is assumed fur-
more generally, with reliance oany single ther that von Neumann-Morgenstern (VNM)
probability measure to represent beliefs. Thus,indices are (increasing, concave, and) additive
the paradox illustrates the behavioral meaningacross time and that consumers have a common
of the Knightian distinction between risk (mea- discount factor, then efficient allocations are
surable or probabilistic uncertainty) and ambi- such that each; is an increasing function of,.
guity (unmeasurable uncertainty). Consequently, consumption is perfectly corre-

The importance of the Ellsberg Paradox is thelated across consumers, and if preference is
intuition that this distinction may be important homothetic, then consumption growth rates are
more generally. In particular, it seems at leastequal. These predictions are often contradicted
plausible to view consumption—savings anddramatically by data, particularly in interna-
portfolio choice decisions as being qualitatively tional settings where consumers represent coun-
different than the choice of which bet to accept tries and where individual country growth rates
on the outcome of a coin flip; only the latter is respond to idiosyncratic shocks (see Karen
a choice between risky prospects. My objective Lewis [1999] for a survey; she terms the ob-
in this paper is to illustrate both the tractability served systematic violation of efficient risk-
and potential fruitfulness (for addressing the sharing the “consumption home-bias puzzle”).
home-bias puzzle, for example) of a macro- The model that | outline continues to as-
style model that permits aversion not only to sume complete markets and hence focuses on
risk, but also to ambiguity. efficient allocations. However, taking Ells-

| employ a simple two-period heterogeneous-berg seriously, | drop the assumption that it is
agent economy. The time periods dre- 1 risk alone that is to be shared. | assume that
(“today”) andt (“tomorrow”). Uncertainty is consumers are not sufficiently confident to

assign sharp probabilities to all future states.
Rather, following Itzhak Gilboa and David

' Discussants:Lars Hansen, University of Chicago; Schmeidler (1989), beliefs are represented by
James Stock, Harvard University; Thomas Sargent, Stan-g (nonsingleton) set of priors, and consump-
ford University and Hoover Institution. tion prospects are ranked according to their
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Though I will refer to consumers as countries, fers between countries, consistent with the
the international interpretation is evidently subjective nature of ambiguity. Note that each
optional? set of priors contain®.
The description of the economy is completed
I. An Economy with Ambiguity by specifying utilities and the endowment.
Countryi’s utility function is
In order to accommodate any idiosyncratic
shocks for each of two countries, the state spac?1
is taken to be the two-dimensional s@t = )
{—1, 1} X {—1, 1}, and the corresponding
driving state process M/, = (W}, W2), where
Wi(w) = o', i = 1, 2. The equal-probability
measureP on () implies that eaciW, has zero
mean and unit variance and thaf andW? are  where 0< 8 < 1. The standard logarithmic model
independently distributed. is obtained in the special cagk= 0. The aggre
| assume thai is more familiar with her gate endowment i%,_, andY,, where
own (domestic) component proce¥g than
with the other (foreign) componend!.? In
extreme form this leads to no ambiguity for
aboutW;, thoughW! is ambiguous for her. In y
particular, whilei assigns equal probabilities Thus,e* — 1 is the expected growth rate of the
to the two possible outcomes oY}, for the  endowment according t®. It is without loss of
foreign process she is confident only that thegenerality to assume that = 0, which nor
probability of each possible outcome lies in malization brand¥V; = 1 as a good realization
the interval andW; = —1 as a bad one. For concreteness,
suppose thas’ > 0.

Vi(Cil— 1 C:)

=logc;_; + B min Ey log c
Qe Pi

Y)Y, = exp(pn’ + s'w)/Ep[exp(s'W,)].

