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1 Introduction!

This course is about dynamic systems, i.e., systems that evolve over time.
The analysis of the dynamic evolvement of economic systems is of core im-
portance in many areas of economics. Growth, business cycles, asset pricing,
and dynamic game theory are just a few examples.

1.1 Solving a simple dynamic system

Very often, our economic models provide a difference or differential equation
for the endogenous variables. Take a very simple example; an arbitrage asset
pricing model. Suppose there is a safe asset, a bond, that provides a return r
every period. Suppose a share, giving rights to dividend flow of d per period,
is introduced. Now, arbitrage theory says that the share should also yield
a return r in equilibrium. Defining the price on the share as p, arbitrage
theory thus implies,

d
Peatd (1)
Pt
This is a simple difference equation,
Dir1 = (1 + T) Pt — d. (2)

Note that we p; is an endogeneous variable in this system while r and d
are exogeneous. This would be the case also if d and r varies over time, cases
we will study below.

One straightforward way of solving it is to substitute forward or backward,
e.g., noting that

pe = (1+7r)p1—d (3)
= (1+7)(A+r)p—2—d) —d (4)
= 1+ ’po—d1+(1+7)) (5)

and so on. A more general approach is to first characterize all possible paths
consistent with the law-of-motion. Here, this is quite simple. You will learn
that set of possible paths is

ptzc(1+r)t+g (6)

T am grateful for comments and corrections provided by Dirk Niepelt.



for any constant c. As we see, there is an infinite number of solutions, i.e.,
we need more information. If, for example, we know that the value of pg, we
can solve for the constant

c = w2 (7)
R pt:<po_§> (1+r>t+§. ()

In finance, the solution p = C;l is called the fundamental solution, and we
see that if r > 0, the solution explodes as t goes to infinity if py # g. This
gives us another way of solving the difference equation. Suppose, we have
reason to believe that the solution should remain bounded. Then, if r > 0,
the only solution left is when ¢ = 0. Note that (1 + r) is called the root of
the system. Note, the importance of whether the root is bigger or smaller
than unity (in absolute values).

We will also work in continuous time. Then, I usually use put the time
variable in parenthesis and use the dot symbol to indicate time derivatives.
In continuous time, non-existence of arbitrage means that capital gains, i.e.,
the change in the price per unit of time plus dividends per unit of time should
equal the opportunity cost, i.e., interest rate on the price of the assets. Thus,
non-existence of arbitrage implies

p(t)+d=rp(t). (9)

This is a simple linear first-order differential equation. The set if solution is:

d
p(t) =ce™ + —. (10)
r
Also here, we have a term that is explosive if r > 0.
Later in the course, we will learn how to solve more complicated dynamic
systems, involving, e.g., several endogenous variables and varying parame-
ters.

1.2 Two approaches to Dynamic Optimization

The second part of the course, is to solve maximization problems in dynamic
systems. Suppose there is a potentially infinite set of paths x(t)oT, each
denoting a particular continuous function z (t) for ¢t € [0,7]. Suppose also
that we can evaluate them, i.e., they give different payoffs. Then, we will
learn how to derive difference or differential equations, that are necessarily
satisfied for optimal paths. If we can solve these equations, we can find the
optimal path. We will use two approaches in this course.



1.2.1 Dynamic Programming (Bellman).

Suppose we want to find an optimal investment plan in discrete time and let
x; denote the stock of capital at time ¢. Also, let u; denote investments and
assume

Ter1 = g(T, up), (11)

which we call the law-of-motion for z;.
Each period, the payoff is given by F' (¢, x;, u;) and the problem is to solve

T
max F(t, ), (12)

I —
st. Ty = glwy, up)VE, (13)
Ty = . (14)

Note that this is a dynamic problem; The choice of investment at time ¢,
u; may affect payoffs in many future period. First, the payoff at ¢, F' (¢, z, u;)
is affected directly and also the next periods payoff since

Ft+ 1,20, u1) = F(E+ 1, 9(z,w), uga) -

Furthermore, also payoffs further away can be affected since, for example,
Tiro = (a1, wa1) = g(g(y, ug), uer1), affecting the payoff in period ¢ + 2.
The choice of u; must thus take into account all future payoff relevant effects.

Sometimes the dynamic problem degenerates in the sense that this dy-
namic link breaks. To illustrate this, let us simplify and take the example
where F'(t,x,u;) = (I—}FT)t (fe (z¢) —uy) and g (g, up) = (1 —0) ¢ — up. We
can interpret ¢ as the rate of capital depreciation. If 6 = 1, we have x;, 7 = u;
and by substituting from the law-of-motion, we can write the problem as

S (%)t(ft (20) — 7141), (15)
v — (16)

The first-order condition for choosing x; for any ¢ > 0is f/ (z,) = 147, so
to know how much to invest in period t, we only need to know the marginal
productivity of capital next period, i.e., we maximize period-by-period. With
0 < 1, we cannot do this. Then dynamic programing is a handy way to attack
the problem. We will use the Bellman’s principle of optimality, saying that
there exists a sequence of functions V; (x;) such that

Vi (z) = max F (t, x4, up) + Vi1 (g(xe, up)) (17)
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and where

T
‘/t(xt) = TIE?XT F(Sal'saus) (18)
t Ut =t
st. w1 = glag, ug) (19)
x; given. (20)

Vi (x;) is called the value function and z; a state variable. We find that
through the Bellman principle, we have split up the problem into a sequence
of one period problems. We can then solve the problem more easily since the
first-order condition for maximizing the RHS of (17)

Fy (t, e, ue) + Vi (g(@, up)) g, ug) = 0. (21)

implicitly yields a system of difference equations in z; and u,; that we may
be able to solve.

1.2.2 Optimal control (Pontryagin)

The other way of solving dynamic optimization problems that we will use
is called Optimal Control. We will use it for continuous time problems.
Suppose we want to solve

max / Ftx(t),u(t)dt (22)

(t)g su(t)y Jo
st.i(t) = gx(t),u(t)) (23)
z(0) = zo (24)
z(T) = zr. (25)

Then, Pontryagin’s maximum principle says that for each point in time,
the optimal control, call it u* (¢), satisfies

w (t) = argmax (¢, 2 (1) ,u (1)) + A (8) g (@ (), w (1)) , (26)
where A (t) can be interpreted as the shadow value of the state variable
(capital). The sum F (t,z (t),u (t))+A(t) g (z (t),u(t)), is called the Hamil-
tonian. Again, we have turned the dynamic problem into a sequence of static
problems. The first order condition for (26) will implicitly define a system
of differential equations. Note the similarity between (26) and (17).



2 Some basics

2.1 Taylor series

We will often need to approximate a continuous and differentiable function
around some point. Specifically, suppose we know f (xg) and some of its
derivatives and want to approximate the value in some other point x # x,.
An efficient way of doing such an approximation is to use Taylors formula.
This can be seen as an attempt to fit a polynomial (we will talk about such
below) to a curve.

