6. Dynamic Optimization in Discrete Time

6.1. Non-Stochastic Dynamic Programming

Consider the dynamic problem

mex % U (c)

st. ko = Ko, (6.1)
k.., =f(k)-¢,t=0,...,T,
kry1 =0

The direct way to solve this would be to form the Lagrangean

L= BU@)+ Y Al(F(k)-c) k) (62)
with first order conditions
BtU'(Ct)_)\t =0, (63)

Af'(k) =AM =0

An alternative way is to recognize the recursive structure of the problem. (6.1) can be written

max (U (o) + B max (U (c)+...+ pmax (U (CT))D

Co,kl‘ko Cl,kz‘kl CT’kT‘fl‘kT

st ky =k, (6.4)
kt+1=f(kt)_ct,t:0 ..... T,
Ky, =0

We then solve the problem backwards starting from the last period. In period T-1 the remaining
problem only depends on earlier actions through kt_1. Substituting from the constraint we then want
to solve

maxU (f (kr_y) = kr) +BU(f (k) (6.5)

We need to solve for the function k1 =h(kt_4), i.e., for al possible values of kt_1. Then we solve the
problem for T-2 given that we do what is optimal in T-1. So we solve

maxU (£ (kr-7) ~koy) B maxU(f (ke 1) =) +BU(F (ko)) (66)

Define the current value function for the last periods problem as
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Vi(kry) = nlaxu(f (Kr—g) =ky) +BU(f (k7)) (6.7)

Substitute into (6.6) and continue in the same iterative way to get

Vy(kr_) = TaXU (f(Kr_2) =Kry) +BVy(kr ) (6.8)
Vs(kT—s) = rknaXU (f (kT—s) - kT—5;+1) + BV —l(kT—s+1) (69)

T-s+1

where s denote the number of periods left to termination.

The equations in (6.8) and (6.9) are called Bellman equations. The first order conditions implicitly
defines difference equations for k.

-U '( f (kT—s) - kT—s+1) + BV '—l(kT—s+l) =0. (610)

To find the policy functions k1_g4 1 =hg (k1.9 We need to find the value function. In afinite horizon
problem this is done as above by starting from the last period.

Infinite Horizon

In an infinite horizon problem we cannot use the method of starting from the last period. Instead we
can use to different approaches. 1. Guess on a value function and make sure it satisfies the Bellman
equation. 2. lterate on the Bellman equation until it converges.

Guessing

Guessing is often feasible when the problem is autonomous. Then the value function is independent
of time so we can write.

Vik) = maxU (k) + BV (ko)

stk = gk, u). (6.1
We can rewrite
V(k) = maxU (k. u) + BV (g(k, w)) (6.12)
with first order conditions
Uk, w) +BV' (kiig) 8y (ki su) = 0. (6.13)

Suppose we find a solution to (6.12) (and to (6.13) when relevant) has to be a function u(k; ).
Plugging that into (6.12) we get rid of the max so we have

V (k) =U (Kt (k) + BV 9k u (k,))) (6.14)

Note that we can use the envelope result that we can evaluate V'(k) as the partial derivative holding
u constant, i.e.,
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=0

V'<kt)=uk<kt,q)+j—z Uy (ke t) + BV (ki) 9k )

+BV'(g(k,u))gk(k,u) . (6.15)
=U(k,u ) +BV'(a(k,u))gc(k,u)

If (6.14) is satisfied we have a solution to the value function. On the other hand, if, for example, u
depends on more variables than k, (6.14) is not satisfied and our guess was incorrect.

Note that the whole RHS of (6.11) is a functional of the unknown function V(.) for the given
functions U and g. We can define this functional as T(V). The Bellman equation then defines a fixed
point for T in the space of functions V. The Bellman equation can thus be written

V(k) =TV (K)) = maxU (k,u) + BV (g(k,u)) (6.16)

The solution to the Bellman equation is thus a fixed point in the space of functions we are looking
for, not a fixed point for k. 1.e, if we plug in some function of k in the RHS of (6.14) we must get
out the same function on the LHS. We will return this when we analyse the conditions under which
we know that one and just one such fixed point exists (Contraction mapping theorem).