[1 -k 1+ Ki:| Il. Efficient Allocations
2 2
Efficient allocations solve the planning problem

where 0= k' < 1 is a parameter representing
the extent of her ambiguity aboWl. Domes
tic and foreign shocks are viewed as indepen-
dent. Accordingly, 1's set of priors of}, subject to
P!, consists of all products of the, (3
measure on the first component space (for
W) with measures on the second component
space lying in the appropriate interval. Define
P? similarly. Thus, each country faces an wherex > 0is the relative utility weight for coun-
analogue of the two-urn Ellsberg setting, try 2. At any allocation and resulting consumption
though the identity of the ambiguous urn dif- for 1, there is a measu@® that solves the mini
mization in (1). ThenQ' is completely de-
scribed by the probability, 2denoted €.6Y/2, that
1 For a related paper dealing with the characterization of it assigns to the everity = 1, Slmlla.rly for
efficient allocations see, for example, Alain Chateauneuf etcountry_ 2. Thus, an er_“_IEIOpe theorem implies the
al. (2000). The two-period model that follows differs in that Same first-order conditions as would apply for a
more concrete results are delivered as a result of strongplanning problem in which sets of priors are re-

functional-form assumptions. More importantly, the model placed by the sinale prio® for i = 1. 2. That
and its essential predictions may be extended to a muIti--p y gle prioQ !

_ _ 1
period dynamic setting as | describe in what follows. IS, Ctz—l o AC%—l andctz = ApG, where

2See Gur Huberman (2000) for recent market evidence
of the preference to bet on the familiar. 3)  piw) = (1+ P0h)/(1+ 6'w?).

(2)  maxVi(ci y, ¢f) + AVA(cE y, )}

)+ =Y.() 7=t—1,t
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Deduce that (4) represents a closed-form solution. Because
®(0) = 0, this case applies for smadlor larges”.
1 A But Theorem 1 also covers the case of large
Go1= 1+ A Yo Gi= 1+ A Yio1 (smalls"), where efficiency implies
) 1 A
1 Pt Y
e VAL e v ? (6) (=)

These expressions do not fully describe effi-and hence
cient allocations because tl#s and hencep,
are endogenous. Sin@e corresponds to a sub 0> —«k.
jectively worst measure i', one might ex
pect that it equals an extreme poink'. Infact,  That is, countries dmot act as though an ex-
that is not necessarily true, as indicated in thetreme point in their set of priors applies. Here,
complete description of efficient allocations that beliefs (in the sense of the shadow singleton

follows. prior for each agent) are selected endogenously
in equilibrium.
THEOREM 1: = L _ Uniqueness of the solutiodimplies unique-

Write 0 = (6, 0%) andk = (k', k°). Define  npess of the Arrow-Debreu prices that support
the functionsd'(6) for —x = 6 = k by the efficient allocation corresponding to any
. given A. This is in contrast to my paper with

®(6) = [ ‘1’2(9) ] Tan Wang (1994) which emphasizes the poten-
®*(0) tial of ambiguity for generating price indeter-

minacy. It contrasts also with Truman Bewley
_ [ S log[1 + (Ap) *w'dP ] (1998), who in his closely related model points
| Jlog[1+ ApJw’dP to the fact that preferred sets in a two-state
Edgeworth box typically have corners, support-
wherep, is defined in (3). Then an allocation ing his claim that Knightian uncertainty inhibits
solves (2) if and only if it has the form (4) where trade. The difference here is the special asym-
0 is the unique solution to metric structure of ambiguity wherehyis am-
biguous only aboutM. Thusi’s probabilistic
(5) ®(0) =s" and[d(6) — s'](08 + k) = 0. beliefs about her own procesd&; pin down
prices for consumption contingent o states.
The latter solution satisfiesk = 6 = 0. A number of qualitative properties of effi-
cient allocations can be derived from Theorem
The formalism surrounding (5) suggests an1.2 Consumption in each country is nonnega-
interpretation wherebyd(:) represents the tively correlated with shocks iboth countries.
demand for volatility,s” is the supply, and For the domestic shock, this is evident from (4);
these are equilibrated by adjustment 6f for the foreign shock, (5) implies
the relevant (constrained) “price.” Consistent
with this interpretation, we have a complemen-

tary slackness condition, whereby for each Ep[Wilog ] =0 P

either
i v . i The extreme of equality with zero occurs pre-
[P'(6) <, 6' = —«'] cisely in allocations corresponding to (6); for
or example, it occurs if the ambiguity parameter
is large. Thus even wheris ambiguity about
d'(9) = 8.
In the special casé)(— K) < SY, thend = —«k, 3 These properties rely on the facts: gj)is decreasing in