Result 1 The Taylor approrimation is

f@) = f(xo) + f (w0) (z — w0) + %f” (o) (x —x0)®  (27)

Usually we will just use the first order approximation f(z) =~ f (o) +
1" (xo) (x — zo) but sometimes a higher order approximation can be useful.
It can furthermore be shown, that the approximation error of an n’th order
Taylor approximation is given by

1 d(n+1)f (C)
(n+1)! dzt)

(& — o)™ (28)

where ¢ € [xg, x]. As we see, when x — xq is small, two forces imply that the
approximation error tends to be small when n is large. In the denominator,
(n+1)!is large and (z — 20)""" is small. Although higher-order approxima-
tions often are better, we cannot say that for any (z — xy) a higher order
approximation is better.

2.2 Integration

If b > a, the expression
b
[ 1)

can be interpreted as the area under the graph y = f(z) for « € [a,b]. How
should one compute such an area? The most natural way would be to divide
the interval [a,b] into (many) sub-intervals by choosing numbers a = ¢; <



b—a
n—1"°

ty < t3...t, = b. Suppose we choose uniform intervals, t;,; — t; = At =
Then we can approximate the area by

/f (t)dt ~ i f(t:) At, (2)

i.e., by summing rectangles of base At and height f (t;).

ro (1)

N

F(b,a)

If the function f (¢) is bounded and differentiable and we let the number
of sub-intervals (n) increase and therefore size of each one decrease, the
approximation (2) becomes perfect as n — oo. To see this, note that we can
approximate the error in the approximation by the triangle MAt.
Since f (tiv1) =~ f (t;)+ f' (t;) At, by a first order Taylor approximation, each
triangle can be approximated by
/ !
/ (t;) Alae=1 étl)AtQ. (3)

Furthermore, the sum of absolute errors,

;#M < m?X|f'(ti)y%;At2: (4)
b—a\’ b—a)’
max|f @) 5 0= 1) (25) = maxlf @l )

Clearly, this goes to zero as n goes to infinity. If the function f(¢) has
discontinuities or is non-differentiable somewhere, we can do the summation
for each interval where f (¢) is continuous.
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We conclude that we should think of the integral as a sum of rectangles,
each with height given by the function we are integrating and base dt.

If we can handle integration over compact intervals, we can also define
integrals over unbounded intervals by taking the limit value as integration
limits (a, and/or b) approach infinity. Of course, this limit does not always
exist. If it does, we use the notation

b b
lim [ f(t)dt

a——00

(6)

Il
—
—
=
S~—
S

(7)

Il
\
—
/;
SN~—
U
~

b—oo

b
lim / () dt

2.2.1 Fundamental theorem of calculus

An integral is a generalization of a sum, and a derivative is a generalization
of a difference. The following theorem links these concepts. The first part of
the Fundamental Theorem says that if

Fb) = / £ (1) dt (8)

then

Fo) =5 [ 10d =10 ©

(Convince yourself that this is reasonable by making a drawing.) A func-
tion F(t) that has the property that F’(t) = f(t) is called a primitive for
f. Clearly, if F(t) is a primitive for f(¢), then also F'(t) plus any constant,
is a primitive. Thus, the first part of the fundamental theorem provides a
necessary, but not sufficient condition for finding the area.

Now let us turn to he second part of the theorem, which provides a way
of calculating the exact value of an integral like in (1).

Result 2 Let F' be any primitive of f, then

/f®ﬁ=F®%JN®EMWM- (10)



Sometimes it is easy to find the primitive, like in the cases f(t) = t*, 1/(at+
b) or e, in which case F'(t) is t*™'/(a+1),In(at +b) /a, or €™ /a respectively.
In other cases like 7%%¢ =", the primitive cannot be expressed by using stan-
dard algebraic functions. This does not mean that the primitive does not
exist. In the case 7%%¢~*", a primitive is the cumulative normal distribution,
which certainly exists.

Since the integral is a (kind of) sum, it is straightforward to understand
Liebniz’ rule.

Result 3 If f is differentiable, then

b
2 [r@na = | 2y, (11)

2/f(:c,zf)dt = —f(z,a), (12)

2.2.2 Change of variables

Suppose that y = g(z), then the rules of differentiation gives dy = ¢'(x)dx.
Now let us calculate the area under some function f(y) but integrating over
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x. In a sense, this is like changing the scale of the horisontal axis. To do this,
we simply substitute y = g(z),dy = ¢'(z)dz. To get the integration limits,
we note that if z = a then y = g (a) .

Result 4 If, y = g(z) then

g(b) b
(/f@Myz/f@@%d@M% (14)
g(a) a

Sometimes a variable substitution makes integration simpler. Take the
following example;

2
/ (2* + 1)10 2xdz. (15)
1
Now define y = 22 + 1 = g (z) implying
dy = 2zdr,g(1)=2,9(2)=5 (16)
2 5
/ (2 + 1)10 2udr = /ylody (17)
1 2

2.2.3 Integration by parts

Another important result, which we will use a lot, is the following rule for
integration by parts. Assume we want to integrate a product of two func-
tions of z, i.e., u(z)v(z). Then, let U(z) be a primitive of u. The rule for
differentiation of products says

W = u(z)v(x)+U(z)v () (18)
— u(x)v(x)= W —U(z)v"(x). (19)

Then, we can integrate over x on both sides, giving

Result 5

/abu (z)v(z)de = /ab %)xv(z))dx - /ab vl ey dr -

b
ZW@MWM—/UWW@Mw (21)



2.2.4 Double integration

As we know, the integral is an area under a curve f(t) over an interval [a, b|
in the ¢ dimension. Similarly, we can compute the volume under a plane with
a height f(¢,s) over an area in the ¢, s dimension. For example, let f(t, s) be
t - s and integrate over a rectangle with sides [a, b;] and [as, bs].

The function, z = ts

The volume under the plane f (¢, s) is then given by

bs b bs be

//f(t,s)dtds = / (/ tsdt) ds = (22)

sbsllt bt (Isbs at -

L) - [0 o
bs

EARL - () w

Note, that we are first calculating the area under f(t, s) over the interval
[as, byJfor each s. This area is a function of s which we then integrate over
the interval [as, bs] in the s-dimension. If we integrate over other areas than
rectangles, the limits of integration are not independent. For example, we
may integrate over a triangle where b, = s. Simplify and set a; = a; = 0.
Then, we have

/Obs/osf(t,s)dtds = /Obs </Ostsdt>ds—/0bs(l§s]z>ds_ (25)

bs 2 470 g4
/ sods = |2| == (26)
0o 2 8 1o 8




2.3 Complex numbers and trigonometric functions

The formula for the solution to a quadratic equation ax? + bx + ¢ = 0, is

2 4
o b V(B —dac)

2
2a 2a ( 7)

If ¥* — 4ac < 0 . The solution is not in the set of real numbers. The
introduction of complex numbers intended to extend the space of solutions
to accommodate such cases and it turns out that for all numbers in the
extended space, we can always find solutions to such equations. We can
think of complex numbers as two-dimension objects z = (z,y). The first
number, z, provides the value in the standard real dimension, while the
second provides the value in the other dimension, called imaginary. Thus,
real numbers are a special sub-set of complex number such that y = 0.

Imaginary
y

A

i=(0,) - 270

1=(1,0)
e » X Red

The rules for addition and multiplication with complex numbers are the
following

21+ 20 = (v1+22,y1 + Y2) (28)
2129 = (371@ — Y1Y2, T1Y2 + xgyl) (29)
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Using these rules, we can compute the square of a complex number only
consisting of a unitary imaginary part, i.e., z =14 = (0,1).
(0,1)>=(0—1,0+0) = (—1,0) = —1 (30)
We thus established the important result
Result 6 © =i is a solution to the equation x* = —1.

