John Hassler
Harald Lang
December 16, 1996

EXAM
MatFul |
5 points

The exam consists of 6 questions which in total give a maximum of 100 points. The maximum
score on each question is provided together with the question. Use this information to allocate
your time wisdly. To pass you must get atotal score of at least 60 points.

All calculators not capable of deriving analytical solutions to differential and/or difference
equations are allowed but hardly useful. No other aid is allowed.

Good luck and Merry Christmas!

John Hassler
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1. (10 points)

Solve completely the differential equation
, 1
y'(t) +;y(t) =3,

2. (12 points)
Solve the following system of difference equations

X4 =1Ix +09y, -1
Vi =09x +11y, -1

3. (18 paints)
a) Solvethefollowing system of differential equations
X'(t) =04x(t) -0.2y(t) -0.2
y'(t) = 0.7x(t) — 05y(t) - 0.2
b) Draw the phase diagram, where the saddle path is clearly marked, and give the slope of the

saddle path.

4. Optimal Control (25 points)

Consider the following consumption problem

[0e]

Ctl—a
max J[—]e‘ﬂdt 0>0
feo(g (17O
st k =(1-10k g% -c,
ko=k>0
k, > OCt.
where ¢ is consumption, k is a capital stock g is government spending and g, p, r and a are
parameters of the problem. ris afixed tax rate.
a) Set up the current value Hamiltonian, denoted J/( ) with necessary conditions for optimum.
Define the multiplier (shadow value) as L.
b) Recall that dInc/dt =¢/c= €. Now usethe FOC for a maximum of the Hamiltonian to get
an expression for ¢ intermsof f. (Takelogs and differentiate with respect to time).
c) Useyour answer to b to get an expression for € interms of g, k, 7 and parameters from

the necessary condition for J,.. (Hint; first divide the condition for ¥,. by ).
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d) Now assume that the government spending on g is financed via a flat and constant income
tax s0 g =1k ?g“. Use this to diminate g and k in the expression for ¢. You can then
write ¢ asafunction of g, T, a and p.

€) Now find the central planner problem. Substitute from the government budget constraint
into the transition equation for k and set up the Hamiltonian, letting the government choose
both the consumption path and the optimal tax rate. What is the optimal tax rate T and the

optimal growth rate of consumption?
5. Dynamic Programming (20 points)

Consider a consumer who maximizes a CARA consumption function and has access to a

perfect capital market with an interest rate that equals his subjective discount rate. He solves

maxy —(1+r) e
{a} ; d+n)

st. AL =@1+r)(A-c), (N
A=A
lim AT1+r)T 0.

where c is consumption, A are financial assets and r and y are parameters of the problem.

a) Write down the Bellman equation. Make sure time subscripts and what is maximized over is
clearly stated.

b) Write down the FOC condition for an interior maximum of the Bellman eguation.

¢) Guessthat the value function is given by

r
+r vk
V (k) = _1_re 1+
r

Is this the correct value function? Prove your statement.
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6. Numerical Solution to Differential Equations (15 points)
Let x bea 2x1 vector with the dements x; and X,. Assume we want to solve the following set of

equations with the Newton-Raphson method.

f(x,%) =1,
fo(X,%)=1

a) Write down the equation that defines the Newton-Raphson algorithm for this problem. (Hint;

Use afirst order Taylor approximation and note that the RHS of the equationis 1 not 0.)

b) Calculate the updated value x* if we start at x°={0,0} when we set

f(x.%,) = x,€7,
(X, %,) = %€

Answer

The current value Hamiltonian and its optimality conditions are:

1-o
H=S
1-0
H,=c?-p=00¢=-

c

+H{@-1)k"g" ~c)

S

Hk=ﬂ(1-a)(1-r)(%j =-jp+pul -/:1=(1—a)(1—r)(%) -p

Oc¢é= 0'_1[(1— a)(1- T)(%)a - p] = J_1<MPK private p)

Using the production function and the governments budget constraint we get:

1-a qa I~a I-a
k g = E D T= g = (g)
g g y \k

Oy= 0'1[(1— a)(1-1)rla - p]

By doing the same substitution asin we can write the problem of the government as.
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*? Cl—a
max J[t ]e'ptdt og>0
C.T 1-0

0
st k=@1-7)79% Dk -c

lim ke =0
To o

The Hamiltonian and its optimality conditions are:

clo a
H= +u (A-1)rtok-c

l1-o0

H,=c?-u=00¢=-

NS

a

a a
R I
Hr=/,1k[—1a A-1)r¥ar 1—r1‘0’]=,ukr1‘0’( a T—1)=OD r=a
-a

l-a 1
a

a
H =p-n)t¥a =—jp+pu0 -u=Q1-1)1¥% - p

0é= 0'1[(1— nria - ,0] =0 (MPK iy —P)= 0'1[(1— a)ala - p]
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