. M and increasing iV?; (i) Covl f(X), X] = 0 for any random
which means that each country acts as thoth Ig\e’:lriableXand increasing functiofyand (iii) various properties

attaches the smallest possible probability to gooths ¢ that are available from the author upon request. The key
realizations of the foreign shock. Consequently, property is described after the proof of the theorem.
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W1 is large, it is not efficient for her to “short” where consumption levels are constrained by
the foreign shock. >c¢; = Y, and where

A second implication is that consumption
growth rates are not perfectly correlated across
countries. In fact, idiosyncratic consumption
growth rates are positively correlated with idio-
syncratic shocks in the sense that«if> 0)

J(0, A) = max >, MEp[ui(c)(1 + 6'W)].

1
G

Note that | have applied the minimax theorem to

@) Cow[log(ci/ci ;) reverse the min and max operations and fhat
i in the last summation.
—log(Y,/Y,_,), Wi]> 0. The envelope theorem implies that [using the

fact that eachu'(-) = log(*)]
Comparatlve -statics analysis of (5) yields that
(i) each@' is (weakly) decreasmg in easﬁ and
(i) 6% is decreasing and’ increasing inA.
Recall that (1+ 6')/2 can be interpreted as the Jy:(0, A) = Ep[W7u'(cl)]
ambiguity-adjusted probability thatassigns, in

equilibrium, to the good outcom&d = 1. = Ep[W?(log Y, — log[1 + Ap])]
Accordingly, optimism in both countries de-

clines with an increase in the volatility of ag- =8y — Ep[W? log(1 + Ap,)]
gregate consumption (due to an increasg'ior

sJ-Y) and a redistribution toward country 2 {in = sy — ®%0)

crease in\) makes 2 more optimistic androre
pessimistic. Finally, if one measures the size 0fJ;.(6, A) = AEp[Wu?(c?)]
home-bias in each country by the covariance in
(7), then redistribution toward country 2 reduces = AEp[W(log Y,
home bias there and increases it in country 1.

— log[1+ (Ap)~*])]
PROOF OF THEOREM 1:

l include a sketch of the nontrivial part of the = As{ — AEp[W; log(1 + [Ap]™Y)]
proof in order to emphasize its simplicity and
because it is informative also about the nature of = As{ — ADY(0).

arguments needed in a multi-period setting. To
show that every efficient allocation has the
stated form, focus on the peridccomponent of Thus the Kuhn-Tucker theorem implies (5).
the planning problem (2), namely, on The optimal 6 must satlsfy K = 0 =
0 because-k' < §' < k! és = dl(9),i #
. O , > 60" <0.[B elementar arguments one
m?xz Ai min Eq u'(c) Jcan show tha&)z{el 0% < Oylf 69 > 0, and
@ i QFF D6, 03 < 0 if 62 > 0.] Similarly one can
exclude an optlmum at k4. that would require
sy < ®2(k%, 62), but the latter is negative. This

maxmin >, A;Equi(c)

@ 9 i completes the proof.
= miln m?X 2 MEqu(c) The comparative-statics analysis made use of
¢ the fact that, as a pointwise maximum of a
collection of linear (in6) functions,J( -, A) is
= ‘rr‘nn max X, A Ep[u'(c)(1 + 6'WH)] convex for each\.. Therefore, (8) implies that
0 = k! C: |