Using the rules above, it is also straightforward to show that an alternative
we of writing z is given by the following

z=(z,y) = (2,0) + (0,y) =2 (1,0) + y (0,1) = = + yi. (31)
We should also note that

(2,9) (&, —y) = (2 + %, —zy + 2y) = (& +¢7,0) = |(@,m)*  (32)
The numbers (z,y) and (x,—y) are called complex conjugates and the
value |z, y| is called the modulus of (x,y).
2.3.1 Polar representation

Recall that in the right-angled triangle in the figure, we have

cos(0) = % (33)
sin () = % (34)
o= a2 (35)
y
A Z=(X.y)
r

> X

12



Using this, we can represent the complex number z either by its coordi-
nates, (z,y) or alternatively as r(cos(f) +isin(6)). The latter form is called
the polar representation and r is the modulus and 6 is the argument of z.
Usually we measure # in radians.

We will use the following result below.

Result 7 Let z be the complex number (x,y) , then z satisfies
z=re? (36)

where r is the modulus of z and 6 is the argument. In particular, for
r =1 we get,

¢ = cos (0) + isin (0) (37)
e % = cos (—0) + igin (—0) = cos (0) — isin (0) (38)
e'™ =cos(m) +isin(m) = —1 (39)

Optional proof:
The Taylor formula around zero for any function f (x) is

/ O " O " 0
f(x):f(O)—l—f ( )x+f ( >x2+—f ( )x3 (40)
1! 2! 3!
Using this for f(x) = e, cos(z) and sin(z), and the rules
%COS (x) = —sin(2) (41)
%sin (x) = cos(x) (42)
we have respectively
i 2 43
e = 1+ZE+§+§+Z... (43)
cos(x) = cos(0)—sin(0)z — COSQ'(O) z® + SH;O) 3 (44)
cos(0) , sin(0) 5 cos(0) 4
TR T (45)
2?2zt af
B T TR (46)
sin (z) = sin (0) 4 cos(0)z — SH;& 2 COZ‘(O) 3 (47)
sin(0) , cos(0) » sin(0) 4 cos(0) -
M S T R o
1 1 1
= z— -2+ —2° - =a2" (49)



Thus, using the Taylor formula around zero to evaluate f(if) = ¥, we

have

@)° (0’ G0 G0 (@)

= T 3! A1 5! 6! (50)
= 1+i0— %92 — %1'93 + %94 - 52'95 - %96... (51)

= 1- %e2 - %94 — ée@.. (52)

+i0 — %193 + éw?.. (53)

= cos(0) + isin(0) (54)

2.3.2 Polynomials
A polynomial P(z) of order n is defined as weighted sum of z° for s €
{0,...,n}, ie.,

P(2) = ap2™ + ap 12", . dar 2t + ag, (55)

for some sequence of constants {a,}, . The following will be important for
our analysis of difference and differential equations.

Result 8 A polynomial P(z) of order n has exactly n, not necessarily dis-
tinct, roots. le., it can be expressed as

P(z)=a,(z—1r1) (2 —12) ... (2 —7p) (56)

From (56), we see that each root r; is a solution to the equation P(z) = 0.
Note that the roots may be repeated, i.e.,r; = r; and that, of course, some
root may be complex. It turns out, also, that complex roots always come in
pairs, the complex conjugates.

14



3 Differential equations

3.1 Linear Differential Equations of First Order

A first order differential equation is an equation of the form

dx(t)
dt

i (t) = flz,1). (1)

As noted above, there will in general be a whole class of functions z(¢; ¢)
(parameterized by c) that satisfies the differential equation (1). We need
more information, like an initial condition for x (ty) , to pin down the solution
exactly.

Result 9 Given that [ is continuous and has continuous first derivatives,
there is going to be a one function x(t) that satisfies (1) and an initial con-
dition.

3.1.1 The simplest case

If f is independent of x, the solution is trivial. Then since

i(t)=f (1), (2)

the class of functions satisfying this is a primitive function of f plus any
constant, i.e., for any to and ¢,

x(t)—/tf(s)ds—I—E—F(t)—F(to)—i-é, (3)

where F'(t) is any primitive of f, satisfies (2). Note that F'(¢y) is a constant.
We can thus merge the two constants, defining ¢ = ¢ — F' (0) and write

z(t)=F(t)+c, (4)

which shows that there is only one degree of freedom in the constants ¢ and
to. Choosing another t; simply means that the constant ¢ has to be chosen
in another way. Certainly, for all ¢, (4) satisfies (1). For example, if

f@) = e ()

Ft) = % (6)

15



is a primitive for f(¢). The arbitrary constant is pinned down with some
other piece of information. So, if we want to find x(t) and we know the value
of z(0), we get

z(t) = F({t)+c (7)
r(0) = F(0)+c (8)

— c=z(0)— F(0) 9)
x(t) = F(t)+z(0)— F(0) (10)

3.1.2 A note on notation

Above, we have used the proper notation of an integral, where both the lower
and upper limits and the dummy variable to integrate over have separate
names and are all written out. Often, a more sloppy notation is used, for an
arbitrary t, we write

/ttf(s)ds—/f(t)dt—F(t) (1)

where it is understood that [ f (¢)dt is a (any) primitive of f (¢). This no-
tation, called an indefinite integral, saves on variables, but can be confusing
since t is used as both the variable to integrate over and as upper integration
limit. Nevertheless, I will follow ordinary practice and use it below. Using
this notation, we rewrite (3)

z(t) = /f (t)dt + c. (12)

3.1.3 A little bit more complicated

Very often, a solution to a more complicated differential equation is derived
by transforming the original equation into something that has the form of
(2). Linear first order differential with constant coefficients equations can be
solved directly using such a transformation. Consider

g (@) +ry(t) =q (13)

In this case, we multiply both sides by e™ (often called the integrating
factor). After doing that, note that the LHS becomes

a(ey () "

G (1) + ry (1) =

16



Thus, thinking of "y (t) as simply a function of ¢, as z(t) in (2), we get
a LHS that is the time derivative of a known function of ¢ and the RHS is
also a function only of t. Let’s set {, = 0, then the solution is found as in

(3)-

d(e"y (1)) ‘

— ¢ 15
= e'q (15)

t ersq t
ey (t) = / eqds +c = { ] +c (16)

0 " o
= g (67"t — 1) + C (]‘7)

— Tt g rt — g _ Q —rt
— y(t)=e (T(e 1)+c) r—l—(c r)e . (18)
If we know y(t) at some point in time, e.g. at t = 0.
_ 4 A
y(0) = T+(c=1)=c (19)
_ g _ g —rt

= yO=2+(yo-1)e (20)

Let’s compare this to the case when we use the indefinite integral. Then,
we have

d(e"y(t)) rt

o = ¢e'q (21)
ety (1) = / etqdt + ¢ = e:fq +e (22)

= deto (23)

o Mw:g+m4# (24)

y(0) = dse—e=(y0) -7 (25)
— oy =T+ (v - T)e (26)

As you see, although the integration constants are different, the result
is the same. The differerence is that the constant submerges the primitive
evaluated at the lower integration limit.