Typically the value function is of asimilar for to the objective function. This s intuitive in the light of
(6.14). For example if the utility function in (6.1) is logarithmic we guess that the value function is of
the form Alnk +B for some constants A,B. For HARA utility functions (e.g., CRRA, CARA and
guadratic) the value functions are generally of the same type as the utility function (Merton, 1971).

Iteration

An dternative way is try to find the limit of finite horizon Bellman equation as the horizon goes to
infinity. Under for economical purposes quite general conditions this limit exists and is equal to the
value function for the infinite horizon problem

limV,(k_s) =V(k) (6.17)

Using the notation in (6.16) we apply the operator T until the sequence converges.

V(K) = limT"V (k) (6.18)

if the limit exists. In this case we can be sure that this satisfies the Bellman equation which when we
use the formulation in (6.16) and the definition in (6.18) becomes

V(k) =T(V(k)
imT™V (k) = TlimT"V (k) (6.19)
mT™V (k) = limT™V (k)

With discounting it is typically unimportant what we plug in for V(k) in (6.17). We can then start

with any function and iterate until we get convergence. This can easily be done numerically, either by
specifying a functional form, if we know that, or by just choosing a grid. In the latter case we just a
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set of values for the state variable {k,, k;
for each of the state variables in the grid.

..... Ko} - Vo(K) is then a set of preliminary values (numbers)

An lteration Example
In (6.1) let U(c)=In(c) and f(k)= k9 with O<a<1.We then have

Vi(kry) = n?(axm<k$—1 - kT) +BInky

1 (6.20)

o
Foc L+ _PBag kT:%
<k$—1_kT) Kr 1+af

Substitute into the value function

a 1 . kr_y ’
Vy(kry) = In(m kT-lj + Bln(m] (6.22)
= —(1+ o([3)ln(1+ 0([3) +O((1+ GB)'” LC}

Then

Vo(kr) = TaXIn(k$—2 - kT—l) +BVy(kr)
FOC — 1 =pvjks)=Ba(l+ap)

ki = ki

O kT_l:—BCX(l"'CXB) kT_s
1+Ba(1+ap)

1
Ky

(6.22)

Vy(kr2) = In(L)] + BW(M k?—z]

1+Ba(1+ap 1+Ba(l+af
=a(l+aB+a’p?)Ink,_,
+B+ap+a’p?)inap (6.23)
+(aB +0a*B* =B -P%)In(1+ap)
—-(A+ap+a’B?)In(L+af +a’p?).

It is easy to see that the coefficient on k is a power series that converge to a/(1-aB) when the

horizon goes to infinity (provided af <1). Also the constants converge if also 0<f <1 and the
resulting function is

limV(kr_)

Ev(k): a Ink+In(l—O(B)+ aBinap (6.24)
1-op 1-  (1-B)(-ap)

= Alnk + B.
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From this we can derive the optimal policy function by using the first order condition for the Bellman
eguation

V(k) = maxin(k’ ~kiy ) +BV (k..)

1 BA

FOC =BV'(k,,) = 6.25
kta _kt+l B (kt ) kt+l ( )
_ BA «

m kt+1_mkt

Note that the policy function is a stable difference equation under the assumptions about a,S.

Verification of Guess

If we had guessed the form Alnk + B the Bellman equation had become
V(i) = maxU (K = ko) +BV (Ke.o) (6.26)
giving first order conditions

U'(K® =Ky ) =BV (Kea)

11 AR (6.27)
€ ky T g

Plugging this into the Bellman equation yields

Alnk, + len(kf‘ —%K“J+B(Alnlf‘i8 ke + BJ

1 AB
17 AB +0BAINnk, +BAInl+ B +[B (6.28)

1 AB
1+ AD +BAInl+ B +BB

which is satisfied if we set A and B to the valuesin (6.24).