= min J(6; A [ a®%a6t  ada6?
o ~ Do, (0 )‘)—[ AODY0" AIDY 06
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and both matrices are negative definite. In par-eralization of (9) in which?' is restricted to
ticular, detD,®(0)] < 0, ando®'/96' < 0 for  conform to the “spirit” but not the letter of the
i # . above story about an ambiguous random
walk. The essential characterizing axioms
[ll. Concluding Remarks are: (i) each conditional utility/; satisfies the
axioms described by Gilboa and Schmeidler
The preceding model can be extended to(1989) that characterize the multiple-priors
a multi-period setting. Think of a two- model in an atemporal or one-shot choice
dimensional state proce®s, = (W;, W?) that  framework; and (ii) the collection\{;},~ o of
is a random walk under a reference probability all conditional preferences is dynamically
measure. Suppose that, while counitrig con-  consistenf,
fident that the domestic shock is a random walk, Further, learning can be accommodated.
she viewsW!} as an ambiguous random walk; Though the specific conditional one-step-ahead
that is, conditional on the state at timhe- 1,  beliefs described above are the same at every
her beliefs are thatvV, — W)_, = =1 accord  node and thus do not respond to past observa-
ing to the color of the ball drawn from an tions, the model in its general axiomatic form
ambiguous Ellsberg urn. Thus, conditional one-permits such responsiveness to data (see
step-ahead beliefs have the same form as in th&engjing Chen and Epstein, 2000; Epstein and
two-period model. Using them, one can define Schneider, 2001a). Prior-by-prior application of
utility recursively, essentially by replacing log Bayes’ Rule provides a dynamically consistent
¢ in (1) by Vi(c'"), the continuation utility for updating rule for recursive multiple-priors util-
periodst and beyond. The resulting model of ity. Moreover, a rich set of learning dynamics is
single-agent utility admits the explicit represen- admitted. For example, in many environments,

tation ambiguity can plausibly persist indefinitély.
. , In others, ambiguity may increase in response to
(9) Vi(c') = min Eg[X,- 87 'U'(c))| F] a “surprising” observation that leads the agent
Qe to doubt her previous view (model) of the

‘ environment.

for a suitable set?' of priors over possible An important outstanding question is: what are
trajectories of W,.* This utility specification reasonable values fat? One possible approach is
has a number of attractive features that | nowto apply Bayesian detection theory for discrimi-
describe. nating between probability laws in order to assess

First, it has a suitable continuous-time limit, how difficult it would be to discriminate between
as described in Epstein and Werner Plobergemeasures lying in the set of priors corresponding
(2001), where the driving state process is anto a specific value foi'. This route has been
ambiguous Brownian motion. Jianjun Miao and developed by Evan Anderson et al. (2000) for
| (Epstein and Miao, 2000) have applied the their model of robust decision-making; it seems
resulting model of utility to a two-country set- likely that the approach could be adapted to our
ting that is the continuous-time counterpart of model. Alternatively, interpret the challenge as
this paper's model. The analytical power of being the difficulty of transferring ambiguity pa-
continuous time permits sharp results to be derameters across settings. There is no difficulty
rived; we confirm and extend those reportedtransferring risk-aversion parameters because any
above. In particular, we describe the implementa-given lottery presumably represents the same
tion of efficient allocations as a Radner equilib- prospect, regardless of the context. In contrast,
rium and describe asset market implicationsambiguity is by its very nature tied to a specific
(home-bias in equities, for example) of ambiguity.

In Epstein and Martin Schneider (2001b) a

simple axiomatic basis is provided for a gen- °The reader may wish to compare these foundations
with those provided in another paper in this session for the
related model of utility proposed by Evan Anderson et al.
(2000).
4 The model is a special case of that described in Epstein  © Bewley’s (1998) discussion of learning under “Knight
and Wang (1994). ian uncertainty” is very relevant here.
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