3.1.4 Variable exogenous parts
Let us generalize (13) by assuming that ¢ = ¢ (), a function of time. Consider

an arbitrage condition where y(t) is an asset price, with dividends ¢ (¢) per

17



unit of time. Not to loose track of things, we use the notation with integration
limits, rather than indefinite integrals.
Holding the asset should yield no excess return, i.e.,

g)+q(t) = ry(t) (27)
y)—ry(t) = —q() (28)
= e Myt)=— /t e "q(s)ds+c (29)

Often, economic theory let us use a so called " No-Ponzi” condition (typ-
ically requiring » > 0) . Here this gives an end condition, since it requires
that

tlim e "y (t) = 0. (30)
Using this, we get
t o}
c=lim [ e ™q(s)ds= / e "%q(s)ds, (31)
t—o0 to to

giving

ey (1) = / T g (s)d — / te_rsq(s)ds (32)

to to

= /tooe_”q(s)ds (33)
() = e /t g (s) ds — /t Tty () ds,  (34)

i.e., that no arbitrage and ”No-Ponzi” implies that the price must equal the
discounted sum of future dividends.
3.1.5 Variable coefficients

If also the coefficient on the endogenous variable (y (t)) is varying over time,
we need a more general integrating factor to make the LHS od the equation
being the time differential of a known function. For example, consider the
no-arbitrage equation for an asset price y (t) with dividends ¢ (¢) and interest
rate 7 (1)

g +q@)=r®)yt)=y)—rt)yt)=—q(). (35)

Here the integrating factor is
t
o fto T(s)ds‘ (36)

18



with .
de” fto r(s)ds

——— = —r(t)e fO, (37)
alternatively expressed as
— [r(t)dt
de — — _r (t) e—fr(t)dt'

Approximating the integral as a sum of rectangles with base At as in
section 2.2, (which is exact if r(t) were piecewise constant), and defining
r (to + sAt) = ry,, for the integers s € {0, S}, S = (t—to)/At, the integrating
factor, can be written

e ftto r(s)ds o e—roAte—rlAt.”e—rsAt ~ 1 1 1 :
14+ rmAL 14+ rmAL 1+ rgAt
(38)

i.e., it is product of all short run discount factors between t; and t. To save
on notation, this product is denoted as

¢ T — p (t;to) (39)

or if the starting point is suppressed as R (t). This has a straightforward
interpretation. Suppose the variable discount rate is given by r (s), then, the
the discounted value of a payment y (t) at t seen from ¢ is R (¢; ) y (¢) .Using,
the integrating factor, we get

RGO -r(Oy®) = RO (40)
WOIO R, (41)

R(t)y(t) = —/R<s>q<s>ds+c (42)

to

Suppose again, lim; R (t)y(t) = 0, implying ¢ = L?R(s)q(s) ds.

Then, noting that R (t)"' R (s) = eho Ty T o [ rde R (s;t)
we have

R(t)y(t) = —/R<s>q<s>ds+/°°R<s>q<s>ds=/°°R<s>q<s>a@3>

to to t

y(t) = /:ORu)—lR(s)q(s)ds: /tweff”<”>dvq<s>ds, (44)

i.e., that the asset price equals the discounted value of future dividends.
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As another example, consider money on a bank account with variable
interest rate and deposits ¢ (¢) ,then

gt) = r®)y)+q() (45)
g —r®yt) = q() (46)

= Rt to)q(t) (47)

— R(t,to)y(t):/tR(s,to)q(s)ds—i-c (48)

to

y(t) = /ttR(t,to)_1R<8,t0)q(S) +R(t,t0)_1c (49)

Since s < t here, the term R (t,1)”" R (s, o) is more conveniently? writ-
ten els T, Using also an initial condition, y (to) ,we have

t t
y (1) = / els T (5) ds + el "My (1), (50)
to

where the first term is the period t value of all deposits up until ¢ and the
second term is the period ¢ value of the initial amount on the bank.
3.1.6 Separating variables

Sometimes, we can write a differential equation such that the LHS only
contains functions of z and & and the RHS only a function of ¢. For example

z(t) = p (51)
z(t)g(x) = h(t). (52)

In this case, we can use the following trick. Let G (z) be any primitive of
g (z), ie., dig(f) = g (z). Then,

dt
Glz) = / h(s)ds +c (54)

We can then recover z by inverting G. An example;

?But remember — [}’ r(v)dv = f; r(v)dv.
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B(t) = (z(t)t)’ (55)
itz t)? = 2 (56)

Now let g () = 2 implying G (z) = —z~%. Then since 2“1 — 4 (1) g (x (t)) =
i (t)z (t)"?, we have

dG (z () _
—a = t (57)
t3
Gz(t) = —z(t) ' = /tzdt +c= 3 +c. (58)
Using the fact that 2 = G (z) = —2~! = z = —27!, so the inverse function

is given by G (2) = —z71, we get

r(t)=G"! (§+c) :—(§+c)_1.

3.2 Linear differential equations of higher order
3.2.1 Linear second order differential equations

A linear second order differential equation has the form

) +p@)y)+qt)y @) =R () (59)

This cannot be solved directly by transformations in the simple way we
did with first order equations. Instead we use a more general method (that
would have worked above also). First some definitions

Definition 1 The homogeneous part of differential equation is achieved by
setting all exogenous variables, including constants, to zero.

Definition 2 Two functions y;(t)and ya(t) are linearly independent in a re-
gion Q) iff there is no ¢y, ¢y # {0,0} s.t.

c1y1 () = coya(t) VE € Q. (60)

Result 10 The general solution (the complete set of solutions) to a differ-
ential equation is the general solution to the homogeneous part plus any par-
ticular solution to the complete equation.

The general solution of the homogeneous part of a second order linear
differential equation can be expressed as ci1yi(t) + caya(t), where y1(t) and
y2(t) are two linearly independent particular solutions to the homogeneous
equations and c; and cy are some arbitrary integration constants.
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3.2.2 Homogeneous Equations with Constant Coefficients

Consider the homogeneous part of a differential equation, given by

§(t)+pyt)+qy(t)=0. (61)

To solve this equation, we first define the characteristic equation, for this
equation;
r* +pr+q=0. (62)

Since this is a second-order polynomial, it has two roots

1 1
T2 = —517 =+ 5 V (p2 - 4‘1)- (63)

Now, it is straightforward to see that €™ and e both are solutions to
the homogeneous equation, by noting that for i € {1,2}

de"it

o = re” (64)
d2 it
e = et (65)
d2€’r‘it deTit . .
R +qe"t = (1P +pritq) et =0. (66)

So then, result 10 tells us that the general solution to the homogenous
equation is
yn (1) = cre™t + cpe™, (67)

provided ™' and e™! are linearly independent. It is easy to verify that this
is the case, if and only if r #£ rs.
3.2.3 Complex roots

Complex roots pose no particular difficulty, we simply have to recall that for
any real number b

e = cos(b) +isin (b), (68)
e = cos(b) —isin (b), (69)

yielding for the complex roots r1 2 = a % bi,

Cle(a—l—bi)t + C2€(a—bi)t — (70)
c1e® (cos (bt) + isin (bt)) + coe®™ (cos (bt) — isin (bt)) (71)
= e™ ((c1 + c2) cos (bt) + (c1 — ¢) isin (bt)) (72)
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Note here, that ¢; and ¢y are any constants in the space of complex
numbers are. Defining

C1 —+ Co = 51, (73)
(1 — )i = o, (74)

It turns out that for any ¢; and ¢, on the real line, we can find ¢; and ¢
satisfying this definition. Since we, at least in economics, are only interested
in solutions in the real space, we can use the restricted set of constants
satisfying ¢; and ¢, being on the real line. We can then write the general
solution in the real space as

yn (t) = e™ (€1 cos (bt) + Gy sin (bt)) . (75)

3.2.4 Repeated roots

The general solution to the homogenous equation in the case when the roots
are repeated, i.e., 1y =1y =1 is

yn (t) = cre” + cote™. (76)

Convince yourself that they are linearly independent and check that they
are both solutions if the roots are repeated but not otherwise!