=alnk, +In

=(a+aBA)Ink, +In

State Variables

We often solve the dynamics programming problem by guessing a form of the value function. The
first thing to determine is then which variables should enter, i.e., which variables are the state
variables. The state variables must satisfy both following conditions

1. To enter the value function at time they must be realized at t.

Note, however, that it sometimes may be convenient to use E; (7, as a state variable. The
expectation as of t is certainly realized at t even if the stochastic variable is not realized.
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2. The set of variables chosen as state variables must together give sufficient information so that the
value of the program from t and onwards when the optimal control is chosen can be calculated.

What do we need if the per period utility functionin (6.1) was U (c,,¢_;) ?

Note, we should try to find the smallest such set. Look for example on the following problem.

max % BU(c)

st. ky =k,
b=k (6.29)
kt+1+|t+1 = f(ktllt) _Ct:t =0,...,T,
Ky =0

In general we need both k, and | in the value function but if f is linear we may only need a linear
combination. If f(k,,l,)=a(k, +1,) we could define anew state variable w = k+| and use V(w) as our

value function. The reason is that to compute the value of the program we only need to know the
sum of k and |, their share are superfluous information.

John Hasder page 6:6



6.2. Contraction mappings

In the previous section we discussed guessing on solutions to the Bellman equation. However, we
would like to know whether there exists a solution and whether it is unique. If the latter is not the
case, it is not in principle sufficient to guess and the verify the solution since we might have other
value functions that also satisfy the Bellman equation. To prove existence and uniqueness we will
apply a contraction mapping argument.

Complete Metric Spaces and Cauchy Sequences

Let X be a metric space, i.e., a set on which addition and scalar multiplication is defined. Also define
an operator d: X x X - R which we can think of as measuring the (generalized) distance between
any two elements of X. We call d anorm. It is assumed to satisfy

... d(xy)=0
1 Positivity d(x,y) =0 = x=y

2. Symmetry d(x,y) =d(y,X) (6.30)
3. Triangle inequality d(x,z) <d(x,y) +d(y,2)

Now, we call (X,d) a normed vector space or a metric space. An example of such a space would be
R' together with the Euclidian norm d(x,y) =|x,y|. Another example is the space C(S) of

continuous and bounded functions where each element is a function from SO R" - R together with
the “sup-norm” defined as follows. For any two elements(B), i.e., any two functionsandg, the
distanced between them is the maximal euclidian distance, i.e,.,

d(f,9) Es;légllf (). 9(y)| (6.31)

Now let us define a Cauchy sequence. This is a sequence of elemgrmsa] spaceX that come

closer and closer to each other, using some particular norm. More precisely,£$0r tilere exist a
number n, such that for allmp=n, d(xn%)< & An example of this would be the sequence
{1,1/2,1/3,...} which is a Cauchy sequence using the Euclidian norm. A Cauchy sequence converges
if there is an element K such thatd(x,,x) approach zero asgoes to infinity. It may, of course, be

the case that the Cauchy sequence does not converge to a poiAhiraxmple would be if we let

X be the open interval (®) and look at the Cauchy sequence {1,1/2,1/3,...} which converges to
zero which is not irX.

Complete metric spaces

Now we are ready to define the complete metric space. This is a metric space where all Cauchy
sequences in it are convergent, i.e., they converge to a point in the space.
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Contraction M apping

Consider the metric space (X,d) and look at the function T that maps each element in X to some
element in X, T: X - X . T isacontraction mapping if there exists a non-negative number p which is
strictly smaller than unity, 0< p <1, such that for all elementsx, y in X,

d(T(x),T(y)) < pd(x,y) (6.32)

An example of such a mapping whould we a map in say scale 1:10 000 put on top of a map in scale
1:1000 covering the same geographical area. The norm can be the distance between the points on the
map. Clearly, (6.32) is satisfied for p=0.1.