3.2.5 Non-Homogeneous Equations with Constant Coefficients

Relying on result 10, the only added problem when we have a non-homogeneous
equation is that we have to find one particular solution to the complete equa-
tion. Consider

Gt)+pyt)+qy(t)=R(1). (77)

Typically we guess a form of this solution and then use the method of un-
determined coefficients. Often a good guess is a solution of a form similar
to R(t), e.g., if it is a polynomial of degree n we guess on a general n'th de-
gree polynomial with unknown coefficients. The simplest example is if R (t)
equals a constant R, we then guess on a constant, y, (t) = y**, i.e., a steady
state, in which case ¢ (t) and ¢ (¢) both are zero. To satisfy the differential
equation,

qy - =

Ss

N
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Another example is
i (t) =2y () +y () = 3> + 1, (80)
in which case we guess
y, (t) = At* + Bt + C, (81)

for some, yet undetermined coefficients A, B and C'. We then solve for
these constants by substituting into the differential equation

2A —2(2At + B) + At* + Bt + C = 3t> + t. (82)

For this to hold for each ¢, we need

A =3 (83)
—4A+B = 1 (84)
24—2B+C = 0 (85)

yielding A = 3, B = 13, and C = 20. So a particular solution is
y, (t) = 3t* + 13t + 20. (86)
The characteristic equation is
= 2r+1=(r—17°—ry=1 (87)
So the general solution is
y (t) = cre’ + cate + 3t* + 13t + 20. (88)

3.2.6 Linear nth Order Differential Equations

Consider the nth order differential equation

Y () + Pyt () + ..+ Py (1) = R(t), (89)
where o (3
v(n="010 (90)

The solution technique is here exactly analogous to the second order case.
First, some definitions
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Definition 3 For any differentiable function y (t), the differential operator

D is defined as
dy (t)
Dy (t) = 1
y(t)=——, (91)

satisfying D"y (t) = y(t)

Using this definition, and defining the following polynomial,

P(ry=r+Pr" ' +.. +P, (92)

we have
PD)y(t) = (D"+PD"'+..+P,)yl(t) (93)
D"y (t)+ PLD" 'y (t) + ... + Py (1) (94)

so we can write (89) in the condensed form,

P(r)=0, (96)

with roots r;__,

The general solution to the homogenous part is then the sum of the n
solutions corresponding to each of n roots. The only thing to note is that if
one root, r, is repeated k > 2 times, the solutions corresponding to this root
are given by

cre™ + cote™ + L pttTlem (97)

Repeated complex roots are handled the same way. Say the root a 4 bi
is repeated in k pairs. Their contribution to the general solution is given by

e™ (cy cos (bt) + cosin (bt) + t (czcos (bt) + cqsin (bt))) + ... (98)
e 571 (cqp,_1 cos (bt) + cop sin (bt)) . (99)

A particular solution to the complete equations can often be solved by
the method of undetermined coefficients.
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3.3 Stability

From the solutions to the differential equations we have seen we find that
the terms corresponding to roots that have positive real parts (unstable, or
explosive roots) tend to explode as t goes to infinity. This means that also
the solution explodes unless the corresponding integration constants are zero.
Terms with roots that have negative real parts (stable roots), on the other
hand, always converge to zero.

If all roots are strictly negative for a differential equation, P (D) y (t) =,
the system converges to a unique point as time goes to infinity, wherever it
starts. This point is often called a sink and the system is defined as globally
stable.

If all roots are strictly positive the system is globally unstable, but there
is still a steady-state, this is sometimes called the origin. The reason for this
is that if the system is unstable in all dimensions when time goes forward,
it will be stable in all dimensions if time goes in reverse. Starting from any
point and going backward, one reaches, in the limit the steady state, i.e., it
is the origin of all paths.

If a system has both stable and unstable roots, it is called saddle-path
stable. Then, in some sub-dimensions it is stable.

3.3.1 Non-linear equations and local stability
Look at the nonlinear differential equation
i(t) =z (t) —4. (100)

Although we have not learned how to solve such an equation, we can say
something about it. Let us plot the relation x (t) —  (¢)
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i) =x(t)? —4

We see that z(t) = 2 and x(t) = —2 are stationary points. We also see
that z(t) = —2 is locally stable. In the region [—o00, 2) = converge to z = —2.
2 is an unstable stationary point and in the region (2, 0], = explodes over
time. In a plot x (t) — @ (¢), local stability is equivalent to a negative slope
at the stationary point.

3.4 Systems of Linear First Order Differential Equa-
tions

Consider the following system of two first order differential equations

o1 (t) ajp G2 y1 (1) p1(t)
. = + 101
A el | ) K AT B
y(t) = Ay(@®)+p(t) (102)
As in the one equations case we start by finding the general solutions
to the homogeneous part. This plus some particular solution is the general
solution to the complete system.

If the off diagonal terms are zero the solution to the homogeneous part is
trivial, since there is no interdependency between the equations

sl-(v alls)

Yo (1) a2 Y2 (1)
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- { z; 8 } N { ea(;lt e‘gzt } { . } : (104)

The system in (103) has an important property, time has no direct effect
on the law-of-motion. Given knowledge of y; (t) and ys (¢), 91 (t) and s (%)
are fully determined, regardless of t. A system that has this property is called
autonomous. The system (101) is not an autonomous system, unless p () is
constant. Note that the homogeneous solution is always autonomous, given,
of course, that the parameters are constant.

The behavior of an autonomous system can be depicted in a graph, a
phase diagram. We see in the phase diagram that if the roots are stable,
i.e., negative, the homogeneous part always goes to zero as t goes to infinity.
With only one root stable, there is just one stable path.

Two stable roots One stable roots
Yo Yo

Y1

J
h

The fact that it is trivial to solve a diagonal system, suggests a way of
finding the solution to the homogeneous part of (101). Suppose we can make
a transformation of the variables so that the transformed system is diagonal.
Start by defining the new set of variables

[28} - 3{5353 } - (105)
[26] = B[] a2 ] -mas [0

If we can find a B such that BAB™! is diagonal we are half way. The
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solutions for x is then
(107)
r1t
o) - 10 L] o9
where 7 5 are the diagonal terms of the matrix BAB™!.The solution for
y then follows from the definition of x

yi(t) | _pea et 0 1
i ]=E e la ] (109
From linear algebra we know that B! is the matrix of eigenvectors of A

and that the diagonal terms of BAB™! are the corresponding eigenvalues.
The eigenvalues are given by the characteristic equation of A

H““_T 2 ” — 0 (110)

21 Qo2 — T
- (all - 7') (a22 - 7') — Q12091 = 0 (111)
r?—rTr(A)+|Al = 0, (112)

where T'r (A) is the trace of A. The only crux is that we need the roots to
be distinct, otherwise B! is not always invertible. Distinct roots imply that
B! is invertible. (If A is symmetric B™! is also invertible.)

Let us draw a phase diagram with the eigenvectors of A. The dynamic
system behaves as the diagonal one but the eigenvectors have replaced the
standard, orthogonal axes.
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One stable roots

One stable root

What is remaining is to find a particular solution of the complete system.
One way is here to use the method of undetermined coefficients. Sometimes,
we can find a steady state of the system, i.e., a point where the time deriv-
atives are all zero. This is easy if the exogenous part is constant. We then
set the differential equal to zero so

0 = Ay(t)+p (113)
— Y () =y"=-A""p. (114)
Given that we know the value of y (0) we can now give the general solu-

tion. The formula is given in matrix form and is valid for any dimension of
the system. First define

et 0 0
rot
ry=| O 0] (115)
0 0 et
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then we have

y (
y

c = B (y (O) o ySS)
— y() =B r(t)B(y(0) —y”)+y™.

The method outlined above works also in the case of complex roots of the

characteristic equation. If the roots are a 4 bi we have

(a+bi)t 0
_ €
y (t) =B ! |: 0 e(a—bi)t :| c+ yss

Example;
o) - [ A lne ][]
e = 10
B! — _Z _1@}
So,
—y(t) =

i —i e " (cost +isint) 0 1 ss
¢ .. +y
11 0 e " (cost — isint) 2
_ ot i(cp —cg)cost — (¢ + co)sint o5
N (1 + co)cost +i(cy —co)sint

_4+| ci1cost+ cysint s
=e - S
—Cycost + ¢y sint

_ = w @) 1
o - [ a6 ][
(T |1 -1 I
g | T 1 -1 1T |
If we know y (0), and using cos0 = 1 and sin 0 = 0,we get

o =[]+

_)y(t):et{yl(o)cost—(yQ(O)—l)sint]_i_[()]

The steady-state is found from,

L

(y2 (0) — 1) cost + y; (0) sint 1
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A phase-diagram of this system is an inward spiral.

0.5
(132)

How would it look like if the real part of the root was —1 or +17

3.4.1 Equivalent Systems

In the repeated root case the matrix of the eigenvectors may be singular, so
that we cannot find B~!. Then we use the method of equivalent systems,
described in this section.

A linear nth order differential equation is equivalent to a system of n first
order differential equations. Consider,

Y () + a1y (t) + agy (t) +asy (t) = R (1) (133)

We can transform this into a system of first order differential equation by
defining

yt) = z1(t), (134)
gt) = xo(t) =14 (1), (135)
Y(t) = d9(t), (136)
giving
y(t) o 1 0 y (t) 0
an) [=] 0 o0 1 i (t) [ +] 0 (137)
l’g(t) —az —a2 —ap fL‘Q(t> R(t)



Since the equations are equivalent they consequently have the same so-
lutions. Sometimes one of the transformations is more convenient to solve.
Let us also transform a two dimensional system into a second order equation

.jfl (t) alr a9 T (t) kl
. = + : 138
|: i) (t) :| |: 21 Q929 :| |: i) (t) ]{72 ( )
First use the first equation to express x5 and then take the time derivative
of the first. Then we can eliminate x5 and its time derivative

Ztl (t) = a111 (t) + 192 (t) + ]{71 (139)
o (1) = 10~ a;ml ) — b (140)
i (1) = L) _aa”‘ftl ) (141)

) — a4 () — Nk
&y (1) — and (¢) = a1 (1) +a223€1( ) — anwy (t)
Q12 a19
&1 (t) — (a11 + ag) &1 (t) + (2011 — @1201) 71 (1) = —aks + aizky  (143)

Ltk (142)

Note that the characteristic equation of this second order equation is the
same as the one for the system in (138). Consequently, the roots and thus
the dynamics are identical.

3.5 Non-linear systems and Linearization

Phase diagrams are convenient to analyze the behavior of a 2 dimensional
system qualitatively that we cannot or prefer not to solve explicitly. E.g., if

¢(t) = gilc(®), k(1) (144)
k() = g2(c(t), k(1)) (145)
The first step here is to find the two curves in the c, k-space where ¢

and k, respectively are constant. Setting the time derivatives equal to zero
defines two relations between ¢ and k, which we denote by G; and G,.

g1(c(t), k() = 0—=c=G(k) (146)
g2 (c(t),k(t) = 0—c=Gy(k) (147)
We then draw these curves in the ¢, k-space. For example, you will in the

macro course analyze the Ramsey optimal consumption problem, where out-
put is f (k) , interest rate is f’ (k) , the subjective discount rate is § and utility

33



is u (¢) where u and f are assumed to be concave functions. The model will
deliver the following system of differential equations

u' (e (1))

¢(t) W e) (f (k () — 0) (148)
B(t) = fk(t) —c(t). (149)
Setting the time derivatives to zero we get
fk@) =90, (150)
c = [(k(). (151)

Draw these curves in the ¢, k space

C c(t)=0

J

We then have to find the signs of time derivatives, and above and below
their respective zero motion curves. From (148), we see that

oc(t) _ _u(e)
s
R (153)

This means that ¢ is positive to the left of and negative to the right of
the curve ¢ = 0. For k, we find that it is positive below and negative above
k = 0. Then draw these motions as arrows in the phase diagram. Note that
no paths ever can cross.
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C c(t)=0

A~

We conclude that this system has saddle point characteristics and thus
has only one stable trajectory towards the steady state.

The behavior close to the steady state should also be evaluated by means
of linearization around the steady state. We do that by approximating in
the following way

(4 Og1 (k%) g1 (c** k) _ s
|: Z((t)) :| ~ [ 692(6Qg7k.ss) 892(68‘5"2,]655) |: ]SE;; - Zss :| . (154)
Oc Oc

with an obvious generalization to higher dimensions.
We now evaluate the roots of the matrix of derivatives. In the example
we find that the coefficient matrix is

agl(css’kss) 8g1(css7kss)
092(Z5.k59)  0ga( ¥ o) (155)
dc dc
—(f—p) 2 . o en
_ { (f _)1ac(u) e ] (156)

where all functions are evaluated at the steady state. There, f' = 6, implying
that the matrix simplifies to

0 _u_/’/ 1"
[_1 i } (157)
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with eigenvalues

1 u!

: <f’ /(7 + 4Jf") (158)
which clearly are of opposite signs.

3.6 Example: Steady-state asset distributions

In this example, we use our derived skills to find the steady-state wealth
distribution in a simple model. As we will see, here the model gives us a
system of differential equations for the wealth distribution that we can solve
easily. We will see that the methods we have learned work as well when the
differential equations are in wealth, rather than time.

In (Hassler and Mora, JPub, 1999), we analyze preferences over unem-
ployment insurance in a very simple continuous time economy where agents
can borrow and save at rate r. In the model, employed individuals earn a
wage w per unit of time and become unemployed with an instantaneous prob-
ability ¢. This means that over a small (infinitesimal) interval of time dt, the
probability of becoming unemployed is qdt. Unemployed individuals receive
a flow of unemployment benefits b and become rehired with instantaneous
probability hdt. In addition, we assume that there is a instantaneous death
probability of ¢ and that there is an inflow of newborn unemployed with zero
assets of 0 so that the total population is constant.