The Contraction Mapping Theorem
Now we can state the very important contraction mapping theorem.

Result 22 Consider a complete metric space, and let T: X — X be acontraction mapping. The T
has one unique fixed point x, i.e., x=T(X).

Another very useful result is the following

Result 23 Let She a subset of R" and B(S) the space of all bounded functions from Sto R. Let
T be amap that maps al elements of B(S) into itself. Then, T isa contraction mapping if

1. For any functionsw(s) and v(s) w(s) —v(s) =0,00s00S 0 Tw(s) - Tv(s) =0,0s0S, and

2. Thereisanon-negative 0< S B strictly smaller than unity such that for any number cinR, and
any functionwin B(S), T(w(s)+c) =T(w(s)) + Sc,Os.

Usually it is straightforward to apply the previous result to show that if we have positive discounting
the Bellman equation is a contraction mapping. The only problem is that it is confined to bounded
functions.
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6.3. Stochastic Dynamic Programming

As long as the recursive structure of the problem is intact adding a stochastic element to the
transition equation does not change the Bellman equation. Consider the problem

maxE Ar(k.u)

{uly &
st. ky =k,
Kii = 9(Ke, U, €q), DL 20,
£, with probability p
. {g, with probability (1- p)

(6.33)

where E is the expectations operator. Note that we have to specify the set of information that ut can
be conditioned on. Clearly it will in general be optimal to condition for example consumption on

observed redlizations of &. If the agent may condition on information available at t we get the
Bellman equation with first order conditions

V() = max{r(k,u)+ A pV(gk, . &) + (1= PV (glk u.))]}
FOC

(k) + (6.34)

B pV'(gk.,u,8))g, (K. u.&) + (1~ pV'(g(k.u,8)g, (k. u,8)]
=0

or for ageneral distribution F of &£

V(k) = max{r(l,u )+ AEV(g(k ,u,8))}

(6.35)
FOC r,(k,u)+BEV (a(k, U, €)g,(k.u,€)=0

where E denotes the expectations operator. Note that V(k, ) in (6.34) and (6.35) is a current value
function.

A Stochastic Consumption Example
Consider the following program

- t
e Aine

st. A, =(A-q)(1+1)w+(1+7)(1- w)).

(6.36)

The consumer decides how much to consume each period. The share wof here assets is placed in a
riskless asset yielding r in return and (1-¢) in arisky asset with return z, that isi.i.d.
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The problem is autonomous so we write the current value Bellman equation with time independent
value function V

V(A)=maqing +FEV((A -6 )(L+r)w+(1+2)(1- w))] (6.37)
Necessary first order conditions yield
6 o AEVAL e (1)) =0 659

w;  EV'(AL)A-G)r-z)=0
Now we use Merton’s result and guess that the value function is
V(A)=alnA +B (6.39)
for some constansandB. Substituting into (6.38) we get

1

T

+1

(6.40)

_ 1 _ A
= U = .
ﬂa(A—Q) “T1vap

and

EV (AL(A - -2)

_ (A=6)(r-2)

" Lo (2 i) o
_ (r-2) _

“Sarerarai-e)

Note that (6.41) implies thabis constant sincg is i.i.d.

Now we have to solve for the constantThis is done by substituting the solutions to the first order
conditions and the guess into the Bellman equations.
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alnA +B

=InA -In(1+aB)+ BE(alnA,, +B)

=InA -In(1+aB)+ Laln(A -c )+ B

+BaE, In((1+1)w+(1+ 7, )(1- w))

=InA -In(1+apB)+ Fa(ln A +Inaf-In(1+ap)
+BB + BaE, In((1+1)w+(1+ 7 )(1- w))
=(1+aB)InA +k

0a= ¢ =(1-AA

1
1-3’

(6.42)
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