In the paper, we show that if individuals have CARA utility (U = —e™©)
and wages and benefits are constant, individuals choose constant savings
amounts for each of the two employment states. Denoting these s. and s,
where s, > 0 and s, < 0, we have that individual asset accumulation for the
two types, conditional on surviving is

A, = s, (159)

for employed and ‘
Ay = sy (160)

for unemployed.

In the paper, we don’t calculate the steady state wealth distribution of
assets. That’s the purpose of this exercise. First, we calculate the steady
state share of unemployed, ,,. For this purpose, we note that in steady state,

the inflow and the outflow to the stock of unemployed must be constant.
Thus,
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(I—p)g+d = p,(h+9) (161)
q+9

Iy A (162)

Now, we want to calculate the steady state distribution of assets among

employed and unemployed in this economy. Let us denote these densities,

by f.(A) and f,(A). We will derive these by solving a system of differen-

tial equations. Consider first the number (density) of employed individuals

with assets A # 0, given by f.(A). Over a small period df, a number

fe(A) (1 — (0 4 q) dt) of them remain employed and alive. Over the same

time, a number f,(A)hdt of unemployed with assets A become hired. Fi-

nally, over the period dt these individuals add to their assets an amount
sedt. Writing this down yields,

fo(A+scdt) = fo(A)(1—(0+q)dt) + fu(A)hdt,  (163)
fe(A) + fi(A)sedt = fe(A) (1= (6 +q) dt) + fu(A)hdt  (164)

fA) = —f(a)2Te d

+ fu(A)—. (165)
By the same reasoning,

€ €

fu(A+sedt) = fu(A)(1—(0+h)dt) + fo(A)qdt,  (166)
fu(A) + fu(A)scdt = fu(A)(1— (6 +h)dt) + f(A)gdt  (167)

) = R (169

yielding the system ' '
R - wlli8] o
= A [ ;u((ﬁ; } (170)

Let us now, assign some numbers to the parameters. Say ¢ = 1/40,h =
2,q=1/5,s. = 1 and s, = —2, all measured as probabilities per year. Then,
we can calculate the roots and the eigenvalues

63 1

— 22 /1681 ~ 821 171

" 160 T 160 (171)
63 1

= 22 /1681 ~ —0.0339 172

"2 160 160 (172)

1 1 1.0 1.0
B~ 99 1 99 1 } ~ [ ](-173)
94 L JART & — /1681 523 0.0956
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Thus, except at A = 0, where there is an inflow of newborn, that we have
not considered, we have

(A _
{ ;UEA)) } =B 'r(t)c (174)
1.0 1.0 oS4 "
- [ =03 0,0956] [ 0 6—0.0339,4} {02 (175)
creS821A | ) o—0339A
N l -5230116'821’4 + .02956026_'033914 (176)

Now, we first note that f.(A) and f,(A) cannot be explosive in any of
the directions. That would violate that these functions are densities, i.e., the
sum of their respective integrals over the real line must be unity. Thus, for
A <0, ¢ must be zero and for A > 0, ¢; = 0. Furthermore, we know

h

(A)dA = 1—p,=———=0.899 177
| f = (1)
JAA = p,=—"— ~0.10L. 178
| pa = = (179
Using this, we can calculate the integrations constants.
00 0 o0
/ fe(A)dA = / cre®1AdA —I—/ coe 033940 4 (179)
NS —0 0
C1 Co
= = 0.899 180
0.821 * .0339 (180)
o0 0 oo
/ fu(A)dA = / 523c1e 3 AdA + / 0956e03394q4  (181)
S —0 0
523¢; 0.0956¢4
= =0.101 182
0.821 * .0339 (182)
Yielding,
cqg = 0.0289, (183)
ca = 0.0293. (184)

This concludes our calculations,

0.0289¢ %214 for A < 0

Jeld) = { 0.0293e~93394 for A >0 (185)
0.0151e®214 for A < 0

fuld) = { 0.00280e 03394 for A >0 (186)
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Plotting the densities, using a solid (dotted) line to denote wealth of
employed (unemployed), we see that unemployed are more concentrated to
the left. We can also calculate average assets among the two types from

A, = /Oo Af.(A)dA = (187)

—00

0 00
/ A-0.0289¢ 144 A + / A-0.0293e 933940 A ~ 25.45 (188)
0

—00

A, = /Oo Afu(A)dA = (189)

—00

0 00
/ A-0.0151e%14dA + / A-0.00280e 033947 A ~ 2.41 (190)
0

—00
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4 Difference equations

4.1 Sums, forward and backward solutions
4.1.1 Sums vs. Integrals

Difference equations can be solved in ways very similar to how we solve
differential equations. First, we will look at the analogy to integrals.
Consider the difference equation

Ay — A = AA =g (1)

where AA; is the change in A per unit (interval) of time. We sum both sides
from some date ty until ¢ to get

t t
Y AA=A Ay 1= q. (2)

s=tg s=tgo

We can then write the solution as

AAy = q (3)
t
— At = Z QS + Ato—l' (4)
s=to
As we see, this is very much like integrals

dAl) _ (5)

dt
. A(t)_/ ¢ (s)ds + Ay, (6)

to

and the relation between ¢; and Zizto qs is the same as between ¢ (t) and its
primitive, since

AZQS = G- (7)

s=tg

4.1.2 Forward and backward solutions

The part Zizto q: of the RHS of (4) is exogenous, i.e., independent of A;.
Sometimes, it converges in one or both directions. Then we can write the
solutions in another way. Suppose the following limit exists
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t t
Jim Y g= ) g (8)

s=—T §=—00

Then, the other part of RHS of (4) should also have a well-defined limit

:FIEI;O Ar = A, (9)
so that the solution is .
A=) g+ A (10)
Clearly, (10) solves (1),
t t—1
Ar=Ara= > g+A- Y ¢-A=q (11)

If the solution in (10) exists, it is called the backward solution.
Analogously, the limit

T 00
Jim 3g =Y g (12)
s=t s=t

might exist, in which case

Tlim Ar=A (13)
also exists. Then, we have
Jim (Ar — 4,) = > 4. (14)
- s=t+1
— A=A-> g, (15)
s=t+1

which is called the forward solution.
Example. Suppose ¢; follows a simple AR(1) process

AAt = G, (16)
@ = Tq-1 (17)
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If » < 1, we can use the forward solution and if » > 1, the backward
solution works. In the former case,

Z q4s = Z%Hrs = 1(11:117‘7 (18)
s=0

s=t+1

A=A 1%1_17“7 (19)

where A is determined from, for example, an initial condition. In the latter
case,

t o]
g = > ar= G i 1 (20)
s=0

S§=—00

At - Qt ! + A (21)

r—1 =

4.1.3 First order difference equations with constant coefficients
A first order difference equation with constant coefficients has the following
form.
Ty —axri 1 =c (22)
As we see, the LHS is not a pure difference, as in (1), so we cannot simply

sum over ¢t. Instead we rely on the following result.

Result 11 The general solution (the complete set of solutions) to a differ-
ence equation 1s the general solution to the homogeneous part plus any par-
ticular solution to the complete equation.

The general solution to the homogeneous first order difference equation
with coefficient a can be written

= Ad’ (23)
where A is an arbitrary constant.

A particular solution is sometimes the steady state which exists for (22)
if a # 1.




4.1.4 Non-constant RHS

Now look at
Ty — ATyi—1 = Q4. (26)

A way to solve (26) is to use a~* as the analogue to the integrating factor.
Multiplying both sides by a~* yields

a ' (zy — ari_1) = a”'q,. (27)

Now, we see that the LHS can be written A (a*x;), implying

Aa'z) = a'q, (28)
t

= a 'z = Z a °qs+ A, (29)

s=to

t
ol o= ) aCq+ A, (30)
s=to
t

r, = Ad + Z a'*qs. (31)

s=to

Again, we should verify that this satisfies our original difference equation.

4.1.5 Stable growth — the Solow growth model

Often in macro, the variables in the model grow in a way that precludes the
existence of a steady state. However, some transformation of the variables
might possess a steady state. The simplest example of this is the Solow
growth model We will first solve the model in trending variables and then
do it in transformed (detrended) variables. As we know, the savings rate is
exogenous and denoted S and the labor supply N; follows

Nt = egNt,]_ ~ (1 —+ g) Ntfl. (32)

There is one good, used for consumption and as capital, which follows
the law-of-motion
K1 = Sf (K, Ny, (33)

where f (K, N;) is a concave production function. Let us specify production
as the CRS Cobb-Douglas function,

f(Ky,Ny) = NITOKY, (34)
I > a>0. (35)
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Letting lower case letters denote natural logarithms, we have

k1 = s+ (1 —a)ng + aky, (36)
ki1 —aky = s+ (1—a)ny, (37)
and
An; = g (38)
— nt:j:g-l—n:tg—i—n, (39)

0

for some constant n.
Here, we can guess on a particular solution of the same form as the RHS,
i.e.,

l{it = k:—l—tgk (40)
k+t+Dge—ak+tg) = s+ (1—a)n (41)
E(l—a)+t(1l—a)gr+g = s+(1—a)n+t(l—a)g (42)

For this to hold for all ¢, we need

s—49
k= . 44
T, T (44)
giving a particular solution
s$—4g
kp: = 1_a+n+tg. (45)

This solution is in economics often called a balanced growth path, in which
all variables grow at the same rate. The complete solution is

ky = Aat—l—ﬂ—{—n—l—tg, (46)
11—«

k, = (k0—<8_g+n)>at+ﬂ+n+tg. (47)
11—« 11—«

In this case, a convenient alternative is to define a new variable, capital
per capita, C; = K;/N; — ¢; = k; — ny. Using this, and dividing (34) by IV,
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we get

Kt+1 — Sf (Kt?Nt) (48)

Ny N,
KN SN °Kp (19)

LAY N

KN\“
Cip1ed = S| — 50
t+1€ (Nt> (50)
Gr1t+g = S+ag (51)
Cii1— Qg = S§—g (52)
$—4g
e 53
- = (53)
s s

G = <co—1_a>at+1_a, (54)

coinciding with the solution in (46) but now expressed as steady state in
capital per capita, rather than a balanced growth path for capital.
We can also look at the log of output per capita,

w = ac, (55)

B _ s ' s
Yo = (yo O‘l—a>0‘ +a—. (56)

This is the basis for the so-called growth regressions, pioneered by Barro,

yt—yoz—yo(l—at)-irls a(l—a, (57)

where growth over a sample period 0 through ¢ is seen to depend negatively
on initial output and positively on savings. Also,

s s
Yt — Y1 = <yo—041_a>04t+041_a (58)
_ _ S =1 _ S
(yg al_a>a aT— (59)
s
= —<y0—a1_a) a1 - ) (60)

S

— <a1 - yt_1> (1-a). (61)

As we see, the growth rate (the log difference) of output per capita is a
fraction (1 — «) of the difference between the steady state and current output
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per capita. Note that convergence is slower the larger is the capital’s share
of output. In the limit when a — 1, the model shows no convergence and
has become an endogenous growth model, with

Al{?t = S, (62)
A = Ayy=s—g. (63)

4.2 Linear difference equations of higher order

4.2.1 Higher order homogeneous difference equations with con-
stant coefficients

Consider the homogeneous difference equation
Ttan + @1 T4p_1 + .0,z = 0, (64)
Definition 4 The forward operator FE is defined by
E’ry = Exyy g (65)
where s s any integer, positive or negative.
We can then write (64) in a condensed polynomial form

P(E)x, = 0. (66)
We then have to find the roots of the equation

Each root contributes to the general solution with one term that is inde-
pendent of the others, exactly as with differential equations.

Result 12 Let r; denote the roots to the polynomial P (r), i.e., all solutions
to P(r) = 0. Let the first k > 0 roots be distinct and the remaining | = n—k
roots repeated. Then, the general solution to (64) is

Tp =l 4 o+ eprh + i (Chan + topre o T ) (68)

If there is more than one set of repeated roots, each set of size m > 2 con-
tributes with m linearly independent terms

Tltf—i-l (Ck+1 + lCpyo + ... + tm_lck+m) . (69)
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In the case of complex roots, express the complex number in polar form?

r = a+bi=]|r|(cosf+isinh), (70)

Ir] = +/a?+ b2, (71)
b

0 = tan ' - 2

an”! 2 (72)

We then use the fact that
e = (cosf +isinf) (73)
o= |r|e? =t =|r|" e = |r|" (costf + isinth) (74)
to get for the complex conjugates 2 = a £ bi,
et + corh = |r|" (&1 costh + &, sin ) (75)
which we can see is a generalization of (68). Complex roots thus give us
oscillating solutions.
4.2.2 Stability
From the solutions (68) and (75), it is clear that roots such that |r| < 1,give
converging terms.
4.2.3 Higher order non-homogeneous difference equations with

constant coefficients

Result 13 The general solution to a non-homogeneous difference equation
with constant coefficients is given by the general solution to the homogeneous
part plus any solution to the full equation.

To solve non-homogeneous equations we thus have to find particular so-
lution to the complete equation to add to the general solution of the homo-
geneous part. The simplest non-homogeneous difference equation is

P(z) =c (76)

Note that the formula 6 = tan™" 2 is valid only for § € (—7/2,7/2]. For example, if
ri2 = —% + %\/gz we note that

1 1 -
—5 + 5\/§Z = Eil%ﬂp,

1 1 .
5 5\/§z = €5
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Here, we try a steady state

P(z*) = P(l)z” =c (77)
g (78)

provided P (1) # 0.
In the more general case we often have to guess a particular solution.

4.3 Systems of linear first order difference equations

Systems of first order difference equations are solved with the diagonalization
method that we also used for the differential equation.

L1441 Tt
T2.t4+1 — A Tt +P (79)
T t+1 Lt

X1 = AXt + P. (80)

First we find the diagonalizing matrix of eigenvectors B~. Then we solve
the homogeneous equation by defining

Yir1 = Bxip (81)
— BABly, (83)

0 . 0 1

t

_ 0 r, . O Co (84)

0 O rt Cn
= r'c. (85)

Then we transform back*

X1 = B ly,41 = B 'rle. (86)

A particular solution to the complete equation then has to be added.
Here we might try to find a steady state as a part